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This  document r e p r e s e n t s  Volume I1 of the  f i n a l  r e p o r t  on NASA 
Langley Contract  NASl-8745 e n t i t l e q  "Simulated T r a j e c t o r i e s  E r ro r  
Analysis  Program". The r e p o r t  i s  prepared i n  two volumes: 

Volume I - User's Manual; 
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By Gentry Lee, D r .  Doyle Vogt, Ralph Falce,  
Shearon Pearson, and Eva Demlow 

Martin Marietta Corporation 

SUMMARY 

Volume I of t h i s  r e p o r t  under NASA-Langley Contract  NAS1-8745 
con ta ins  a u s e r ' s  manual and guide t o  t h e  ope ra t ion  of t he  Simu- 
l a t e d  T r a j e c t o r i e s  Error  Analysis Program (STEAP) developed under 
the c o n t r a c t .  This volume exp la ins  the mathematical techniques 
used i n  the program and gives  t y p i c a l  r e s u l t s ,  w i th  exp lana t ions ,  
t h a t  demonstrate the e f f i c a c y  of the program. 

Chapter I con ta ins  a gene ra l  d e s c r i p t i o n  of  STEAP and i n t r o -  
duces t h e  o p e r a t i o n a l  modes o f  t he  program. Chapter I1 con ta ins  
t h e  symbols used through t h e  t e x t .  I n  Chapters I11 th ru  V I  t he  
a n a l y t i c a l  techniques used f o r  t he  development of each o p e r a t i o n a l  
mode o f  t h e  program a r e  presented i n  d e t a i l .  Chapter V I 1  con ta ins  
a d i scuss ion  of many t e s t  runs made with t h e  program and i s  in-  
tended t o  demonstrate t h e  mul t i f a r ious  uses  f o r  t he  program. Chap- 
ter V I 1  a l s o  includes a d d i t i o n a l  information of a gene ra l  na tu re  
t h a t  should speed the  program u s e r ' s  development of an i n t u i t i v e  
f e e l  f o r  t he  program. 



I. INTRODUCTION 

The Simulated T r a j e c t o r i e s  Er ror  Analysis  Program (STEM) is  
comprised of four  subprograms o r  o p e r a t i o n a l  modes. The f i r s t  
mode, which i s  used as a subrout ine  by a l l  t he  remaining modes, 
is  t h e  t r a j e c t o r y  mode. The second mode o r  subprogram i s  c a l l e d  
t h e  t a r g e t i n g  mode. The t h i r d  o p e r a t i o n a l  mode of STEM has been 
des igna ted  as t h e  e r r o r  a n a l y s i s  mode. The f o u r t h  and f i n a l  mode 
i n  which the program can be exerc ised  i s  t h e  s imula t ion  mode. 
The fol lowing subsec t ions  desc r ibe  each of t hese  fou r  o p e r a t i o n a l  
modes. 

The tr 

A. 

j e c t o r y  mode 

Tra j ec to ry  Mode 

s s e n t i a l l y  computes an n-body t r a j e c t  
using t h e  v a r i c e n t r i c  o r  v i r t u a l  m a s s  technique explained i n  
r e fe rence  1. Input  t o  t h e  t r a j e c t o r y  mode i s  some set of i n i t i a l  
cond i t ions  t h a t  may have r e s u l t e d  from the  t a r g e t i n g  mode, p l u s  
parameters necessary  t o  spec i fy  t h e  computational ope ra t ions  used 
by t h e  program. N o  a c t u a l  i n t e g r a t i o n  i s  performed by t h e  tra- 
j e c t o r y  mode; t h e  key idea  of t he  v i r t u a l  mass technique is  t o  
b u i l d  up an n-body t r a j e c t o r y  by us ing  sequences of conic  s e c t i o n s  
around a moving e f f e c t i v e  f o r c e  c e n t e r  c a l l e d  t h e  v i r t u a l  mass. 
A t  each ins tan taneous  moment a long t h e  t r a j e c t o r y ,  t h e  combined 
e f f e c t s  of a l l  t h e  g r a v i t a t i o n a l  bodies  can be viewed as r e s u l t i n g  
from a f i c t i t i o u s  body, of unique magnitude and p o s i t i o n ,  which 
is c a l l e d  t h e  v i r t u a l  mass. The computational procedure then 
assumes t h a t  over a small time i n t e r v a l ,  t h e  motion of t he  space- 
c r a f t  can be represented  by a two-body con ic  s e c t i o n  a r c  r e l a t i v e  
t o  t h i s  v i r t u a l  mass. The complete t r a j e c t o r y  i s  thus  generated 
by a series of small arcs pieced toge the r  i n  s t e p s  while  updat ing 
t h e  p o s i t i o n  and magnitude of t he  e f f e c t i v e  fo rce  c e n t e r .  The 
main advantage of t h e  v i r t u a l  mass technique i s  t h a t  numerical  
i n t e g r a t i o n  of t h e  d i f f e r e n t i a l  equat ions  i s  not  necessary .  

T'ne t r a j e c t o r y  mode has  access  t o  an  ephemeris subrout ine  t h a t  
c a l c u l a t e s ,  f o r  a given d a t e ,  t h e  conic  s e c t i o n  o r b i t a l  elements 
of t h e  p l a n e t s .  This  ephemeris subrout ine  using o r b i t a l  elements 
g ives  an  adequate  r e p r e s e n t a t i o n  of t h e  state of the  s o l a r  s y s t e m  
f o r  the computation of i n t e r p l a n e t a r y  t r a j e c t o r i e s .  I f  t he  user  
d e s i r e s ,  each of t h e  p l a n e t s  can be  set i n  a f ixed  e l l i p s e  r e f e r r e d  
t o  some epoch f o r  speedier  computation. 
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Another s i g n i f i c a n t  f e a t u r e  of t h e  v i r t u a l  m a s s  technique f o r  
gene ra t ing  n-body t r a j e c t o r i e s  i s  i t s  f l e x i b i l i t y .  By varying a 
simple c o n t r o l  parameter r e l a t e d  t o  the t i m e  increment over which 
t h e  v i r t u a l  m a s s  p o s i t i o n  and magnitude are assumed f i x e d ,  tra- 
j e c t o r i e s  ranging from a series of r e l a t i v e l y  few conic  s e c t i o n  
arcs (an approximate s o l u t i o n )  t o  h igh ly  a c c u r a t e  o r b i t s  can be 
generated,  Thus, by us ing  v i r t u a l  mass concepts,  one can pre- 
determine t h e  accuracy needed f o r  a p a r t i c u l a r  mission a n a l y s i s  
study, and hence, vary t h e  computational t i m e  needed t o  generate  
t h e  t r a j e c t o r y .  

B. Target ing Mode 

The t a r g e t i n g  mode of STEM i s  re spons ib l e  f o r  t h e  generat ion 
of i n t e r p l a n e t a r y  mission i n j e c t i o n  cond i t ions .  S p e c i f i c a l l y ,  t he  
t a r g e t i n g  mode computes t h e  i n j e c t i o n  p o s i t i o n  and v e l o c i t y  which, 
when propagated forward along an n-body t r a j e c t o r y ,  y i e l d s  a tra- 
j e c t o r y  s a t i s f y i n g  s p e c i f i e d  t a r g e t i n g  cond i t ions .  

The mathematical model €or  the t r a j e c t o r y  is  s e t  by des ig -  
n a t i n g  the computational s t e p  s i z e  t o  be used by the v i r t u a l  mass 
subrout ine and the  p a r t i c u l a r  g r a v i t a t i o n a l  bodies t o  be included 
i n  the i n t e g r a t i o n .  The launch d a t a ,  launch p l a n e t ,  t a r g e t  d a t e ,  
and t a r g e t  p l a n e t  a r e  a l s o  s p e c i f i e d .  The r e s u l t i n g  t a rge ted  
t r a j e c t o r y  then meets these c o n s t r a i n t s  as w e l l  as some s e t  of 
t a r g e t  c o n d i t i o n s .  

Six opt ions a r e  permit ted i n  spec i fy ing  these t a r g e t  condi- 
t i o n s .  The f i r s t  two of these  o p t i o n s ,  which a r e  gene ra l ly  an -  
c i l l a r y  t o  the o t h e r s ,  are sometimes u s e f u l  by themselves. I n  
these op t ions  the i n j e c t i o n  condi t ions corresponding t o  a crude 
patched conic  t r a j e c t o r y  from the launch p l ane t  t o  the t a r g e t  
p l ane t  are generated.  These condi t ions are the i n j e c t i o n  p o s i -  
t i o n ,  v e l o c i t y ,  and time c o n s i s t e n t  w i th  an in t e rna l ly - supp l i ed  
launch p r o f i l e  o r i g i n a t i n g  from Cape Kennedy on the des i r ed  d a t e ,  
I n  the f i r s t  o p t i o n ,  cond i t ions  r e l e v a n t  t o  an n-body t r a j e c t o r y  
a r e  generated;  i n  the second op t ion  cond i t ions  u s e f u l  f o r  exac t  
patched conics  a r e  produced. 

The four  b a s i c  t a r g e t i n g  opt ions a r e  a l l  b u i l t  on n-body t r a -  
j e c t o r i e s  r e s u l t i n g  from the v i r t u a l  mass subrou t ine .  The second 
and t h i r d  opt ions involve t h e  impact plane parameters B * T  and 
B * R  and the t i m e  of a r r i v a l  a t  the t a r g e t  p l a n e t  sphere of i n -  
f h e n c e  t 

d i t i o n s  a r e  generated t h a t ,  when propagated along a n  n-body t ra-  
j e c t o r y ,  s a t i s f y  t a r g e t  values  B - T  and B * R  t o  p re sc r ibed  
to l e rances  while  s a t i s f y i n g  the time c o n s t r a i n t  only approximately.  

In  the second t a r g e t i n g  mode o p t i o n ,  i n j e c t i o n  con- SI * 
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CA ' are t h e  r a d i u s  of c l o s e s t  approach r 

r e spec t  t o  t h e  t a r g e t  p l ane t  equator )  a t  c l o s e s t  approach 

and t h e  t i m e  a t  closest-approach 

t a r g e t  parameters are m e t  appro 
s a t i s f i e d  t o  wi th in  s p e c i f i e d  inpu t  t o l e rances .  

icA, 
In t h e  f o u r t h  tCA' 

a t e l y ;  i n  t h e  f i f t h  they are 

The t a r g e t i n g  program uses  numerical d i f f e r e n c i n g  (on t h e  in-  
j e c t i o n  v e l o c i t y  components) i n  an i t e r a t i v e  process  t o  generate  
t h e  des i r ed  i n j e c t i o n  condi t ions  f o r  t h e  four  b a s i c  t a r g e t i n g  op- 
t i o n s .  It t h e r e f o r e  r e q u i r e s  an i n i t i a l  iterate t o  s ta r t  t h e  pro- 
cedure.  To al low v e r s a t i l i t y  i n  the  types of problems handled 
by t h e  program, a l t e r n a t i v e  methods of spec i fy ing  these  condi- 
t i o n s  are provided. I n  the  usua l  problem, no f i r s t  guess i s  
a v a i l a b l e  and t h e  program merely genera tes  t h e  point-to-point 
condi t ions  descr ibed as t h e  f i r s t  t a r g e t i n g  opt ion.  A second op- 
t i o n ,  i n  which t h e  f i r s t  guess i n j e c t i o n  condi t ions  are inpu t  t o  
t h e  program, al lows f o r  t h e  convenient r e t a r g e t i n g  of nominal 
t r a j e c t o r i e s  and re f ined  t a r g e t i n g  of p a r t i a l l y  t a rge ted  t r a j e c -  
t o r i e s .  

Thus t h e  t a r g e t i n g  mode o f f e r s  a convenient and f l e x i b l e  t o o l  
f o r  t h e  genera t ion  of t h e  t r a j e c t o r i e s  needed by an ana lys t  of 
i n t e r p l a n e t a r y  missions and i s  an i n t e g r a l  p a r t  of STEAP. 

C. Error  Analysis  Mode 

The e r r o r  a n a l y s i s  mode i s  e s s e n t i a l l y  a t o o l  f o r  p r e f l i g h t  
m i s s i o n  a n a l y s i s  and i s  p r imar i ly  concerned wi th  covariance ma- 
t r i x  pr-opagation along s e l e c t e d  i n t e r p l a n e t a r y  t r a j e c t o r i e s ,  
output  of an e r r o r  a n a l y s i s  run conta ins  information about o r b i t  

The 

rhood of t h e  t a r g e t  
ce c o r r e c t i o n s ,  and 
u l t i n g  from execut ion 

uted by any of  

being processed i n  an 
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a r b i t r a r y  and measurement accurac ies  are v a r i a b l e  inpu t .  Per tur -  
ba t ion  of the  equat ions  of motion by the  add i t ion  of dynamic o r  
process  no i se  i s  a l s o  permit ted i n  the e r r o r  a n a l y s i s  mode. 

The e r r o r  a n a l y s i s  mode a l s o  has  s e v e r a l  a u x i l i a r y  capab i l i -  
t ies t h a t  a l low f o r  s p e c i a l  even t s  where a d d i t i o n a l  computations 
are made. There are t h r e e  even t s  ava i l ab le  t o  t h e  user--eigenvec- 
t o r ,  p red ic t ion ,  and guidance--the t i m e s  of which are spec i f i ed  
i n  t h e  inpu t .  A t  an eigenvector  event ,  t h e  b a s i c  computational 
cyc le  i s  in t e r rup ted  and t h e  covariance mat r ix  of naviga t ion  un- 
c e r t a i n t y  i s  computed. Then t h e  assoc ia ted  eigenvalues  and eigen- 
vec to r s  of t he  p o s i t i o n  and/or v e l o c i t y  u n c e r t a i n t i e s  a r e  calcu- 
l a t e d .  A t  a p r e d i c t i o n  event ,  t he  e r r o r  a n a l y s i s  mode i n t e r r u p t s  
t h e  b a s i c  cyc le  and computes t h e  pred ic ted  naviga t ion  unce r t a in ty  
a t  some f u t u r e  c r i t i ca l  t i m e .  When a guidance event  occurs ,  the  
e r r o r  a n a l y s i s  mode a l s o  i n t e r r u p t s  t h e  b a s i c  cyc le  and adds a 
maneuver execut ion unce r t a in ty  t o  t h e  propagated covariance ma- 
t r ix .  Since no a c t u a l  guidance co r rec t ions  are made i n  the  e r r o r  
a n a l y s i s  mode, modeling of the execut ion unce r t a in ty  i s  achieved 
by consider ing ensemble e r r o r s  r e s u l t i n g  from four  execut ion e r r o r  
sources:  r e s o l u t i o n ,  p r o p o r t i o n a l i t y ,  and two po in t ing  e r r o r s .  
Two sepa ra t e  opt ions  are a v a i l a b l e  f o r  computing t h e  midcours’e 
execut ion unce r t a in ty .  The computation of the  execut ion e r r o r  
covariance matrix i s  dependent upon t h e  choice of guidance pol icy .  
Three guidance p o l i c y  opt ions  are a v a i l a b l e  t o  t h e  program: f ixed  
t i m e  of arr ival ,  two v a r i a b l e  B plane,  and t h r e e  v a r i a b l e  B plane.  

I n  a d d i t i o n  t o  the  foregoing opt ions,  t h e  t reatment  of aug- 
mented states is  poss ib l e  i n  t h e  e r r o r  a n a l y s i s  mode. Exercis ing 
t h e  augmented s ta te  opt ions  i n  the  e r r o r  a n a l y s i s  mode r e s u l t s  i n  
t h e  propagat ion of u n c e r t a i n t i e s  r e l a t e d  t o  measurement b i a s e s  and 
parameter e r r o r s  of va r ious  types,  a s  w e l l  as p o s i t i o n  and velo-  
c i t y .  The nonaugmented state vec tor  c o n s i s t s  of p o s i t i o n  and velo- 

. c i t y  and has  a 6 x 1 dimension. Ten augmented state vec to r  op t ions  
are a v a i l a b l e  ranging from an 8 x 1 state  vec tor  t o  a 1 7  x 1 state 
vec to r .  Included as augmentation parameters under the  var ious  op- 
t i o n s  are b i a s e s  i n  the  g r a v i t a t i o n a l  parameters of t h e  Sun and 
t a r g e t  p l ane t ,  as many as n i n e  s t a t i o n  l o c a t i o n  coordinate  b i a ses ,  
and six measurement b i a ses .  
mented state op t ions  are t h r e e  t a r g e t  p l ane t  ephemeris b i a s e s  t h a t  
model u n c e r t a i n t i e s  i n  t a r g e t  p l ane t  semimajor axis, e c c e n t r i c i t y ,  
and i n c l i n a t i o n .  

A l s o  included i n  s e v e r a l  of t h e  aug- 
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D.  Simulation Mode 

The s imula t ion  mode of STEAP i s  t h e  most complex ope ra t iona l  
mode. The primary purpose of the  s imula t ion  mode i s  t o  test  t h e  
o r b i t  determinat ion process  exemplified by the  e r r o r  a n a l y s i s  mode. 
I n  t h e  e r r o r  a n a l y s i s  mode, naviga t ion  u n c e r t a i n t i e s  are simply 
propagated along a nominal t r a j e c t o r y .  I n  c o n t r a s t ,  t h e  simula- 
t i o n  mode determines t h e  v a l i d i t y  of t h e  s ta t i s t ica l  es t imat ion  
process  by s imula t ing  an "actual"  t r a j e c t o r y .  The r e s u l t s  given 
by t h e  e r r o r  a n a l y s i s  mode become meaningful only when, i n  t h e  
s imula t ion  mode, t h e  o r b i t  determinat ion process  converges t o  t h e  
"actual"  t r a j e c t o r y .  

The computations i n  the  s imula t ion  mode are similar t o  those 
i n  t h e  e r r o r  a n a l y s i s  mode, except f o r  t h e  computation of many 
a d d i t i o n a l  q u a n t i t i e s .  Four r e l a t e d  t r a j e c t o r i e s  are c a r r i e d  
through the  s imula t ion  mode b a s i c  c y c l e  : 
t h e  es t imated  t r a j e c t o r y ,  t he  o r i g i n a l  nominal t r a j e c t o r y  (used 
f o r  guidance),  and t h e  updated nominal t r a j e c t o r y .  

t h e  "actual"  t r a j e c t o r y ,  

There are four  types of even t s  t h a t  can be used i n  the  simu- 
l a t i o n  mode. Three of t he  events  are t h e  same as i n  t h e  e r r o r  
a n a l y s i s  mode--eigenvector, p red ic t ion ,  and guidance. One addi- 
t i o n a l  event  t h a t  can be exerc ised  i n  t h e  s imula t ion  mode is a 
quas i - l inear  f i l t e r i n g  event .  The e igenvec tor  and p red ic t ion  
events  i n  t h e  s imula t ion  mode are the  same as they w e r e  i n  t he  
e r r o r  a n a l y s i s  mode. 

When a guidance event  occurs  i n  the  s imula t ion  mode, an "ac- 
t u a l "  midcourse co r rec t ion  i s  made based on one of t h e  th ree  pos- 
s i b l e  guidance p o l i c i e s .  The r e s u l t i n g  execut ion e r r o r  statis- 
t ics  are computed and an "actual"  c o r r e c t i o n  i s  then ca l cu la t ed  
t h a t  s imula tes  midcourse engine performance. A t  a quas i - l inear  
f i l t e r i n g  even t ,  t he  nominal t r a j e c t o r y  i s  updated by tak ing  i n t o  
accoynt t h e  es t imated  dev ia t ion  from t h e  most r ecen t  nominal tra- 
j ec to ry .  The reason f o r  inc luding  a quas i - l inear  f i l t e r i n g  event  
i s  t o  be a b l e  t o  compute more accu ra t e  state t r a n s i t i o n  matrices 
and check t h e  e f f e c t  of updating the  nominal t r a j e c t o r y  on t h e  
occurrence of divergence i n  t h e  f i l t e r .  

The a v a i l a b l e  opt ions  i n  the  s imula t ion  mode are i d e n t i c a l  
wi th  those i n  t h e  e r r o r  a n a l y s i s  mode. Measurement accu rac i e s  
can be v a r i e d  as w e l l  as measurement schedules .  The state t ran-  
s i t i o n  matrix op t ions  (choice of t h ree )  are a v a i l a b l e  as w e l l  as a 
a choice of t h r e e  guidance p o l i c i e s .  The augmented state vec to r s  
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t r e a t e d  by t h e  s imula t ion  mode g ives  t h e  use r  the  op t ion  of esti- 
mating such parameters as p lane ta ry  ephemerides and masses, meas- 
urement b i a s e s ,  and s t a t i o n  l o c a t i o n  e r r o r s ,  as w e l l  as the  b a s i c  
s i x - v e c t o r  of  p o s i t i o n  and v e l o c i t y .  

11. SYMBOLS 

B*T, B'R impact plane parameters 

%+l 

%+l 
P- k+l 

'k+l 

Qk+l 

Qk+l 

- 

%+l 

%+l 

'k+l 
x - 

O - 
Xk 
xk 
- 

a c t u a l  s tate vec to r  d e v i a t i o n  from most r ecen t  nominal 
t r a j e c t o r y  a t  time t k 

k+l 

k+l 

observa t ion  matrix a t  time t 

Kalman ga in  matrix a t  time t 

covariance ma t r ix  of  naviga t ion  u n c e r t a i n t y  a t  t h e  t i m e  

k+l L 

covariance ma t r ix  of nav iga t ion  u n c e r t a i n t y  a f t e r  the 
measurement has  been processed a t  the time t k+l 

i n i t i a l  covariance ma t r ix  

dynamic n o i s e  ma t r ix  

execut ion  e r r o r  ma t r ix  

covariance ma t r ix  of a zero  mean Gaussian whi te  n o i s e  
co r rup t ing  the  measurement 

a c t u a l  covariance mat r ix  of a zero  mean Gaussian white 
n o i s e  co r rup t ing  the measurement 

r e s i d u a l  unce r t a in ty  ma t r ix  

i n i t i a l  s tate vec to r  

o r i g i n a l  nominal state v e c t o r  

most r e c e n t  nominal state v e c t o r  
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Greek - 

AV 

k+l E 

rl 

k+l V 

@k+l, k 

k+l w 

guidance ma t r ix  

es t imated  state v e c t o r  dev ia t ion  from most r ecen t  nominal 
t r a j e c t o r y  

midcourse c o r r e c t i o n  v e l o c i t y  increment 

measurement r e s i d u a l s  

v a r i a t i o n  ma t r ix  of B O T  and B * R  

g r a v i t a t i o n a l  parameter of jth body 

sampled measurement noise  

s ta te  t r a n s i t i o n  ma t r ix  r e l a t i n g  the  times t 

a c t u a l  unmo de  l e d  ac  ce l e  1: a t  ions  

and tk k+l 
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111. TRAJECTORY NODE - ANALYSIS 

The t r a j e c t o r y  mode of STEAP computes an n-body t r a j e c t o r y  f o r  
an i n f i n i t e s i m a l  spacec ra f t  through t h e  use of t h e  v a r i c e n t r i c  o r  
v i r t u a l  m a s s  concept. 
ence 1, t h e  e s s e n t i a l  i d e a  of v i r t u a l  m a s s  n-body t r a j e c t o r y  com- 
pu ta t ions  i s  that ,  a t  any i n s t a n t  of t i m e ,  t h e  g r a v i t a t i o n a l  fo rces  
exe r t ed  by a l l  t h e  governing bodies can be resolved i n t o  one e f -  
f e c t i v e  vec to r  emanating from a v i r t u a l  mass whose pos i t i on  and 
magnitude are uniquely determined. Over s m a l l  t i m e  i n t e r v a l s ,  
t h e r e f o r e ,  t h e  motion of t h e  spacec ra f t  can b e  represented  as a 
two-body conic  s e c t i o n  arc around t h e  moving and varying v i r t u a l  
m a s s .  The computational a lgori thm of t h e  STEAP t r a j e c t o r y  mode 
uses  t h i s  concept i n  determining t h e  n-body spacec ra f t  t r a j e c t o r y .  

As explained i n  d e t a i l  by Novak i n  r e fe r -  

Novak's o r i g i n a l  work proved t h e  v a l i d i t y  of t h e  v i r t u a l  mass 
approach f o r  t h e  r e s t r i c t e d  three-body problem. The t r a j e c t o r y  
mode of STEAP extends i t s  a p p l i c a b i l i t y  t o  gene ra l  n-body problems. 
Modeled i n  t h e  t r a j e c t o r y  mode are t h e  b e s t  a v a i l a b l e  mean conic  
s e c t i o n  o r b i t a l  elements of each of t h e  p l ane t s  i n  t h e  s o l a r  sys-  
t e m  p lus  t h e  E a r t h ' s  moon. These are a v a i l a b l e  t o  the  t r a j e c t o r y  
mode through an ephemeris subrout ine  and p e r m i t  t h e  determinat ion 
of realist ic i n t e r p l a n e t a r y  t r a j e c t o r i e s .  

The b a s i c  concepts of v i r t u a l  mass n-body t r a j e c t o r y  computa- 
t i o n  are reviewed h e r e  f a r  reference.  I n  add i t ion ,  t h e  computa- 
t i o n a l  a lgori thm a t  each i n t e r v a l  along the  t r a j e c t o r y  i s  presented ,  
s t e p  by s t e p ,  j u s t  as i t  appears i n  t h e  t r a j e c t o r y  mode of STEAP. 
For more d e t a i l s  concerning tlie underlying concepts ,  see reference  
1. 

Consider t h e  vec to r  d i f f e r e n t i a l  equat ions  f o r  t h e  motion of 
an i n f i n i t e s i m a l  s p a c e c r a f t  under t h e  in f luence  of n a t t r a c t i n g  
bodies  t o  b e  given by: 

4 
where r i s  t h e  p o s i t i o n  vec to r  of t h e  spacec ra f t  i n  some ref -  

S 
erence coord ina te  system, vi i s  the  g r a v i t a t i o n a l  a t t r a c t i o n  of 

t h e  i governing body, and r,. is t h e  p o s i t i o n  vec to r  of t h e  t h  -f 

I 

ith body i n  the s a m e  r e fe rence  system. It is  easy t o  show t h a t  
an .equivalent  set of equat ions  can be w r i t t e n  as: 
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where t h e  q u a n t i t i e s  M, Ms, pv, and ?' are defined by:' 
V 

n 

i =1 /'i - '81 

- 'i 
Ms - + 3  

3 
- + M  r = -  

Ms 

3 3  
= - rsl M~ 

VV 

( 4 )  

(5) 

The f i n a l  form of equat ion (2), which is e a s i l y  recognized as 
t h e  d i f f e r e n t i a l  equat ion f o r  two-body motion, sugges ts  t h e  essen- 
t i a l  i d e a  of v i r t u a l  mass computation f o r  n-body t r a j e c t o r i e s .  

and $v can b e  t r e a t e d  as cons tan ts ,  Over i n t e r v a l s  where 

t h e  motion is  two-body wi th  r e spec t  t o  t h i s  magnitude and p o s i t i o n  
of t h e  v i r t u a l  mass. The computation of t h e  n-body o r b i t  i n  t h e  
t r a j e c t o r y  mode r e s u l t s  from p iec ing  toge ther  two-body arcs around 
vary ing  magnitudes and l o c a t i o n s  f o r  t h e  v i r t u a l  mass. The way 
i n  which each two-body arc i s  ca l cu la t ed  is  discussed i n  the  com- 
p u t a t i o n a l  a lgori thm t o  follow. 

''IV 

A c l o s e  in spec t ion  of t h e  above equat ions  demonstrates t h a t  
t h e  l o c a t i o n  and magnitude of t h e  v i r t u a l  mass has  t h e  des i r ed  
l i m i t i n g  p rope r t i e s ,  When t h e  s p a c e c r a f t  i s  wi th in  t h e  in f luence  
of one dominant body, t h e  v i r t u a l  mass p o s i t i o n  and magnitude ap- 
proximate those  of t h e  dominant body. I n  a t r a n s i t i o n  region,  two 
o r  more bodies  may con t r ibu te  s i g n i f i c a n t l y  t o  t h e  l o c a t i o n  and 
magnitude of the v i r t u a l  mass. 

The computational scheme used wi th in  the t r a j e c t o r y  mode of 
STEM is  presented  i n  t h e  fol lowing paragraphs. 
on t h e  procedure used f o r  determining each i n d i v i d u a l  two-b.ody arc 
i n  t h e  sequence. 

Emphasis is  placed 

The dec i s ion  concerning t h e  length  of t h e  i n t e r v a l  



is  made be fo re  e n t e r i n g  t h e  computational a lgor i thm and i s  based 
on a f i x e d  t r u e  anomaly passage with respect t o  t h e  v i r t u a l  m a s s .  
Thus, when t h e  s p a c e c r a f t  i s  nea r  t h e  v i r t u a l  m a s s  (near  a p l a n e t  
f o r  i n t e r p l a n e t a r y  a p p l i c a t i o n s ) ,  sma l l e r  s t e p s  a r e  taken t o  ensure  
the  accuracy of t h e  computation. Over t h e  h e l i o c e n t r i c  po r t ions  
of an i n t e r p l a n e t a r y  f l i g h t ,  when the  s p a c e c r a f t  is  f a r  from t h e  
v i r t u a l  mass l o c a t i o n  and t h e  t r a j e c t o r y  is  e s s e n t i a l l y  a he l io -  
c e n t r i c  e l l i p s e  , l a r g e r  computational i n t e r v a l s  are automat ica l ly  
used. 

Within each computing i n t e r v a l ,  t h e  motion of t h e  v i r t u a l  mass 
is  assumed t o  be cons tan t  v e l o c i t y  with a cons tan t  mass magnitude. 
Two approaches t o  determining t h i s  cons tan t  v e l o c i t y  and mass mag- 
n i t u d e  were analyzed by Novak ( r e f .  1). One is  c a l l e d  t h e  i t e r a t i v e  
method and t h e  o t h e r  n o n i t e r a t i v e .  The n o n i t e r a t i v e  computation 
uses  t h e  va lues  f o r  t h e  v i r t u a l  mass v e l o c i t y  and mass magnitude 
a t  t h e  beginning of t h e  t i m e  s t e p  f o r  t h e  e n t i r e  computation i n -  
terval. Then, a t  t h e  beginning of t h e  new t i m e  s t e p ,  n e w  va lues  
are ca l cu la t ed  and assumed c o n s i s t e n t  with t h e  new p o s i t i o n  of t he  
spacec ra f t .  This method r e s u l t s  i n  p o s i t i o n  d i s c o n t i n u i t i e s  i n  
t h e  v i r t u a l  m a s s  t r a j e c t o r y  s i n c e  t h e  i n i t i a l  va lues ,  r a t h e r  than 
any computed mean va lues ,  are used over t h e  s t e p .  The s p a c e c r a f t  
t r a j e c t o r y  i t s e l f  i s  still  continuous,  bu t  i t  i s  being based on a 
discont inuous v i r t u a l  mass t r a j e c t o r y .  

I n  t h e  i t e r a t i v e  method "average" va lues  f o r  t h e  v i r t u a l  mass 
v e l o c i t y  and ma2s magnitude a r e  used over t h e  computing i n t e r v a l .  
The va lues  of r and 1-1, a t  t h e  end of t h e  i n t e r v a l  a r e  i n i -  

t i a l l y  es t imated  and then i t e r a t i v e l y  improved t o  f o r c e  cons i s t -  
ency between t h e  v i r t u a l  mass and s p a c e c r a f t  t r a j e c t o r i e s .  The 
i t e r a t i v e  method i s  used i n  STEAP; i t s  computational a lgori thm is 
presented  h e r e ,  s t e p  by s t e p .  

V 

t h  
1) A t  t h e  beginning of the  n t i m e  i n t e r v a l  t h e  acceler- 

a t i o n  terms from the  previous time i n t e r v a l  a r e  ca lcu-  
l a t e d  as 

?-I +n-1 c +-I (Atn-l) 

B V B - rv .. 
E V 

- m -  - r 
V av (Atn-') 

n-1 n-1 en-1 - l.Iv - ?Jv 
"n - E B B 
l-IV 

l-IV - 
(Atn-') .. av 

.. 3 
A t  t h e  f i r s t  t i m e  i n t e r v a l  r = O  and 1 . 1 ~  = O .  

V av av 



2)  Assuming a second order  v a r i a t i o n  wi th  t i m e ,  an i n i -  
t i a l  guess f o r  t h e  f i n a l  p o s i t i o n  and magnitude of t h e  
v i r t u a l  m a s s  is  made by using t h e  equa t ions ,  .. * 

3 j. -+ -f 
(At) + rv (At)2 

B av + rv 
r = I  

B V E V 

The s u p e r s c r i p t s  n have been dropped f o r  convenience. 

A l l  t h e  succeeding equat ions are f o r  t h e  n th t i m e  
i n t e r v a l  un less  otherwise spec i f i ed .  The s u b s c r i p t s  
B and E r e f e r  t o  t h e  beginning and end of t h e  com- 
p u t a t i o n a l  i n t e r v a l .  

3 )  Using t h e  assumed p o s i t i o n  and mass magnitude of t h e  
v i r t u a l  mass a t  t h e  end of t h e  t i m e  i n t e r v a l ,  t he  as- 
sumed average v e l o c i t y  and m a s s  magnitude f o r  t h e  v i r -  

. t u a l  mass over t h e  computational i n t e r v a l  may be cal- 
cu la t ed  as 

where C 1  l i n e a r l y  i n t e r p o l a t e s  t he  v i r t u a l  mass mag- 
n i t u d e  t o  some va lue  between t h e  i n i t i a l  and f i n a l  
va lues  (0 5 61 1 ) .  

The i n i t i a l  v e l o c i t y  of t h e  spacec ra f t  wi th  r e spec t  
t o  t h e  v i r t u a l  m a s s  is  now based on t h i s  assumed av- 
e rage  v e l o c i t y  and is given by 

* 
-+ -+ -f 
r ' = r  - r  

V B av V S 
B S 

4 )  The Kepler ian vec to r  ( r ep resen t s  twice t h e  areal r a t e )  
f o r  t h e  computing i n t e r v a l  is next  computed as 

* - + +  j. 
k = r  x r  

V V 
B S B . s  
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Then t h e  e c c e n t r i c i t y  vec to r  is  determined from 

-+ 
The magnitude of t h e  e c c e n t r i c i t y  v e c t o r ,  e, repre- 
s e n t s  t h e  e c c e n t r i c i t y  of t h e  conic  s e c t i o n  and the  
o r i e n t a t i o n  of t h e  v e c t o r  is  toward t h e  conic  s e c t i o n  
p e r i a p s i s .  

5) The f i n a l  p o s i t i o n  and v e l o c i t y  of t h e  spacec ra f t  with 
r e s p e c t  t o  t h e  v i r t u a l  m a s s  i s  c a l c u l a t e d  next .  An 
i n t e rmed ia t e  v a r i a b l e  A T  i s  used which must be re- 
l a t e d  t o  t h e  d e s i r e d  A t  for t h e  i n t e r v a l .  The va lue  
AT determines t h e  t i m e  o r  t r u e  anomaly increment along 
t h e  conic  s e c t i o n  a rc .  Again assuming a second order  
v a r i a t i o n ,  

A T  = A t  + K A t 2  (13) 

where K is  computed from information about t h e  pre- 
ceding i n t e r v a l  as 

-f 
The f i n a l  p o s i t i o n  r must l i e  i n  the  plane of mo- 

t i o n  def ined  by r and r , and hence can be 

expressed as a l i n e a r  combination of t he  two, 

v 
S 

-+ E :  
V V 

B S B S 

-+ 3 

B S 
r 

V 

E S 

where t h e  q u a n t i t y  B i s  given by, 

k p v  
av 

B = +  -f 

e o 0  + a  
V V 

E S E S 
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Then t h e  v e l o c i t y  of t h e  s p a c e c r a f t  with r e spec t  t o  
t h e  v i r t u a l  mass a t  t h e  end of t h e  i n t e r v a l  i s  

3 

3 g x t + - )  

r = 
V 

S E p 2 b v a v )  

6) The f i n a l  p o s i t i o n  and v e l o c i t y  of t h e  s p a c e c r a f t  i n  
t h e  r e fe rence  coord ina te  system are now computed from 

-t j. 3 
r = r  + r  

E V V 
E E S 

S 

. . 
j. 3 -t 

av + rv 
r = r  

V 
E E S 

S 

73 It i s  necessary t o  eva lua te  t h e  conic  s e c t i o n  time of 
f l i g h t  s o  t h a t  
i t e r a t i o n .  F i r s t ,  some prel iminary o r b i t  v a r i a b l e s  
must be determined. The in-plane normal t o  t h e  major 
a x i s  i s  

IC may be found t o  use in t h e  next  

3 n =  
j . 3  
k x r  

V 
I S B 

rv 
Y e  

B S 
\ 

The l eng th  of t h e  semimajor 

= o  

a x i s  is given by 

- 2 e = l  
bi rv - k2/liv ’ i = B Y E  

- 
av si 
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The p r o j e c t i o n  of t h e  r ad ius  v e c t o r  orthogonal t o  t h e  
major axis,  divided by b is  given by 

3 - t  
n o r  

V 
i S 
, i = B,E - - 

‘i bi 

The mean angular  rate is  

where w < 0 f o r  hype rbo l i c  o r b i t s .  The e c c e n t r  

anomaly i s  given by, 
M 

- Ei - 
i = B  ,E 

sin-’ xi, e < l  

k y J v  xi 
av 

3 
, e = 1  

sinh-l  Xi, e > l  

.c 

Then 

Mi = Ei - exi, i = B,E ( 2 4 )  

and f i n a l l y  t h e  conic  s e c t i o n  t i m e  of f l i g h t  i s  given 
as 

M E - %  A r  = t 2  - t l  = 
M w 

The in t e rmed ia t e  v a r i a b l e  K, t o  be  used i n  t h e  n e x t  
interval i s  c a l c u l a t e d  as 
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8 )  The f i n a l  p o s i t i o n s  and v e l o c i t i e s  of the p l a n e t s  are 
now c a l c u l a t e d  from t h e  ephemeris subrout ine  and re- 
turned t o  the  v i r t u a l  mass rou t ine .  

The f i n a l  p o s i t i o n  and mass magnitude of t he  v i r t u a l  
m a s s  are now r e c a l c u l a t e d  from t h e  assumed p o s i t i o n  
of t h e  spacec ra f t  a t  t h e  end of t h e  i n t e r v a l  and t h e  
p lane tary  ephemerides by using equat ion  (2). The ve- 
l o c i t y  and magnitude rate of t h e  v i r t u a l  mass a r e  com- 
puted from 

9) 

. + +  
ks 

M - r  
V . 

E S -+ 
r =  

E MS 
V 

. 

where 

-+ 

E S 
3 Fi ri 

E S E S 
vi 
- =  

10) Af te r  t h i s  last  computation, Step 9 ,  one complete iter- 
a t i o n  has  been obtained.  The va lues  of t he  f i n a l  posi-  
t i o n  and magnitude of t h e  v i r t u a l  mass t h a t  w a s  j u s t  
ca l cu la t ed  is compared t o  t h e  one assumed in the  com- 
put ,a t ion of t h e  s p a c e c r a f t  t r a j e c t o r y .  I f  they do not  

16 



agree  t o  w i t h i n  a set to l e rance ,  t h e  new va lues  of 
F and k are returned t o  Step 3 and another  v E ' UVE' 

i t e r a t i o n  is performed. However, i t  should be  pointed 
ou t  t h a t  Step 8 is  t o  b e  omitted from f u t u r e  i t e r a t i o n s .  
The f i n a l  p o s i t i o n s  of t h e  p l a n e t s  do n o t  d i f f e r  from 
one i t e r a t i o n  t o  the nex t  s i n c e  t h e  f i n a l  t i m e  is f ixed.  

11) A f t e r  two i t e r a t i o n s ,  t h e  r equ i r ed  q u a n t i t i e s  are 
s t o r e d  f o r  t h e  nex t  t i m e  i n t e r v a l  and t h e  algori thm 
r e t u r n s  t o  S tep  1, 

More complete d e t a i l s  f o r  t h e  above computational a lgori thm 
may be  found i n  Novak's r e p o r t  ( r e f .  1). One p o i n t  worth mention- 
i n g  a t  th i s  j u n c t u r e  concerns t h e  use  of t h e  words "accuracy level" 
when r e f e r r i n g  t o  an o r b i t  computed by t h e  t r a j e c t o r y  mode. As 
w a s  mentioned earlier, t h e  s t e p  s i z e  used i n  t h e  v i r t u a l  m a s s  cal- 
c u l a t i o n  of n-body t r a j e c t o r i e s  r e f e r s  t o  t h e  t r u e  anomaly arc , 
wi th  r e s p e c t  t o  t h e  v i r t u a l  m a s s ,  t h a t  i s  kep t  f i x e d  throughout 
the t r a j e c t o r y .  Thus, a f i x e d  t r u e  anomaly arc of 1 mrad m e a n s  
t h a t  each i n d i v i d u a l  computing i n t e r v a l ,  u s ing  t h e  algori thm de- 
f i n e d  above, r e s u l t s  i n  a two-body arc around t h e  e f f e c t i v e  f o r c e  
c e n t e r  of 1 mrad. I f  t h e  f i x e d  t r u e  anomaly arc i s  10 mrad, then 
c l e a r l y  fewer computational i n t e r v a l s  are used and t h e  r e s u l t i n g  
t r a j e c t o r y ,  n e g l e c t i n g  computer n o i s e ,  is  less accurate .  

An e x t e r n a l  accuracy level  i s  i n p u t  t o  the program, where t h i s  
va lue  i s  subsequently changed i n t o  a f i x e d  t r u e  anomaly arc f o r  
the computing intervals .  An e x t e r n a l  accuracy of 2.5 x f o r  
example, corresponds t o  a t r u e  anomaly arc of 16.57 mrad; s i m i l a r l y ,  
an external accuracy level of 1 x 
anomaly of 3.6 mrad. 
level i s  a dummy v a r i a b l e ;  i t  w a s  i n i t i a l l y  set up t o  r e p r e s e n t  
the accumulated percentage p o s i t i o n  e r r o r  f o r  a r e s t r i c t e d  three-  
body problem a f t e r  one o r b i t .  Thus lower accuracy l e v e l s  imply 
lower amounts of arc f o r  f i x e d  time anomaly used i n  t h e  computa- 
t i o n s  and, consequently,  more a c c u r a t e  t r a j e c t o r i e s  t h a t  r e q u i r e  
more computer t i m e .  
computational i n t e r v a l  s i z e  used by t h e  t r a j e c t o r y  mode o r  sub- 
r o u t i n e ,  the phase accuracy level i s  employed. 

corresponds t o  a f i x e d  t r u e  
For t h e  n-body problem t h e  e x t e r n a l  accuracy 

Throughout t h i s  r e p o r t ,  when r e f e r r i n g  t o  t h e  
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IV. TARGETING MODE - ANALYSIS 

A. Statement of Problem 

The mathematical formulation of the targeting problem results 
in a classical two point boundary value problem. 
the infinitisimal probe moving under the gravitational attractions 
of n-bodies is governed by the nonlinear differential system 

The motion of 

- 5 +  
r = V  

n 

i= 1 
-t 

where p and r (t) are respectively the (known) gravitational 

constant and position vector of the ith gravitational body. 
initial time to and a target time 
a set of target conditions 

i i 
An 

are specified along with tT 

The solution of the targeting problem is the determination of a 

tion of the system (28) using the initial conditions 
._ set of initial (injection) conditions i'o, q0 such that integra- 

+ -b 

(to) = vo 

yields solution values at t = tT consistent with the target con- 
straints ( 2 9 ) .  

18 



The system (28) being of s i x t h  o rde r  imp l i e s  t h a t  (gene ra l ly )  
s i x  independent c o n s t r a i n t s  de f ine  a s o l u t i o n .  The t a r g e t  con- 
s t r a i n t s  t o  be  considered i n  t h i s  a n a l y s i s  are e i t h e r  two o r  
three-dimensional. Hence t o  ensure t h a t  t h e  problems are n o t  
underdetermined, a d d i t i o n a l  c o n s t r a i n t s  must be placed on+the i n i -  
t i a l  c o n d i t i o n s  (30) .  Therefore t h e  i n j e c t i o n  p o s i t i o n  r i s  

forced t o  s a t i s f y  c o n s t r a i n t s  c o n s i s t e n t  w i t h  t h e  gene ra l  mission 
requirements and a s t anda rd  launch p r o f i l e  o r i g i n a t i n g  from Cape 
Kennedy. I n  t h e  case of a two dimensional t a r g e t  c o n s t r a i n t  s i m i -  
lar  r e s t r i c t i o n s  are placed on t h e  z-component of i n j e c t i o n  velo- 
c i t y .  With t h e s e  a d d i t i o n s  the t a r g e t i n g  problem is  well-defined. 

0 

The s t anda rd  procedure may now be summarized. From the  gene ra l  
mission requirements (launch da ta ,  encounter p l a n e t ,  encounter 
time) a real is t ic  i n j e c t i o n  p o s i t i o n  v e c t o r  (and z-component of 
i n j e c t i o n  v e l o c i t y )  i s  computed. 
with t h e  exact t a r g e t  c o n d i t i o n s  ( 2 9 ) ,  t h e  i n j e c t i o n  v e l o c i t y  V 

is  determfned which s o l v e s  the  two p o i n t  boundary va lue  problem 
(28), (29), and ( 3 0 ) .  

Using t h e s e  as c o n s t r a i n t s  al%ng 

0 

B. General Method of Solut ion 

A comprehensive survey of c u r r e n t  techniques a p p l i c a b l e  t o  
the two-point boundary va lue  problem w a s  made before  s e l e c t i n g  the  
numerical  d i f f e r e n c i n g  algori thm as t h e  approach t o  be used i n  the  
t a r g e t i n g  program. The a l t e r n a t i v e  techniques considered w i l l  be 
presented be fo re  proceeding t o  a d i scuss ion  of t h e  algori thm cho- 
sen, 

Five g e n e r a l  approaches were considered a p p l i c a b l e  t o  t h e  solu- 
t i o n  of t h e  t a r g e t i n g  problem b u t  i n f e r i o r  t o  t h e  numerical  d i f f e r -  
encing scheme u l t i m a t e l y  s e l e c t e d .  These candidate  methods included 
t h e  a d j o i n t  method, t h e  p e r t u r b a t i o n  f u n c t i o n  method, quas i - l i nea r i -  
z a t i o n ,  i n v a r i a n t  imbedding, and patched c o n i c  approximations. 

I n  t h e  a d j o i n t  ( r e f .  2 )  and p e r t u r b a t i o n  func t ion  ( r e f .  3) 
methods, l i n e a r i z e d  equa t ions  ( s p e c i f i c a l l y  t h e  a d j o i n t  and per- 
t u r b a t i o n  equa t ions )  governing t h e  dynamics of s m a l l  p e r t u r b a t i o n s  
about a c u r r e n t  i terate would be i n t e g r a t e d  t o  determine correc- 
t i o n s  t o  t h a t  i terate.  However t h e  i n c l u s i o n  of linear d i f f e r e n -  
t i a l  equa t ions  would n e c e s s i t a t e  an a d d i t i o n a l  i n t e g r a t i o n  pro- 
gram as t h e  v i r t u a l  mass r o u t i n e  could n o t  perform t h i s  i n t eg ra -  
t i o n .  The t i m e  c o n s t r a i n t s  i n  t h e  t a r g e t  cond i t ions  a l s o  add a 
g r e a t  d e a l  of complexity when us ing  these  methods. Furthermore 
t h e s e  techniques o f f e r  no apparent advantages over numerical  d i f -  
ferencing.  
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I n  quas i - l i nea r i za t ion  ( r e f .  4 ) ,  t he  approach i s  t o  r ep lace  
t h e  non l inea r  system of equat ions  by an approximating linear sys- 
t e m  ( l i n e a r i z e d  about  t h e  c u r r e n t  i t e r a t e )  so  t h a t  t he  r e l a t i v e  
s i m p l i c i t y  of t h i s  rev ised  system can be exp lo i t ed  t o  y i e l d  i m -  
proved i n j e c t i o n  condi t ions .  
vergence p r o p e r t i e s  than any of t h e  o ther  proposed methods but  
unfor tuna te ly  s u f f e r s  from se r ious  d e f e c t s  i n  t h i s  app l i ca t ion .  
The state of t h e  cu r ren t  iterate a t  any t i m e  a long the  t r a j e c t o r y  
must be a v a i l a b l e  t o  the  i n t e g r a t o r .  Since an i n t e r p l a n e t a r y  tra- 
j e c t o r y  r equ i r e s  n o t  only a l a r g e  number of i n t e g r a t i o n  s t e p s ,  but  
a l s o  a varying s i z e  f o r  t hese  s t e p s ,  t h i s  r e p r e s e n t s  a burden both 
in  computer s t o r a g e  and computation. I n  a d d i t i o n ,  quas i - l i nea r i -  
za t ion  r e q u i r e s  an independent i n t e g r a t o r .  

Quas i - l inear iza t ion  has  b e t t e r  con- 

In i n v a r i a n t  imbedding ( r e f .  5 ) ,  t h e  two-point boundary value 
problem is  replaced by a system of f i r s t  o rder  p a r t i a l  d i f f e r e n -  
t i a l  equat ions  t h a t  are solved success ive ly  i n  one-d i rec t iona l  
sweeps. Its main advantage lies i n  the  f a c t  t h a t  i t  is  no t  an 
i t e r a t i v e  procedure. However t h e  a p p l i c a t i o n  of t h i s  method t o  
such a mult idimensional  problem in t roduces  g r e a t  a n a l y t i c a l  and 
numerical  d i f f i c u l t i e s .  Furthermore t h e r e  i s  no c o n t r o l  on t h e  
f i n a l  t o l e rances  of t a r g e t  e r r o r s .  

The l a s t  method t r i e d  involved using patched conic approxima- 
t i o n s  t o  estimate t h e  v e l o c i t y  co r rec t ions  i t e r a t i v e l y .  Thus the  
method would employ a n a l y t i c  t o o l s  such as Danby's mat r izant  (ref. 
6 ) .  This  would be an acceptab le  approach i f  t h e  t a r g e t  condi t ions  
were a l l  p o s i t i o n  o r  v e l o c i t y  dependent. However, because t i m e  
appears e x p l i c i t l y  i n  t h e  t a r g e t  c o n s t r a i n t s  and because t h e r e  
are no formal a n a l y t i c a l  t i m e  r e l a t i o n s h i p s ,  t h i s  approach w a s  
a l s o  discarded.  

The numerical  d i f f e r e n c i n g  algori thm i s  conceptua l ly  q u i t e  
simple.  It i s  an i t e r a t i v e  scheme t h a t  genera tes  progress ive  sets 
of i n j e c t i o n  v e l o c i t i e s ,  each set leading  t o  reduced e r r o r s  i n  t h e  

approximation t o  t h e  i n j e c t i o n  v e l o c i t y .  This  i s  no problem, how- 
ever ;  as the technique used t o  compute t h e  i n j e c t i o n  p o s i t i o n  vec- 
t o r  a l s o  genera tes  an acceptab le  zero  i terate i n j e c t i o n  v e l o c i t y .  

, t a r g e t  condi t ions .  The procedure t h e r e f o r e  r e q u i r e s  an i n i t i a l  

+ L e t  the t a r g e t  condi t ions  be denoted T = ~ 2 ,  ~ 3 )  . L e t  
3 
r be t h e  i n j e c t i o n  p o s i t i o n  vec to r  and l e t  

0 
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. be t h e  kth iterate of t h e  i n j e c t i o n  v e l o c i t y .  L e t  t he  i n t e g r a t i o n  

as i n j e c t i o n  

I f  t h e  e r r o r  

of t h e  equat ions  of motion (28) using (;o, G(k))  
condi t ions  y i e l d  t a r g e t  va lues  T = (TI , T 2 ,  T3) .  

AT = ‘r - T i s  acceptab le ,  then 3(k) V i s  re turned  as the  des i r ed  
s o l u t i o n .  

-+ 
+ + +  

3 
I f  t he  e r r o r  AT i s  unacceptable ,  t h e  numerical  d i f f e renc ing  

algori thm genera tes  a co r rec t ion  AV = (AVx, AV , AVz) t o  V , 
which should l ead  t o  improved t a r g e t  condi t ions .  The t r a j e c t o r y  
t a r g e t  va lues  are obviously func t ions  of t h e  i n j e c t i o n  v e l o c i t y  

V de f in ing  t h e  t r a j e c t o r y .  Thus 

-+ 4 4  
Y 

+ 

Y z 

X Y 
av - 

3 = ? (?> 
Expanding t h i s  i n  a Taylor series about t h e  kth i terate  i n j e c t i o n  
v e l o c i t y  and r e t a i n i n g  only l i n e a r  terms y i e l d s  t h e  approximation 

where 

I m p l i c i t  i n  t h i s  equat ion  is  t h e  assumption t h a t  the  requi red  
v e l o c i t y  change l ies  i n  a l i n e a r  region i n  t h e  i n j e c t i o n  aondi- 
t i o n  - t a r g e t  cond i t ion  manifold.  
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aTi 
The p a r t i a l s  - av are now approximated by numerical  d i f f e r -  

ct 
encing (from which t h e  procedure d e r i v e s  i t s  name). The equat ions  
of motion are i n t e g r a t e d  us ing  as i n i t i a l  condi t ions  

-+ -b 

( to)  = ro  

X 
vx f o )  = vx (k) + 6V 

(k) 
vy f o )  = vy 

Because of t he  (small)  pe r tu rba t ion  i n  Vx ( to), 
t a r g e t  va lues  w i l l  d i f f e r  s l i g h t l y  from f(k); 

t h e  r e s u l t i n g  

denote them by 

f 65 = (T1 + 6T1, T2 4- 6T2,  T3 + 6 T 3 ) .  Then by e s t ima t ing  

. t h e  d i f f e r e n t i a l s  by t h e  numerical  d i f f e r e n c e s ,  t h e  approximations 
r e s u l t  

A similar procedure is  used t o  eva lua te  the  remaining p a r t i a l  
d e r i v a t i v e s  occurr ing  i n  equat ion  (31). Denoting 

I 6 T 3 .  6T3 6T3 

Equation (31) may now be r e w r i t t e n  
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The 
-+ -+ 

c o r r e c t i o n  AV i s  t o  be chosen s o  t h a t  .E , 

S u b s t i t u t i n g  t h i s  i n t o  t h e  above equat ion and r ea r r ang ing  y i e l d s  

I f  Q i s  nonsingular  t h e  preceding equat ion may be solved f o r  t h e  

c o r r e c t i o n  AV r e s u l t i n g  i n  
3 

+(k + 1) = $(k) + and t h e  (k + 1) s t  i terate  i s  then given by V 
The e n t i r e  p rocess  i s  repeated u n t i l  an accep tab le  i terate  i s  gen- 
e r a t e d  e 

It i s  important t o  r e c a l l  t he  assumptions made i n  t h i s  model 
t o  p inpo in t  where t r o u b l e  might arise and cause t h e  procedure t o  
f a i l  ( o r  d i v e r g e ) .  The l i n e a r i t y  assumption i n  d e r i v i n g  equat ion 
(31) i s  probably the major problem, I f  t h a t  assumption i s  bad, 
t h e  e n t i r e  a n a l y s i s  i s  i n  e r r o r .  If the  magnitude of t h e  required 

AV is  l a r g e ,  t h e  omission of t h e  second o rde r  terms i n  Av' i n  
equat ion (31) would a g a i n  be u n j u s t i f i e d .  However experience has  
shown t h i s  t o  be an unusual even t .  The approximation of the par- 
t i a l s  by t h e i r  corresponding numerical d i f f e r e n c e s  i s  ano the r  po- 
t e n t i a l  problem. However t h e  f a c t  t h a t  t h e  program al lows t h e  
increment 6V by which t h e  v e l o c i t i e s  are per turbed t o  be inpu t  
permits  t h e  s e l e c t i o n  of a reasonable bV f o r  t h i s  computation. 
F i n a l l y ,  t h e  matrix Q may be s i n g u l a r .  Again, experience has  
shown t h i s  t o  be q u i t e  rare. I f  t h i s  d id  occur changing t h e  mag- 
n i t u d e  of t h e  6 V  o r  reading i n  per turbed va lues  f o r  t h e  in j ec -  
t i o n  v e l o k i t y  could remove t h e  problem, 

+ 

One safeguard i s  included i n  t h e  program t o  minimize t h e  e f f e c t s  
of any of t h e  above f a u l t s .  A scalar measure i s  assigned t o  t h e  
t a r g e t  cond i t ions  of each nominal. I f  t h e  e r r o r  i n  t h e  r e s u l t i n g  
c o r r e c t i o n  i s  inc reased ,  t h e  c o r r e c t i o n  i s  reduced by a q u a r t e r .  
The p rocess  i s  repeated u n t i l  a c o r r e c t i o n  i s  found t h a t  does de- 
crease t h e  e r r o r .  

23 



C. General  D g e t  Condi t io  

The fou r  b a s i c  t a r g e t  cond i t ions  are divided i n t o  two classes: 
the  sphere-of-influence cond i t ions  and the  c l o s e s  t-approach con- 
d i t i o n s .  The sphere-of-influence cond i t ions  are based on t h e  i m -  

p a c t  plane parameters BOT and B - R  introduced by Kizner ( r e f .  
7 ) .  Because there i s  some ambiguity i n  ,the gene ra l  d e f i n i t i o n s  
of these  parameters,  t h e  e x a c t  parameters as used throughout t h i s  
r e p o r t  w i l l  now be  def ined ( f i g .  1). 

+ +  ? t  

From t h e  p o i n t  of i n t e r s e c t i o n  of t h e  probe t r a j e c t o r y  with 
t h e  t a r g e t  p l a n e t  sphere-of-influence t h e  t r a j e c t o r y  i s  assumed 
t o  b e  hyper’bolic with t h e  t a r g e t  p l a n e t  as t h e  prime body. One 

of t h r e e  primary axes, t h e  S-axis, i s  cons t ruc t ed  p a r a l l e l  t o  t h e  
incoming asymptote and passing through t h e  c e n t e r  of t h e  t a r g e t  

p l a n e t .  The impact plane i s  constructed perpendicular  t o  the  S- 
axis and passing through the  c e n t e r  of t h e  t a r g e t  p l a n e t .  The 
i n t e r s e c t i o n  of t h e  e c l i p t i c  plane with the  impact plane forms 

h 

A 

_. 

n 

E c l i p t i c  plane 

Approach -asymptote 
*, 

Fi@;ure 1. Impact Plane Parameters 
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t o  t h e  e c l i p t i c  p l  
h A A 

is  governed by S x K. F ina l ly ,  the R-axis i s  def ined t o  make 

t h e  RST system right-handed, i .e . ,  

B 
i n t e r s e c t i o n  of t h e  approach asymptote wi th  t h a t  plane.  

p l ane  parameters B-T and B * R  are now given by the  s tandard 
d e f i n i t i o n s .  The t h i r d  sphere-of-influence condi t ion  is the  t i m e  
a t  which t h e  sphere-of-influence is  encountered by t h e  probe. In  

+ *  + A  

t h e  f i r s t  major t a r g e t i n g  opt ion ,  t he  parameters B * T  and B * R  
are used as t a r g e t s  while tSI i s  m e t  only approximately. Thus 

- F A  + A  

T~ = B * R  and ' 2  = B*T and t h e  matr ix  CP appearing i n  equat ion 
(31)  i s  only 2 x 2.  

are m e t ,  i.e., T I  = B O T ,  ~2 = B-R,  and ~3 = tSI, and @ i s  3x3. 

h h h 

R = S x T. The m i s s  parameter 
3 

i s  t h e  vec to r  l y ing  i n  t h e  impact plane from t h e  o r i g  
The i m p a c t  

+ "  + "  

I n  the  second opt ion a l l  t h r e e  c o n s t r a i n t s  
+ "  3 "  

The d e f i n i t i o n s  of t h e  closest-approach condi t ions  a r e  much 
The f i r s t  parameter rCA is  the  r ad ius  of more s t ra ight forward .  

c l o s e s t  approach. This  is simply t h e  minimal d i s t ance  between 
t h e  probe and t h e  t a r g e t  p l ane t  during t h e  t r a j e c t o r y .  The vec- 
t o r  p o s i t i o n  and v e l o c i t y  a t  t h i s  po in t  (with respec t  t o  the  tar- 
g e t  p l ane t )  are used t o  compute t h e  ins tan taneous  o r b i t a l  plane.  
The angle  between t h i s  o r b i t a l  plane and t h e  p l a n e t ' s  e q u a t o r i a l  
plane d e f i n e s  t h e  second parameter  iCA, t h e  i n c l i n a t i o n  a t  c l o s e s t  

CA ' approach. F i n a l l y  t h e  last  parameter i s  t 

approach. I n  the  t h i r d  of t h e  four  b a s i c  opt ions  t h e  th ree  t a r g e t  
T~ = icA, T~ = t are m e t  approximately; condi t ions  '1 = r 

i n  t h e  f o u r t h  they are m e t  t o  spec i f i ed  to l e rances  determined by 
t h e  inpu t .  

t he  t i m e  a t  c l o s e s t  

CA' CA 

D. n e r a t i o  Patched Conic I n j e c t i  d i t  i o n s  

The i n j e c t i o n  p o s i t i  vec to r  and t h e  z e r o - i t e r a t e  i n j e c t i o n  
v e l o c i t y  vec to r  are c d from a patched con ic  approxima 
t h e  i n t e r p l a n e t a r y  tr c t o r y  using a r e a l i s t i c  launch prof 
Cape Kennedy. 
cond i t ions  i n  t h e  s t r i c t  s 

These i n j e c t i o n  condi t ions  are no t  patched conic  
e; when propagated forward i n  a patched 

t h e  i n j e c t i o n  v e l o c i t y  which, while co r rup t ing  the  patched 
y do no t  s a t i s f y  mission requirements.  A b i a s  i s  in- 

c model, more n e a r l y  approximates t h e  v e l o c i t y  requi red  by an 
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n-body t r a j e c t o r y  s a t i s f y i n g  t h e  mission.  
condi t ions  from a c t u a l  patched conic  condi t ions ,  they  are termed 
point-to-point condi t ions .  The point-to-point condi t ions  are gen- 
e r a t e d  i n  t h e  SPAEX program developed by JPL. A r igorous  a n a l y s i s  
may be  found i n  r e fe rence  8. However, f o r  completeness,  the rele- 
vant  d e t a i l s  w i l l  be repea ted  here .  

To d i s t i n g u i s h  these  

1. He l iocen t r i c  phase.- Given a launch d a t e  t l ,  a launch p l a n e t  
P l ,  an encounter  d a t e  t 2 ,  and an encounter  p l a n e t  P2 ,  a rough 
approximation t o  t h e  i n t e r p l a n e t a r y  t r a j e c t o r y  i s  e a s i l y  obtained.  
The assumption i s  f i r s t  made t h a t  t h e  t r a j e c t o r y  i s  governed only 
by t h e  g r a v i t a t i o n a l  a t t r a c t i o n  of t he  sun, and t h e r e f o r e  may be 
represented  by a conic  having t h e  sun a t  one focus.  
t i o n  of P1 with  r e spec t  t o  the  sun a t  t h e  t i m e  t l  be denoted 

R1. Simi la r ly  de f ine  R2 as t h e  p o s i t i o n  of P2 a t  the  t i m e  t 2 .  

L e t  t h e  posi-  

3 3 

The h e l i o c e n t r i c  central angle  Y i s  def ined  by 

Ira 

where K is t h e  u n i t  normal t o  t h e  h e l i o c e n t r i c  e c l i p t i c  plane.  

The u n i t  vec to r  
def ined by 

0. 

W normal t o  t h e  probe 's  o r b i t a l  p lane  i s  now 

A +  -1 
w = R~ x ii2 ( R ~ R ~  s i n  Y )  

Fina l ly ,  t h e  i n c l i n a t i o n  of t h e  o r b i t a l  p lane  with respect t o  t h e  
e c l i p t i c  p lane  i s  given by 

i = cos-' (i*i ) 0 - -  < i < 

The semimajor a x i s  a of t h e  h e l i o c e n t r i c  e l l i p s e  i s  de te r -  
mined from Lambert 's theorem: t h e  t r a n s f e r  t i m e  between any two 
p o i n t s  on an e l l i p s e  is  a func t ion  of t h e  sum of t h e  d i s t ances  of 
each p o i n t  from t h e  focus,  t h e  d i s t a n c e  between t h e  p o i n t s ,  and 
t h e  semimajor axis of t h e  e l l i p s e .  Thus 
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This equat ion  is solved i t e r a t i v e l y  t o  o b t a i n  t h e  semimajor a x i s  
a. B a t t i n  ( r e f .  9 )  has  demonstrated t h a t  t h e  e c c e n t r i c i t y  e i s  
a c t u a l l y  a func t ion  of a. Using h i s  procedure t h e  e c c e n t r i c i t y  
i s  computed. 

The state of t h e  probe a t  any po in t  along t h e  h e l i o c e n t r i c  
t r a j e c t o r y  may now be computed. The t r u e  anomaly v correspond- 
ing  t o  a given r a d i u s  R i s  given by 

a (1-e’) - R cos v = e R  

The pa th  ang le  I7 a t  t h a t  po in t  i s  then determined from 

(2a-R)-r’ e s i n  v 1 

-1 
The h e l i o c e n t r i c  speed i s  given by V = 11-1, ( 2 R  - a 1 where 

i s  t h e  g r a v i t a t i o n a l  cons tan t  of t h e  sun. The vec to r  v e l o c i t y  

is then given by 

-+ 
This  a l lows t h e  computation of t h e  v e l o c i t y  VI of t h e  probe (with 
r e spec t  t o  t h e  sun) along i t s  t r a j e c t o r y  a t  t h e  po in t  of depar ture  

from t h e  launch p l ane t .  The hyperbol ic  excess  v e l o c i t y  ’hL i s  

then determined from 

-+ 
where VLp 

t he  t i m e  of launch. 

is  t h e  h e l i o c e n t r i c  v e l o c i t y  of t h e  launch p l ane t  a t  

2.  Near launch planet phase.- Having computed t h e  approximate 
hyperbol ic  excess  v e l o c i t y  requi red  f o r  t he  misaion,  t he  near  
launch p l ane t  t r a j e c t o r y  may be computed. 

The u n i t  vec to r  i n  t h e  d i r e c t i o n  of t h e  outgoing asymptote i s  

h -+ s = vi; VhL 
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n 

The u n i t  vec to r  N normal t o  t h e  t r a j e c t o r y  plane i s  

s t r a i n e d  by t h e  requirements N * N  = 1 and N - S  = 0.  

nents  of N are thus  r e s t r i c t e d  by 

~n A h  

A 

L N = cos +I s i n  C 
Z L 

then  con- 

The compo- 

s -l Nx = -P y y - NZsz) x 

where +IL is t h e  l a t i t u d e  of the  launch s i te  and CL i s  t h e  

launch azimuth. The second of t hese  equat ions restricts t h e  launch 
azimuth t o  s a t i s f y  

s in2  cL (1 - sz2)cos-2 +L 

In  t h i s  program t h e  "short  coas t"  opt ion i s  s e l e c t e d  by choosing 
the  ambiguous s i g n  i n  the  second component equat ion t o  be nega t ive .  
A "due east'' launch i s  generated when poss ib l e  by s e t t i n g  

I f  t h i s  v i o l a t e s  t he  above c o n s t r a i n t ,  t h e  n e a r e s t  poss ib l e  azimuth 
i s  chosen. 

CL = 90'. 

The e c c e n t r i c i t y  of t he  o r b i t  i s  determined from the  equat ion 

where Rp, 

d iscussed i n  a subsequent s e c t i o n .  The t r u e  anomaly of t he  out- 
going asymptote i s  given by 

t h e  p e r i a p s i s  r ad ius ,  i s  set i n t e r n a l l y  and w i l l  be 

cos v = -e-1 
S 

In  essence t h i s  de f ines  t h e  p o s i t i o n  of t h e  p e r i a p s i s .  

a rd  u n i t  vec to r s  P (toward p e r i a p s i s )  and Q (normal t o  P i n  
t h e  plane of t h e  t r a j e c t o r y )  are defined by 

The stand- 
n n e. 
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G = i cos vs  + ( S  x i) s i n  us 

n n  

S 
Q = s s i n  v - ( S  x i) cos v 

S 

These vec to r s  now determine the  nea r  launch t r a j e c t o r y .  For a 
given t r u e  anomaly v 
v e l o c i t y  are re spec t ive ly  

t h e  magnitudes of t h e  vec to r  p o s i t i o n  and 

R - p  '(1 + e cos v)-1 

The normalized p o s i t i o n  and v e l o c i t y  vec to r s  1 
2 hL' where C3 = - V2 

are 

h A  A 

R = P cos v + Q s i n  v 

n .. A 

V = -P s i n  (v - r )  + Q cos (v - r )  

where t h e  path angle  I' is  def ined by 

The t r u e  anomaly a t  i n j e c t i o n  v I is  an i n t e r n a l l y  suppl ied  

cons tan t .  
computed using the  equat ions  of t h e  previous s e c t i o n .  

Hence t h e  i n j e c t i o n  p o s i t i o n  and v e l o c i t y  may be e a s i l y  

The angle  YLsp between t h e  launch site and the  o r b i t  per iap-  

sis is  given by 

A A  

LSP = RLS'P cos Y 

s i n  YLsp = RLs'Q 
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L' 
The angle  Y I  between launch and i n j e c t i o n  

- v The coas t  t i m e  i s  then ca l cu la t ed  

i s  t h e  u n i t  vec tor  t o  t h e  launch site = (cosQL cos0 

s inQL) .  

where 

cos@ sinOL, L 
i s  then  Y = 211 - 
from Tc = IYI - ( Y 1  + Y2)l ki. Here Y 1  and Y 2  are the  angles  

i s  

lYLSP I' I 

of f i r s t  and second burn r e spec t ive ly ,  and ki 
t h e  parking o r b i t  coas t  r a t e  and a l l  are set i n t e r n a l l y  i n  the pro- 
gram. 

i s  t h e  inve r se  of 

(PI i s  given by s i n  Q, = (iI)z, I The i n j e c t i o n  l a t i t u d e  

TI The r i g h t  ascension of i n j e c t i o n  OI i s  def ined by II - T L 41 t 2' 

The i n j e c t i o n  longi tude  i s  given by 

e1 = 0 I - OL - U t b  + €IL 

where BL i s  t h e  longi tude  of t he  launch s i te  and u t  i s  the  

t i m e  from launch t o  i n j e c t i o n  = t l  + Tc + t 2 .  
b 

The i n j e c t i o n  a z i -  

muth angle  i s  ca l cu la t ed  from 

I S - cos' v - v s i n  @ 
z S I cos CI = 
sin (". - cos I 

The launch t i m e  i s  given by 

TL = L U - ~  ($ - eL 
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h where GHA i s  t h e  Greenwich hour ang le  a t  0 UT of t h e  launch day. 
S p e c i f i c a l l y ,  GHA = 100.07554260° + 0.985647346' Td + 
2.9015 x 

1, 1950. The i n j e c t i o n  t i m e  i s  ca l cu la t ed  from 

h Td2, 0 - < GHA - < 2II, where Td = days p a s t  0 January 

TI = T + tb L 

3. Internally suppl ied  cons tan ts . -  Severa l  of t h e  parameters 
d i scussed  previous ly  are set i n t e r n a l l y  i n  t h e  program. These 
parameters and t h e i r  va lues  are l i s t e d  i n  t h e  fol lowing tabula-  
t i o n .  

Symbol D e f i n i t i o n  

Targe t  = Target = 
Inner  Outer 
Plane t P lane t  

Y l  Angle of f i r s t  b u m  17'  2 3' 

t l  . T i m e  of f i r s t  burn 

y 2  Angle of second burn 

t 2  T i m e  of second burn 

50x) sec 700 sec 

8' 25 ' 
100 300 

Inverse  parking o r b i t a l  rate 14.689 14.689 

True anomaly i n  hyperbol ic  o r b i t  a t  

ki 

in  j ec t i on 3.7O 12 .oo I V 

P e r i f o c a l  d i s t a n c e  of escape hyper- 
bo le  = parking o r b i t  r ad ius  6560 km 6560 km 

L a t i t u d e  of launch s i te  28.317' 28 -28' 

Longirude of launch s i t e  279.457' 279.5' 

% 

9, 

eL 

The va lues  used h e r e  are chosen so t h a t  t h e  point- to-point  condi- 
t i o n s  agree  wi th  t h e  publ i shed  SPARC d a t a  on Venus and Mars m i s -  
sions. However, they  may b e  e a s i l y  changed t o  any va lues  des i r ed .  
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E. Auxi l ia ry  Computations i n  Targe t ing  

1. Computation of impact p lane  parameters.- The impact p lane  par- 

ameters B - T  and B - R  a r e  func t ions  of t h e  p o s i t i o n  and v e l o c i t y  

v e c t o r s  r and v (with r e s p e c t  t o  t h e  t a r g e t  p l ane t )  re- 

corded a t  t h e  po in t  of i n t e r s e c t i o n  of t h e  i n t e r p l a n e t a r y  trajec- 
t o r y  wi th  t h e  t a r g e t  p l a n e t  sphere of i n f luence .  The computation 
proceeds as fol lows : 

+ "  - + n  

-+ -t 

S I  S I  

-+ 
c = l r  S I  x ?  S I  I 

\ 

e = 1 - pa-1 

5: f P  - 'SI) cos  v = e-1 S I  

n -+ -+ 
P = r;: cos vsI rSI - s i n  v z S I  

n -+ -+ + cos VSI z sin vsI r S I  
Q = r-1 

SI  

-1 
= ( a2 + b2) (-a f, + b{ I 
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f; = (a2 + b2)-’ lb2 

T 1  = S2 (a2 + b2) 

T2 = -SI (a2 + b2) 

-% 

-k 

T3 = 0 

- ? - *  + *  
Now B - T  and B*R are def ined  by the  

+ ab61 

s tandard formulas.  

2. 
r 

t r a n s i t i o n  matrix, i t  i s  necessary t o  compute t h e  exac t  t i m e  of 
c l o s e s t  approach. Otherwise, t he  s ta te  t r a n s i t i o n  matr ix  may be- 
come i n v a l i d .  The v i r t u a l  m a s s  i n t e g r a t i o n  program records t h e  

VCA, tCA when the  d i s t a n c e  from t h e  t a r g e t  p l ane t  va lues  r 

Computation of c l o s e s t  approach condi t ions.-  In  computing 
and tCA t o  cons t ruc t  t h e  c l o s e s t  approach state CA’ iCA7 

CA’ 
t o  t h e  probe f i r s t  begins  t o  inc rease .  Since a more accu ra t e  
eva lua t ion  is requi red ,  t h e  fol lowing i t e r a t i v e  scheme i s  used t o  

r e f i n e  these  estiytes:  Now r; = r * V .  D i f f e r e n t i a t i n g  y i e l d s  

22 + r’r’ = V2 + r -V. Now replac ing  V by -P&-~ l eads  t o  

- ? - - f  

-++ -+ 

.. 
Approximating 

which should r e s u l t  i n  

( t  + At) = ; ( t )  + r ( t )  A t ,  t h e  co r rec t ion  A t  

( tC + A t )  (tC) i s  given by 

4 (tc ) 
A t  = .. 

.. 
where r(tc) is  given above. Although o b t a i n i n g ’ a  b e t t e r  esti- 

-f 

mate of tC i s  most important ,  t h e  co r rec t ion  t o  r i s  a l s o  CA 
made : 

-?- -+ 
= rCA + V C A * A t  
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3 .  Conversion of c l o s e s t  approach t o  sphere of i n f l u e n c e  t a r g e t s . -  
I n  both  the t h i r d  and f o u r t h  t a r g e t i n g  opt ions i t ('CAS CA' CA) 
it is  e f f i c a c i o u s  t o  f i r s t  t r a n s l a t e  t he  t a r g e t  condi t ions t o  equi- 

v a l e n t  cond i t ions  i n  B O T ,  B 'R,  t and t a r g e t  f irst  t o  these  

a u x i l i a r y  condi t ions .  
based on patched con ic  t r a j e c t o r i e s .  
problem. 

- + A  - % A  

SI 
The computations f o r  t h i s  conversion are 

Figure 2 i l l u s t r a t e s  t h e  

O r b i t a l  
p l ane  1 

(approach asymptote) 

i t a 1  plane 2 

0 

Figure 2 . -  Sphe r i ca l  Trigonometry f o r  C loses t  Approach Conversion 

L e t  t h e  p l aneocen t r i c  e c l i p t i c  p o s i t i o n  and v e l o c i t y  vec tors  

CA' 'CA' 

a t  a r r i v a l  a t  t h e  t a r g e t  p l a n e t  sphere of i n f luence  be given by 

r and vsI. L e t  t h e  t a r g e t  cond i t ions  be denoted r 
-9- -f 

SI 
L e t  t h e  matrix d e f i n i n g  t h e  t ransformation from e q u a t o r i a l  

tCA' . -  

34 



M ~ ~ ~ ~ *  The coord ina tes  t o  e c l i p t i c  coord ina tes  be given by 

approach asymptote may be approximated q u i t e  w e l l  by 

v e r t i n g  t o  e q u a t o r i a l  coord ina tes  t h i s  becomes 

-f 
Con- SI' V 

The ( e q u a t o r i a l )  d e c l i n a t i o n  and r i g h t  ascension of S are given 
by 

CA' 
Figure 2 i l l u s t r a t e s  t h a t  f o r  a given i n c l i n a t i o n  i 

nr 
0 2 im 22, 
t i o n  and inc luding  S i n  t h e  p lane  of motion. The t r a j e c t o r i e s  
could l i e  i n  e i t h e r  of o r b i t a l  p lanes  1 or  2 and be e i t h e r  posi-  
grade o r  r e t rog rade .  To avoid ambiguity, t h e  program cons iders  
i - 5  (under t h e  c o n s t r a i n t  0 i < n/2) t o  r e q u i r e  t h e  

posigrade o r b i t  i n  o r b i t a l  plane 1 d e t a i l e d  i n  the  f i g u r e ;  
i = -iCA 

i = i - ( n -  iCA) 
w i l l  be focused only on t h e  i l l u s t r a t e d  case f o r  t h e  purpose of 
d i scuss ion .  

t h e r e  are fou r  poss ib l e  o r b i t s  having t h a t  i n c l i n a -  
A 

CA CA - 

s p e c i f i e s  t h e  posigrade o r b i t  i n  o r b i t a l  p lane  2,  and 

p r e s c r i b e s  t h e  two r e t rog rade  o r b i t s .  I n t e r e s t  

Considerat ion of Figure 2 demonstrates t h e  t a r g e t  i n c l i n a t i o n  
must be less than  t h e  d e c l i n a t i o n  of t h e  incoming asymptote, iCA 

i.e. ,  

I f  t h i s  c o n s t r a i n t  i s  n o t  s a t i s f i e d ,  t h e  t a r g e t  i n c l i n a t i o n  i s  set 
equal  t o  t h e  d e c l i n a t i o n  before  proceeding. The angle  MI i; 
deduced from s p h e r i c a l  tr igonometry as 
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Ao = sin-1 (tan tan tcA) 6 

Therefore,  t h e  ascending node of t h e  o r b i t  (with r e spec t  t o  the  
equa to r )  i s  given by 

The normal C t o  t h e  o r b i t a l  plane i n  e q u a t o r i a l  coordinates  may 
now be  w r i t t e n  

C 1  = S3 s i n  R C 2  = -Sg cos R C3 = S2 c o s  51 - SI s i n  2 

d e f i n i n g  t ransformations from t h e  e q u a t o r i a l  
EQm 

The ma t r ix  M 

p l ane  t o  t h e  impact plane is  then cons t ruc t ed .  

o r b i t a l  plane i n  impact p l ane  coordinates  

then be used t o  compute B ,  
T-axis t o  t h e  impact parameter B ( s ee  f i g u r e  3 ) .  B i s  then given 

The n o m a 1  t o  t h e  
A h 

C may 

t h e  a n g l e  i n  t h e  B-plane from t h e  

- 
CIMp - MEQrM 

-+ 

by 

-f 
The magnitude of B i s  given q u i t e  simply as 

B = r (1 + 21.1 r-1. V-2 CA p CA S I )  

Then t h e  t a r g e t  B'T and B'R are given by 

- F A  
B*T = B cos $ 

- i h  
B ' R  = B s i n  8 
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Figure 3 . -  P r o j e c t i o n  of Orbital: Plane and Normal on Impact Plane 

To t r a n s l a t e  t h e  t i m e  a t  c l o s e s t  approach tCA i n t o  a con- 

s i s t e n t  t i m e  a t  sphere of i n f luence  

hyperbola determined by t h e  state r 

descr ibed i n  Section E . l .  
perbola  from p e r i a p s i s  t o  r = r i s  then determined from 

tSI 
>-f -f 

t he  elements of t he  

v are computed as S I ’  S I  
The hyperbolic t i m e  A t  along t h a t  hy- 

S I  

F = l o g  [Sf 4- (S: + 1)’ ] 
At = up <(eS - F) (v2sI - 211 r-1 P SI)- 

f t h e  fou r  b a s i c  
ries t h a t  i n t e r -  

f i n f luence .  Since t h e  point-to- 
n o t  always s a t i s f y  th i s  require- 
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then intersect t h i s  a r t i f i c i a l  spher en wi th  small 

the  t a r g e t  condi t ions  

+ "  
B O T  = 0 

- F A  
B - R  = 0 

5 1  = (tSI)O 'CA 

CA - R S I  1 .2  r - 

denotes t h e  t a r g e t  t i m e  at  t h e  a c t u a l  sphere of in -  

f luence  and RSI i s  the  a c t u a l  sphere  of i n f luence  rad ius .  The 

i n j e c t i o n  condi t ions  cons i s t en t  with these  " a r t i f i c i a l "  t a r g e t  con- 
d i t i o n s  w i l l  i n  genera l  y i e l d  a t r a j e c t o r y  i n t e r s e c t i n g  t h e  a c t u a l  
sphere of i n f luence  of t h e  t a r g e t  p lane t .  The t r a j e c t o r y  may then 
be t a rge ted  t o  the  des i r ed  t a r g e t  con t i o n s  (see f i g .  4 ) .  



F. S p e c i f i c s  of Target ing Scheme 

The s tandard numerical  d i f f e r e n c i n g  scheme descr ibed i n  Sect ion 
B h a s  one g l a r i n g  weakness: 
simple numerical  example i l l u s t r a t e s  t h e  problem. The i n t e g r a t i o n  
t i m e  f o r  a reasonably accu ra t e  Mars t r a j e c t o r y  (accuracy l e v e l  = 

5 x 2000 i n t e g r a t i o n  increments,  f ive  g r a v i t a t i o n a l  bodies)  
might be  30 sec (CDC 6500). The c o n s t r u c t i o n  of t h e  state t r an -  
s i t i o n  matrix would r e q u i r e  t h r e e  i n t e g r a t i o n s  o r  90 sec. Each 
i t e r a t i o n  would, t h e r e f o r e ,  consume two minutes of computer t i m e .  
Therefore,  i f  two i t e r a t i o n s  i n  o u t e r  t a r g e t i n g  and f i v e  itera- 
t i o n s  i n  normal t a r g e t i n g  are requ i r ed ,  t h e  t o t a l  computer t i m e  
used i n  so lv ing  t h i s  problem i s  14 minutes. For t h i s  reason, t he  
s tandard method has  been modified. 

i t  i s  extremely t i m e  consuming. A 

The mod i f i ca t ion  i s  based on the  premise t h a t  t h e  c h a r a c t e r i s -  
t ics  of a low i n t e g r a t i o n  accuracy t r a j e c t o r y  m i r r o r  those of a 
h ighe r  accuracy t r a j e c t o r y  t a r g e t e d  t o  i d e n t i c a l  mission c o n s t r a i n t s .  
Thus, a state t r a n s i t i o n  ma t r ix  computed about a t a r g e t e d  t r a j e c t o r y  
a t  a low accuracy l e v e l  should remain v a l i d  f o r  similar t r a j e c t o r i e s  
a t  h ighe r  accuracy levels. 
experiment a t  i on. 

Th i s  assumption has  been v e r i f i e d  by 

The t a r g e t i n g  scheme proceeds as follows. A t r a j e c t o r y  i s  tar- 
geted t o  t h e  d e s i r e d  t a r g e t  cond i t ions  a t  a low accuracy level,  
cons t ruc t ing  t h e  state t r a n s i t i o n  ma t r ix  a t  each i t e r a t i o n  as usual .  

The state t r a n s i t i o n  ma t r ix  0 evaluated about t he  t a r g e t e d  
t r a j e c t o r y  a t  t h i s  f i r s t  accuracy level i s  s t o r e d .  The i n j e c t i o n  

v e l o c i t y  v of t h e  t a r g e t e d  t r a j e c t o r y  i s  then  i n t e g r a t e d  f o r -  
ward a t  a higher  accuracy level.  Because of t h e  change in t h e  in- 
t e g r a t i o n  s t e p  s i z e ,  t h e  t a r g e t  cond i t ions  w i l l  n o t  be r e a l i z e d .  

However, t h e  ma t r ix  4 may be used t o  p r e d i c t  an improved i n -  

j e c t i o n  v e l o c i t y  v (2’ f o r  t h a t  l e v e l .  This process  is  repeated 
u n t i l  t h e  d e s i r e d  accuracy level i s  reached. Then the  state t ran-  

s i t i o n  matrix (IJ is  used i t e r a t i v e l y  t o  o b t a i n  a t a r g e t e d  tra- 
j e c t o r y  at  t h e  f i n a l  accuracy level.  

The t i m e  savings i s  s i g n i f i c a n t .  Returning t o  t h e  numerical  
example, suppose t h a t  i n t e rmed ia t e  accuracy levels r e q u i r i n g  
250 500, and 1000 i n t e g r a t i o n  increments w e r e  used. Seven itera- 
t i o n s  a t  the f i r s t  level  would use  140 sec (5 sec p e r  i n t e g r a t i o n  
x f o u r  i n t e g r a t i o n s  pe r  i t e r a t i o n ) .  One i t e r a t i o n  a t  each of t h e  
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nex t  two l e v e l s  r equ i r e s  a t o t a l  of 25 sec. F i n a l l y  f i v e  itera- 
t i o n s  at the f i n a l  accuracy l e v e l  r e q u i r e s  150 sec ( f i v e  i n t e -  
g ra t ions  a t  30 sec pe r  i n t e g r a t i o n ) .  Thus, t he  t o t a l  computer 
t i m e  of 6 minutes is less than h a l f  t h e  previous t i m e .  
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V. ERROR ANALYSIS MODE - ANALYSIS 

A. Summary 

The e r r o r  a n a l y s i s  mode of STEAP i s  concerned w i t h  propagat ing 
u n c e r t a i n t i e s  a long n-body t r a j e c t o r i e s .  No actual e s t ima t ion  i s  
performed; t h e  covariance matrices of s ta te  v e c t o r  u n c e r t a i n t i e s  
are t h e  primary output .  

There are f h r e e  main q u a n t i t a t i v e  r e s u l t s  t h a t  come from t h e  
e r r o r  a n a l y s i s  mode, a l l  of which are v e r y  important f o r  t r a j e c t o r y  
des ign  during p r e f l i g h t  mission a n a l y s i s .  The f i r s t  output  i s  t h e  
o r b i t  determinat ion o r  nav iga t ion  u n c e r t a i n t y  a t  s e l e c t e d  trajec- 
t o r y  epochs. The processed covariance ma t r ix  of o r b i t  determina- 
t i o n  u n c e r t a i n t y  g i v e s  a p r o b a b i l i s t i c  answer, f o r  a s p e c i f i c  
r e fe rence  t r a j e c t o r y ,  t o  t h e  ques t ion  "how w e l l  w i l l  t h e  a c t u a l  
t r a j e c t o r y  be  known a f t e r  optimal processing of  t h e  t r a c k i n g  in-  
formation?" A second r e s u l t  obtained from the  e r r o r  a n a l y s i s  mode 
i s  e q u a l l y  important .  O r b i t  determinat ion u n c e r t a i n t i e s ,  al though 
they are s i g n i f i c a n t ,  do n o t  by themselves answer a l l  t h e  p e r t i -  
nent quesr ions r e l a t e d  t o  mission success .  Another ques t ion  t h a t  
must be answered i s ,  "how c l o s e  w i l l  t h e  a c t u a l  t r a j e c t o r y  come 
t o  meeting t h e  s p e c i f i e d  t a r g e t  cond i t ions?"  

To answer t h e  second ques t ion  s a t i s f a c t o r i l y ,  a midcourse cor-  
r e c t i o n  p rocess  must be  modeled i n  the e r r o r  a n a l y s i s  mode. Be- 
tween i n j e c t i o n  and t h e  f i r s t  midcourse c o r r e c t i o n ,  f o r  example, 
t r a c k i n g  information is  processed t o  reduce u n c e r t a i n t i e s  asso- 
c i a t e d  with t h e  est imated state v e c t o r .  Because t h e s e  uncertain-  
ties are independent i n  nonadaptive d a t a  processing schemes, they 
can h e  propagated i n  t h e  e r r o r  a n a l y s i s  mode. A t  t h e  t i m e  of t h e  
f i r s t  midcourse c o r r e c t i o n ,  t h e  nav iga t ion  u n c e r t a i n t y  covariance 
matr ix  de f ines ,  p r o b a b i l i s t i c a l l y ,  t h e  e f f i c a c y  of t h e  nav iga t ion  
algori thm. However, e r r o r s  a t  i n j e c t i o n ,  referenced t o  t h e  nominal 
t r a j e c t o r y  and r e l a t e d  t o  t h e  answer t o  t h e  second key ques t ion ,  
have propagated forward without any change due t o  t h e  t r a c k i n g  
d a t a .  Guidance c o r r e c t i o n s  are made t o  ensure t h a t  t h e  t r a j e c t o r y  
r e t u r n s  t o  the d e s i r e d  t a r g e t  cond i t ions .  The nav iga t ion  uncer- 
t a i n t y  a t  t h e  t i m e  of midcourse c o r r e c t i o n  p l u s  t h e  e r r o r  i n  per- 
forming t h e  midcourse are t h e  key c o n t r i b u t o r s  i n  determining, 
from t h e  e r r o r  a n a l y s i s  mode, how w e l l  t h e  given guidance and 
nav iga t ion  process  w i l l  s a t i s f y  s p e c i f i e d  t a r g e t  cond i t ions .  
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The e r r o r  a n a l y s i s  mode a l s o  pe rmi t s  p r o b a b i l i s t i c  determina- 
t i o n  of l i k e l y  f u e l  budgets needed f o r  i n t e r p l a n e t a r y  missions.  
Without performing any e s t ima t ion ,  t h e  most l i k e l y  magnitudes of 
t h e  midcourse c o r r e c t i o n  magnitudes can be computed along wi th  
t h e i r  var iances .  
c a l c u l a t e  reasonable  f u e l  loading requirements t h a t  are c r i t i c a l  
i n  t h e  des ign  of an a c t u a l  system. 

This  computation permits  t h e  mission a n a l y s t  t o  

Two ma.trix q u a n t i t i e s  are c a r r i e d  throughout t h e  e r r o r  a n a l y s i s  
mode. 
needed f o r  many computations, and t h e  second i s  t h e  covariance 
matr ix  of naviga t ion  u n c e r t a i n t i e s  a s soc ia t ed  with t h e  s ta te  vec- 
t o r .  The state vec to r  i s  comprised of spacec ra f t  p o s i t i o n  and 
v e l o c i t y  p lus  any augmentation parameters included i n  t h e  analy- 
sis. The covariance mat r ix  is  a square,  symmetric, p o s i t i v e  d e f i -  
n i t e  mat r ix  of a s soc ia t ed  u n c e r t a i n t i e s  whose dimension corresponds 
t o  t h a t  of t h e  s ta te  vec tor .  It is  i m p l i c i t  i n  t h e  e r r o r  a n a l y s i s  
mode, when t r e a t i n g  augmented states, t h a t  t h e  underlying estima- 
t i o n  algori thm i s  opera t ing  i n  a "solve f o r "  mode; t h a t  i s ,  the  
r e s u l t i n g  u n c e r t a i n t i e s  correspond t o  what occurs i f  t h e  augmented 
parameters were a c t u a l l y  es t imated  by the  o r b i t  determinat ion pro- 
cess. 

One i s  t h e  nominal or  r e fe rence  s ta te  vec to r ,  which is  

The computational opera t ion  of t h e  e r r o r  a n a l y s i s  mode may be  
separa ted  i n t o  two d i s t i n c t  c a l c u l a t i o n  procedures.  The f i r s t  of 
t hese  i s  c a l l e d  t h e  b a s i c  cyc le  and r e f e r s  t o  t h e  process  of propa- 
g a t i n g  u n c e r t a i n t i e s  from one measurement t o  t h e  nex t .  A Kalman 
recu r s ive  f i l t e r i n g  algori thm i s  used t o  process  the  measurement 
and compute t h e  s ta te  vec to r  a s soc ia t ed  covariance mat r ix  t h a t  be- 
g i n s  t h e  next  s t e p  i n  t h e  b a s i c  cycle, Events r e f e r  t o  computa- 
t i o n s  i n  t h e  e r r o r  a n a l y s i s  mode t h a t  are n o t  simply propagations 
of t h e  naviga t ion  unce r t a in ty  covariance mat r ix  from one measure- 
ment t o  t h e  next  and subsequent optimal f i l t e r i n g  of t h e  new meas- 
urement. In  t h e  e r r o r  a n a l y s i s  mode, t h r e e  k inds  of even t s  are 
permit ted.  

The t h r e e  even t s  allowed i n  the  e r r o r  a n a l y s i s  mode are eigen- 
v e c t o r  events ,  p red ic t ion  even t s ,  and guidance events .  A t  an 
eigenvector  event ,  t h e  state vec to r  assoc ia ted  covariance mat r ix  
i s  diagonal ized t o  reveal geometric information about t he  s i z e  
and o r i e n t a t i o n  of t h e  p o s i t i o n  and v e l o c i t y  naviga t ion  uncer ta in-  
ties. A t  a p red ic t ion  event ,  t h e  most recent covariance matr ix  
i s  propagated forward t o  some c r i t i c a l  t r a j e c t o r y  epoch, u sua l ly  
a guidance c o r r e c t i o n  t i m e ,  t o  determine predic ted  o r b i t  determina- 
t i o n  u n c e r t a i n t i e s  i n  t h e  absence of f u r t h e r  measurements. When 
a guidance event  occurs,  a r a t h e r  lengthy computational process  
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determines t h e  l i k e l y  magnitude of t h e  guidance c o r r e c t i o n  to-  
ge the r  w i th  statist ics of execut ion  e r r o r  based on an underlying 
p h y s i c a l  model f o r  the c o r r e c t i o n  process .  

E s s e n t i a l l y  then ,  t he  e r r o r  a n a l y s i s  mode processes  t r a c k i n g  
information from va r ious  sources  i n  the  b a s i c  cyc le  and, a t  even t s ,  
produces a d d i t i o n a l  d a t a  n o t  s p e c i f i c a l l y  r e l a t e d  t o  the  t r a c k i n g  
sequence. This  s t r u c t u r e  f o r  t he  e r r o r  a n a l y s i s  mode w a s  designed 
t o  permit  easy modi f ica t ion  of t h e  c a l c u l a t i o n a l  procedure.  

The next  s e c t i o n  of t h i s  chapter  d e t a i l s  t h e  Kalman r ecu r s ive  
e s t ima t ion  a lgor i thm t h a t  i s  assumed, i n  t h e  e r r o r  a n a l y s i s  mode, 
t o  be t h e  under ly ing  o r b i t  determinat ion procedure.  
and D d e t a i l  t h e  manner i n  which t h e  state t r a n s i t i o n  and obser- 
v a t i o n  ma t r i ces ,  needed f o r  t h e  b a s i c  c y c l e ,  are computed i n  t h e  
e r r o r  a n a l y s i s  mode. Sec t ion  E p re sen t s  t he  a n a l y t i c a l  equat ions  
used by t h e  program a t  a guidance event  t o  compute the  most l i k e l y  
c o r r e c t i o n  d i r e c t i o n  and magnitude a s  w e l l  as t h e  execut ion  e r r o r  
matrix. A l l  t h r e e  guidance p o l i c y  opt ions  are d iscussed .  The 
f i n a l  two s e c t i o n s  of t h e  chapter  exp la in  t h e  equat ions  used f o r  
the o the r  t w o  events and t h e  manner i n  which augmented states are 
handled by t h e  e r r o r  a n a l y s i s  mode. 

Sec t ions  C 

B. Recursive Est imat ion Algorithm 

A s  was meneioned i n  t h e  preceding s e c t i o n ,  t h e  b a s i c  cyc le  of 
t h e  e r r o r  a n a l y s i s  mode i s  concerned wi th  determining u n c e r t a i n t i e s  
a s soc ia t ed  wi th  t h e  state v e c t o r  as a r e s u l t  of processing subse- 
quent b i t s  of t r a c k i n g  d a t a .  The r ecu r s ive  e s t ima t ion  a lgor i thm 
r e f e r s  t o  t h e  computational procedure used i n  propagat ing the  s ta te  
v e c t o r  covariance ma t r ix  of nav iga t ion  u n c e r t a i n t i e s  from one meas- 
urement t o  t h e  next. 

tk  L e t  t k )  = be t h e  nominal state v e c t o r  a t  t h e  t i m e  

+ ( 
and d e f i n e  Pk as t h e  naviga t ion  unce r t a in ty  covariance matr$x 

a f t e r  process ing  t h e  measurement a t  t h e  t i m e  . Assume t h a t  t he  tk 
and t h a t  l i n e a r  per-  ‘k+l 

next  measurement i s  made a t  t h e  t i m e  

t u r b a t i o n s  i n  that measurement are r e l a t e d  t o  l i n e a r  pe r tu rba t ions  
i n  t h e  state v e c t o r  by t h e  observa t ion  matrix 

@k+l, k 
t h e r  t h a t  t h e  state t r a n s i t i o n  matrix 

t i o n s  about t he  nominal t r a j e c t o r y  a t  t h e  t i m e s  

%+l. Assume fur- 

r e l a t i n g  per turba-  

and tk tk+l 
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i s  If Qk+l ,k 
has been ca l cu la t ed  from t h e  dynamic equat ions.  

a matrix of dynamic n o i s e  ( o r  process  no i se )  cor rupt ing  t h e  dy- 
i s  t h e  namic equat ions  over t h e  given t i m e  i n t e r v a l ,  and 

covariance matrix of a zero  mean, Gaussian white  no ise  process  
cor rupt ing  t h e  measurement a t  

cu r s ive  algori thm, which i s  assumed i n  the  e r r o r  a n a l y s i s  mode of 
STEAP, i s  given by 

%+l 

then the  s tandard  Kalman re- tk+l ' 

- - @k+l ,k P+ k @k+l ,K  Qk+l ,k 

- 
%+l = 'k+l $+l [%+l 'k+l %+1 + Rk+l]-' 

'k+l - 'k+l - %+l %+l 'k+l 
- - + -  

- 
i s  t h e  covariance matrix of naviga t ion  unce r t a in ty  'k+l where 

a t  t h e  t i m e  tk+l p r i o r  t o  processing t h e  new measurement, 

i s  t h e  Kalman ga in  matrix t h a t  opt imal ly  weights t h e  dynamic and 
+ 

'k+l measurement information,  and 

matrix a f t e r  t h e  new measurement has  been considered. 

Kk+l 

i s  t h e  navigat ion unce r t a in ty  

The above algori thm i s  well-known; d e t a i l s  of i t s  d e r i v a t i o n  
may be found i n  r e fe rence  10. The new nominal s t a t e  vec to r  i s  
obtained from t h e  v i r t u a l  mass n-body t r a j e c t o r y  subrout ine and 
i s  used i n  t h e  computation of both @k+l ,k and %+s as w i l l  

be explained i n  subsequent s ec t ions .  The STFAP has  modules t h a t  
perform t h e s e  c a l c u l a t i o n s  based on the  kind of measurement taken 

at tk+l 
being used f o r  a p a r t i c u l a r  run. The computation of Q 
wi th in  t h e  program w i l l  be explained i n  t h e  fol lowing paragraphs. 

and the  method of state t r a n s i t i o n  mat r ix  genera t ion  

k+l,k 

A phenomenon known as divergence i n  t h e  f i l t e r  has been not iced  
by many persons using t h e  fundamental r ecu r s ive  algori thm f o r  or- 
b i t  determinat ion o r  state vec tor  es t imat ion .  The b a s i c  cause of 
divergence i s  modeling i n s u f f i c i e n c y  and many sepa ra t e  c a t e g o r i e s  
of t h i s  i n s u f f i c i e n c y  can be enumerated. The causes of the  d iver -  
gence problem and p o s s i b l e  s o l u t i o n s  t o  i t  are given i n  g r e a t z r  
depth i n  t h e  a n a l y t i c a l  d i scuss ion  of the s imula t ion  mode. The 
purpose of inc luding  a dynamic no i se  matrix Q i n  the  e r r o r  
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a n a l y s i s  mode is  t o  check t h e  e f f e c t  of dynamic model i n s u f f i c i e n c y  
on t h e  key ou tpu t s  of t h e  e r r o r  a n a l y s i s  mode. 
unmodeled n o i s e  always c o r r u p t s  an i n t e r p l a n e t a r y  t r a j e c t o r y ;  
what i s  i n t e r e s t i n g ,  from the  po in t  of view of t h e  e r r o r  a n a l y s i s  
mode, i s  how t h e  primary q u a n t i t a t i v e  outputs  are a f f e c t e d  by 
va r ious  l e v e l s  of dynamic no i se .  

Some dynamic o r  

The dynamic n o i s e  model used i n  the  e r r o r  a n a l y s i s  mode i s  
somewhat a r b i t r a r y  and i t s  i n t e r p r e t a t i o n  i s  d i f f i c u l t .  Over any 
t i m e  i n t e r v a l  A t  between measurements, t h e  process  no i se  mat r ix  
Q is computed from t h r e e  input  cons t an t s  t h a t  remain t h e  same 
throughout a t r a j e c t o r y  run. These t h r e e  cons t an t  i n p u t s  K1’ K2’ 

2 4  and K 

of assumed unmodeled a c c e l e r a t i o n s .  The dynamic no i se  mat r ix  Q 
added over any Lnterva l  A t  i s  d iagonal  and a l l  zero  except f o r  
t h e  upper s i x  d iagonal  t e r m s  corresponding t o  increased uncer- 
t a i n t i e s  i n  p o s i t i o n  and v e l o c i t y .  S p e c i f i c a l l y ,  i f  A t  is  t h e  
i n t e r v a l  between measurements? t h e  s i x  nonzero t e r m s  of Q are 
given by 

whose u n i t s  are km /sec , roughly correspond t o  var iances  3’ 

1 4  
= i( A t  Qll 4 1 

- 
Q22 - 

433 

444 - 

Q5.5 

- - 

- 

- - 

1 4  
F 2 A t  

+3At  4 

2 KIA t 

2 K 2 A t  

K j A t  2 

Some explana t ion  of t h i s  form f o r  t h e  dynamic no i se  i s  doubt- 
less necessary.  
gram t h a t  t h e  phys ica l  i n t e r p r e t a t i o n  of a r b i t r a r y  dynamic n o i s e  
must b e  made p o s s i b l e  by r e l a t i n g  t h e  Q mat r ix ,  i n  some fash ion ,  
t o  unmodeled a c c e l e r a t i o n s .  
n i tude  of t h e  dynamic n o i s e  should be a func t ion  of t h e  s p e c i f i c  
t i m e  i n t e r v a l  over which i t  w a s  added; i n  o the r  words, t h e  dynamic 
no i se  added when two days were between measurements should b e  
g r e a t e r  than t h a t  added when only two hours  separa ted  t h e  two 
measurements e 

It w a s  decided e a r l y  i n  t h e  des ign  of t h e  pro- 

S imi l a r ly ,  i t  appeared t h a t  t h e  mag- 
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The f i r s t  a t t empt  t o  s a t i s f y  these  two c o n s t r a i n t s  r e s u l t e d  
i n  t h e  assumption t h a t  t h e  unmodeled a c c e l e r a t i o n s  could be repre- 
s en ted  as b i a s e s  w i t h  ze ro  mean and va r i ances  K1, K2,  K3. Con- 

.. .. 
s i d e r ,  f o r  example, a v e c t o r  random v a r i a b l e  
va r i ances  

(6X, 6 Y ,  Si)T with 

2.. 2.. - u2*. = K3 
%Y - K2 6Z 

u = K1 6X 

and c o r r e l a t i o n  c o e f f i c i e n t s  s e t  equal t o  ze ro .  I f  these a c c e l e r a -  
t i o n s  r e p r e s e n t  b i a s e s ,  t hen  over any i n t e r v a l  A t  they are re- 
l a t e d  t o  p o s i t i o n  and v e l o c i t y  u n c e r t a i n t i e s  through 

.. 
6 i  = 6X (At) ;  6X = 2 (6x1 (At,)2 

and s i m i l a r l y  f o r  t h e  o t h e r  components. Under t h i s  model f o r  t h e  
dynamic n o i s e ,  t h e  Q ma t r ix  would be t h e  same as t h a t  given i n  
equat ion (32) except  f o r  t h e  completely c o r r e l a t e d  of f-diagonal 
t e r m s  r e s u l t i n g  i n  

3 1 3 - _  - l K  A t  = - K  A t ,  Q36 2 3 414 = F K ~  A t  9 Q25 2 2 
1 3 

C l e a r l y  i f  t h e  unmodeled a c c e l e r a t i o n s  are indeed b i a s e s ,  t h e  6X 

and 
completely c o r r e l a t e d .  

u n c e r t a i n t i e s  due s t r i c t l y  t o  t h e  dynamic n o i s e  must be 

Th i s  i n i t i a l  model f o r  the dynamic n o i s e  w a s  u n s a t i s f a c t o r y  
f o r  two reasons.  F i r s t ,  t h e  r e s u l t i n g  e r r o r  a n a l y s i s  w a s  forced 
t o  assume t h a t  t h e  unmodeled a c c e l e r a t i o n  w a s  a constant  b i a s  
throughout t h e  t r a j e c t o r y  as w e l l  as over each i n t e r v a l .  The 
physics  of t h e  problem suggests  t h a t  unmodeled a c c e l e r a t i o n s  are 
probably c o n s t a n t  b i a s e s  over s h o r t  pe r iods ,  b u t  over an e n t i r e  
t r a j e c t o r y  they probably vary considerably.  Secondly, i f  t h e  
va lues  f o r  K .  are l a r g e  enough f o r  t h e  dynamic n o i s e  t o  s i g n i f i -  

c a n t l y  a f f e c t  t h e  processed covariance matrices, t h e i r  t o t a l  
c o r r e l a t i o n  inrluces an u n r e a l i s t i c a l l y  high c o r r e l a t i o n  between 
t h e  same terms i n  t h e  r e s u l t i n g  u n c e r t a i n t y  matrices. 

J 

A more c a r e f u l  modeling of t h e  s t o c h a s t i c  process  w a s  d i s -  
carded due t o  t h e  a r b i t r a r y  n a t u r e  of t h e  Q ma t r ix .  The dy- 
namic n o i s e  matrix w a s  chosen as i n  equat ion (32) because un- 
coupl ing t h e  p o s i t i o n  and v e l o c i t y  u n c e r t a i n t i e s  due t o  unmodeled 
a c c e l e r a t i o n s  r e t a i n e d  a p h y s i c a l  f e e l  f o r  t h e  meaning of Q and 
permit ted i t s  computation t o  b e  viewed as a combination of random 
and b i a s  e r r o r  i n  t h e  unmodeled a c c e l e r a t i o n s .  

(33) 

(34) 

(35) 
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C.  S t a t e  T rans i t i on  Matrices 

This s e c t i o n  p r e s e n t s  t h e  d i f f e r e n t  techniques t h a t  are avail- 
a b l e  f o r  computing s ta te  t r a n s i t i o n  matrices i n  STEAP. State 
t r a n s i t i o n  matrices are used t o  relate l i n e a r  pe r tu rba t ions  about 

nominal state vec to r s  a t  v a r i o u s  s p e c i f i e d  t i m e s .  
nominal state vec to r  at any t i m e  t and x ( t )  i s  a l i n e a r  per- 
t u r b a t i o n  v e c t o r ,  then t h e  ma t r ix  @ t h a t  s a t i s f i e s  

I f  %(t) i s  the 

between two s e l e c t e d  epochs t f  and ti i s  c a l l e d  t h e  s ta te  

t r a n s i t i o n  matr ix .  A s  another  way of de f in ing  t h e  state t r a n s i t i o n  

matrix, consider  t h e  nominal s ta te  v e c t o r  

of some set of i n i t i a l  cond i t ions  F(to). 
a r e l a t i o n s h i p  e x i s t s  such t h a t  

X ( t ) ,  

For any a r b i t r a r y  t i m e  t ,  

t o  be a func t ion  

- 
x (t) = f [z (to)] 

Then t ak ing  d i f f e r e n t i a l s ,  one ob ta ins  

E ( t )  = x ( t )  = - af I dF(to) = @(t, to) xo 
evaluated aT 
along 
nominal 

From equat ion (38) and the l i n e a r  d i f f e r e n c e  equat ion ( 3 6 ) ,  one 
can see t h a t  t h e  state t r a n s i t i o n  matr ix  @ i s  given by 

ti) = af 1 
evaluated along @ (tf9 

noxninal 

( 3 7 )  

(38)  

(39 1 

State t r a n s i t i o n  matrices are discussed i n  depth i n  reference 10. 
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Three methods f o r  computing state t r a n s i t i o n  matrices are 
a v a i l a b l e  i n  STEAP. The f i r s t  two methods are c a l l e d  a n a l y t i c a l  
patched conic  and a n a l y t i c a l  v i r t u a l  m a s s .  I n  t h e  a n a l y t i c a l  
methods, i t  i s  assumed t h a t  t h e  i n t e r p l a n e t a r y  t r a j e c t o r y  i s  a 
two-body conic  s e c t i o n  over a small t i m e  i n t e r v a l  and t h a t  per- 
t u r b a t i o n s  about t h e  nominal t r a j e c t o r y  can be  r e l a t e d  by using 
t h e  b a s i c  a n a l y t i c a l  two-body ma t r i zan t .  The t h i r d  method f o r  
determining state t r a n s i t i o n  ma t r i ces  uses  a numerical scheme t h a t  
i s  o f t e n  r e f e r r e d  t o  as numerical d i f f e renc ing .  

1. Ana ly t i ca l  patched conic.- The b a s i c  i d e a  i n  using an 
a n a l y t i c  patched con ic  state t r a n s i t i o n  ma t r ix  i s  t h a t  over a 
small t i m e  i n t e r v a l  of a n  i n t e r p l a n e t a r y  f l i g h t ,  t h e  motion of a 
s p a c e c r a f t  i s  e s s e n t i a l l y  a two-body conic  s e c t i o n .  Based on 'the 
foregoing assumption, Danby ( r e f .  6 )  has developed a set of gen- 
eral  equat ions f o r  determining t h e  state t r a n s i t i o n  ma t r i ces  by 
t h e  use of ma t r i zan t s .  The ma t r i zan t  of two-body motion i s  used 
i n  STEAP f o r  both a n a l y t i c a l  methods of computing s ta te  t r a n s i t i o n  
matrices. The b a s i c  fundamentals and equat ions of Danby's method 
w i l l  be presented h e r e .  Complete de r iva t ions  are given i n  r e f e r -  
ences  6 and 11. 

L e t t i n g  x ( t )  r ep resen t  a column v e c t o r  composed of po- 
s i t i o n  and v e l o c i t y  dev ia t ions  a t  t i m e  t ,  x( to)  t h e  same f o r  

t i m e  to, and g t h e  dev ia t ion  of a set of six geometr ical  ele- 

ments, an equat ion t h a t  relates small  dev ia t ions  i n  p o s i t i o n  and 
v e l o c i t y  a t  two d i f f e r e n t  t i m e s  can be  w r i t t e n  as 

x ( t )  = M(t)g = M(t)M-l (to) x( to )  

This equat ion i s  i d e n t i c a l  with the  l i n e a r  p e r t u r b a t i o n  equat ion 
(36) except t h a t  now 

(41) 

The r e fe rence  coordinate  system considered h e r e  has  t h e  X-axis 
po in t ing  toward p e r i a p s i s  f o r  t h e  conic, t h e  Z-axis along t h e  
angular  momentum v e c t o r ,  and Y forming t h e  t r i a d .  
calls  t h i s  t h e  " o r b i t a l  r e f e rence  system." 

Danby ( r e f .  6 )  
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The geometr ical  o r b i t a l  elements de f ined  by g may be set 
i n  a column v e c t o r  as, 

where Eo i s  t h e  mean anomaly a t  an a r b i t r a r y  epoch; a i s  t h e  

semimajor a x i s  of t h e  o r b i t ;  e i s  t h e  e c c e n t r i c i t y  of t he  o r b i t ;  
6p, 6q, and 6 r  are i n f i n i t e s i m a l  r o t a t i o n s  about t h e  r e f e r e n c e  
axis; h i s  t h e  angu la r  momentum pe r  u n i t  m a s s ;  and n i s  t h e  
mean motion of t h e  o r b i t .  The a u x i l a r y  parameter 11 is  def ined 

by (1 - e 2)1’2. Avoiding t h e  a l g e b r a i c  manipulat ions,  t he  re- 
s u l t a n t  M ma t r ix  as given by Danby ( r e f  6 )  has the  following 
form, 

f 6 - h  0 2X-3tf YG 

f -xi 0 2Y-3tf -Y?-2h 0 

0 0  Y O  0 -X 

.. .. I i -i2-G 0 -?-3tY - i k x  0 1 
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where X ,  Y, and Z are the  components of p o s i t i o n  and v e l o c i t y  
a long the p a r t i c u l a r  o r b i t ,  t i s  some s p e c i f i e d  epoch, and the  
a c c e l e r a t i o n s  are given by 

R i s  t h e  magnitude of t h e  p o s i t i o n  d e v i a t i o n  r ep resen ted  by 

(X2 + Y2 + Z2)1/2 and 1.1 i s  t h e  g r a v i t a t i o n a l  cons t an t  of t h e  
dominant body used i n  the  two-body approximation. 

The i n v e r s e  of t h e  M matrix a t  t h e  i n i t i a l  t i m e  i s  

given by 

where A i s  a diagonal  matrix of dimension 6 x 6 and has  diagonal  
components ( a / p 9  a/uh, l / h ,  a/u,  a /ph,  l / h )  y i s  given as t h e  
ma t r ix  

w i t h  I being t h e  i d e n t i t y  ma t r ix  of a p p r o p r i a t e  dimension. 

The state t r a n s i t i o n  matrix t h a t  relates p e r t u r b a t i o n s  
about some nominal state v e c t o r  between two a r b i t r a r y  t i m e s  can 
now be determined by combining equat ions ( 4 3 )  and ( 4 4 ) .  The re- 
s u l t i n g  ma t r ix  i s  referenced t o  the  o r b i t  plane coord ina te  s y s t e m  
and thus ,  because a l l  computations i n  STEM are performed i n  t h e  
e c l i p t i c  frame, a r o t a t i o n  needs t o  be included s o  t h a t  

- - RT a(t' t o )o rb i t  p l ane  t ,  t ( o ) e c l i p t i c  

where R is  t h e  r o t a t i o n  matr ix .  

In us ing  the foregoing method f o r  a n a l y t i c a l  patched conic  
determinat ion of t h e  s ta te  t r a n s i t i o n  matrices, an automatic check 
is  made i n  the program t o  determine what sphere of i n f luence  t h e  
v e h i c l e  i s  i n  a t  t h e  t i m e  of computation. The sphere of i n f luence  
determines what g r a v i t a t i o n a l  mass and dominant body l o c a t i o n  w i l l  
be  used t o  compute t h e  ma t r i zan t .  It should be  s t r e s s e d  t h a t  t he  
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p a r t i c u l a r  g r a v i t a t i o n a l  cons tan t  being used a t  t h e  t i m e  of comput- 
i n g  Q i s  chosen a t  t h e  beginning of t h e  time i n t e r v a l .  I n  o the r  
words, i f  a check i s  made a t  

t h a t  of t h e  Sun and t h e  t r a j e c t o r y  a t  i s  i n s i d e  t h e  sphere of 

i n f luence  of t h e  t a r g e t  p l a n e t ,  then 1.1 w i l l  be  used i n  the  

algori thm. No s i g n i f i c a n t  problems have r e s u l t e d  by us ing  t h i s  
approximate s t r a t e g y ,  p r imar i ly  because most of t h e  t i m e  i n t e r v a l s  
are small when s ta te  t r a n s i t i o n  mat r ices  are computed near  t h e  
spheres  of i n f  h e n c e .  

t l  and the  sphere of i n f luence  is  

t2 

Sun 

The method of computing state t r a n s i t i o n  mat r ices  by the  
a n a l y t i c a l  patched con ic  technique i s  assumed i n  t h e  program un- 
less otherwise s p e c i f i e d  by t h e  inpu t .  

2, Analy t i ca l  v i r t u a l  mass.- Computation of state t r a n s i t i o n  
ma t r i ces  by t h e  a n a l y t i c a l  v i r t u a l  mass technique is  similar t o  
the  patched conic  method. The same gene ra l  equat ions developed 
by Danby ( r e f .  6 )  are a l s o  used i n  determining s ta te  t r a n s i t i o n  
mat r ices  using the  v i r t u a l  mass concept.  

The v i r t u a l  mass technique r e q u i r e s  t h a t  t h e  l o c a t i o n  and 
magnitude of the  v i r t u a l  m a s s ,  as ca l cu la t ed  by t h e  v i r t u a l  mass 
subrout ine,  be s to red  f o r  use  i n  the  computation of @. Once t h e  
computational i n t e r v a l s  and va lues  f o r  t h e  l o c a t i o n  and magnitude 
of t he  v i r t u a l  m a s s  have been determined f o r  t h e  nominal t r a j e c -  
t o r y  these  same q u a n t i t i e s  are used t o  genera te  t h e  s ta te  t r a n s i -  
t i o n  matr ix .  Hence, a f t e r  determining t h e  nominal t r a j e c t o r y ,  the 
nominal state vec to r  X( t )  i s  a v a i l a b l e  along wi th  a set of 
va lues  r v ( t )  and 1.1 ( t )  r ep resen t ing  t h e  p o s i t i o n  and magni- 

tude of t h e  v i r t u a l  mass. 

-+ 
v 

A s  mentioned previous ly ,  t h e  equat ions f o r  t he  two-body 
mat r izant  are a l s o  employed i n  t h i s  second method of computing 
the  s ta te  t r a n s i t i o n  mat r ix .  However, now the  dominant body i s  
assumed t o  be t h e  e f f e c t i v e  f o r c e  c e n t e r .  Reca l l  t h a t  i n  the  
a n a l y t i c  patched conic  method, a check w a s  made t o  determine what 
sphere of i n f luence  t h e  veh ic l e  was i n  a t  the  beginning of t he  
t i m e  i n t e r v a l .  Xn us ing  v i r t u a l  mass concepts t o  compute the  
state t r a n s i t i o n  mat r ices ,  a sphere of i n f luence  check i s  avoided, 
When c a l l i n g  the  state t r a n s i t i o n  matrix module, t h e  g r a v i t a t i o n a l  
parameter of t h e  v i r t u a l  m a s s  
primary a t t r a c t i n g  body. The l o c a t i o n  of t h e  v i r t u a l  mass i s  
l ikewise  used i n  t h e  de te rmina t ion  of @ under t h i s  method. 

i s  used in s t ead  of p of t h e  
pV 
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3 .  Numerical d i f fe renc ing . -  The t h i r d  method of computing 
state t r a n s i t i o n  matrices i n  S T E M  involves  s t ra ight forward  numeri- 
cal  d i f f e renc ing .  I n  the  o the r  two methods, the  p a r t i a l  d e r i v a t i v e  
matrix s a t i s f y i n g  'k+l ,k 

K ' evaluated along 
nominal 

was computed from a n a l y t i c  two-body approximations.  Numerical 
d i f f e r e n c i n g  r equ i r e s  considerably more computer t i m e  t o  y i e l d  

'k+l,k from numerical  cons idera t ions .  

To demonstrate numerical  d i f f e renc ing ,  l e t  X(tk) 

be nominal state vec to r s  a t  the  epochs tk and 

and 
- 

k+l (tk+l) 

r e spec t ive ly .  Next consider  x tk) + [dX1, 0 ,  0, 0 ,  0 ,  ....IT, 
obtained by adding a s m a l l  pe r tu rba t ion  f a c t o r  t o  t h e  f i r s t  com- 

ponent of X ( t k ) .  I f  t he  v i r t u a l  mass subrout ine  i s  now used t o  

propagate t h e  new state vec to r  u n t i l  t he  t i m e  

( 
- 

a new s ta te  tk+19 
vec to r  L ( tk+l) r e s u l t s .  Defining the vec to r  AXl by 

the f i r s t  column of the s ta te  t r a n s i t i o n  mat r ix  Q i s  then equal  
t o  

The process  i s  continued by adding s m a l l  pe r tu rba t ion  fac- 

s epa ra t e ly  and us ing  the r e s u l t -  
- 

t o r s  t o  each component of 

i n g  dev ia t ions  about 

column a t  a t i m e .  I m p l i c i t  i n  t h i s  development f o r  @ is  that 

X ( t k )  - 
t o  bu i ld  up t h e  mat r ix  @ one ('k+l) 

t h e  small per tu rba t ion  f a c t o r s  added t o  each element of x(;tk) 
must be of' a s i z e  s a t i s f y i n g  t h e  l i n e a r i t y  assumptions. 
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All t h ree  methods of state t r a n s i t i o n  mat r ix  computation 
can be used i n  STEM. 
less computer t i m e  than  numerical  d i f f e renc ing .  

The f i r s t  two a n a l y t i c  methods use much 

ah 

"k 
H k = c  

D. Measurement Processing 

evaluated along t h e  nominal 

The computat ionalmodels  used i n  t h e  e r r o r  a n a l y s i s  mode f o r  
r e l a t i n g  t racking  d a t a  t o  t h e  b a s i c  nonaugmented s ta te  vec to r  are 
presented i n  t h i s  s ec t ion .  The t racking  module i s  respons ib le  
f o r  computing a t  each naviga t ion  epoch an observat ion matrix 
r e l a t i n g  u n c e r t a i n t i e s  i n  t h e  measurements t o  u n c e r t a i n t i e s  i n  t h e  
nominal state v e c t o r .  
based upon a n a l y t i c  expressions r e l a t i n g  t h e  measurements t o  the  
nominal v e h i c l e  state. A t  some t i m e  tk, t h e  observed q u a n t i t i e s  

H 

Linear pe r tu rba t ion  theory  i s  employed, 

I 

can be r e l a t e d  t o  t h e  nominal s t a t e  Xk by, 

- 
Zk = h ( xk) 

The r e l a t i o n s h i p  between dev ia t ions  i n  the  measurements and devia- 
t i o n s  i n  t h e  nominal s ta te  vec to r  can be w r i t t e n  by expanding 
equat ion  ( 4 6 )  i n  a Taylor ser"les about t h e  nominal, 

- 
= z f zk = h (c + xk)  = h(Fk) + T 

'k k 

where z r ep resen t s  dev ia t ions  i n  t h e  observa t ions ,  By sub- 

t r a c t i n g  equat ion ( 4 6 )  from equat ion ( 4 7 )  and neglec t ing  h ighe r  

order  terms 0 (xt) a r e l a t i o n s h i p  between dev ia t ions  i n  the  

measurements and d e v i a t i o n s  i n  t h e  nominal s ta te  vec to r  can be 
w r i t t e n  as, 

k 

where 

( 4 7 )  
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and H i s  a n  m x n matrix r e l a t i n g  t h e  pe r tu rba t ions .  For the 
p resen t  program % can be expressed as 

where D and b are range and range rate, r e s p e c t i v e l y .  The 
ang le s  a and (3 are t h e  s t a r -p l ane t  ang le s  and apparent  p l ane t  
diameter. 

Three models are used i n  the  t r a c k i n g  module, one a simple 
Earth-based t r a c k i n g  s t a t i o n  ( i d e a l i z e d )  a t  the  c e n t e r  of t h e  
Earth t h a t  measures range and range rate. The second model h a s  
t h r e e  s t a t i o n s  on a r o t a t i n g  s p h e r i c a l  Ea r th  t h a t  measure range 
and range rate. The las t  model provides  t h e  c a p a b i l i t y  f o r  on- 
board t r a c k i n g  by measuring t h r e e  s t a r - p l a n e t  ang le s  and apparent  
p l a n e t  diameter. 

1. Earth-based r a d a r  t racking.-  The i d e a l i z e d  s t a t i o n  (center 
of t h e  Earth)  i s  a secondary model compared t o  t h e  rest of t he  
t r a c k i n g  models. It i s  a simple model t h a t  assumes t h a t  a t  each 
observat ion t i m e ,  t h e  i d e a l i z e d  t r a c k i n g  s t a t i o n  can look d i r e c t l y  
overhead a t  t h e  v e h i c l e .  L e t  t h e  h e l i o c e n t r i c  e c l i p t i c  p o s i t i o n  
and v e l o c i t y  o f  t h e  s p a c e c r a f t  a t  some t i m e  be designated by X ,  

Y, Z, i, ?, 2 and t h e  h e l i o c e n t r i c  e c l i p t i c  coordinates  of 

the E a r t h  a t  the  same t i m e  be XE, YE, ZE, i,, i,, i,. Then 

t h e  slant range v e c t o r s  from t h e  t r a c k i n g  s t a t i o n  t o  the  space- 
c r a f t  are, . . . - - x = x -  xE x = x - x E  . . - - 

Y = Y -  Y = Y -  . . * - - 
zE z = z -  zE z = z -  

The nominal range measurement is  given by, 
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D i f f e r e n t i a t i o n  of t h e  range equat ion g ives  t h e  fol lowing range 
rate express ion ,  

The dev ia t ions  i n  t h e  range and range rate measurements are ob- 
t a ined  by tak ing  t h e  f i r s t  v a r i a t i o n  i n  equat ions  (51) and (52) 
with t h e  r e s u l t ,  

an aD aD 6D = - ax 6X + - ay 6Y + - az 62 

Evaluat ion of t h e  par t ia l s  i n  equat ion  (53) y i e l d s  the  following 
r e l a t i o n s ,  

- -. a6 x XD 
ax D D2 
- =  - - -  

. - -. a5 Y M 
ay D D2 
- =  --I 

- -. a5 Z ZD - =  - _ -  
az D D2 

55 



The f i r s t  model i n  t h e  t r ack ing  module measures range rate 
from the i d e a l i z e d  s t a t i o n ,  hence t h e  observat ion matr ix  % f o r  

a nonaugmented state v e c t o r  i s  given by 

1 %=[-  ax ay az a$ a+ ai  
a6 a; a i  a6 a6 

The second model g ives  an obse rva t ion  matrix wi th  dimension 2 x 6 
r e l a t i n g  range and range rate p e r t u r b a t i o n s  from t h e  i d e a l i z e d  sta- 
t i o n  t o  p e r t u r b a t i o n s  i n  t h e  b a s i c  state vec to r ,  

The p a r t i a l  d e r i v a t i v e s ,  equat ion ( 5 4 ) ,  are now s u b s t i t u t e d  i n t o  
equat ions (55) and (56) t o  complete t h e  d e r i v a t i o n  of t h e  r equ i r ed  
observat ion matr ix .  

The t h i r d  and f o u r t h  models, which measure range rate and 
range-range rate, r e s p e c t i v e l y ,  f rom a s t a t i o n  on a s p h e r i c a l  ro- 
t a t i n g  Earth,  are somwhat more complicated. Assuming t h a t  a s ta -  
t i o n  has some a l t i t u d e  h ,  l a t i t u d e  8 ,  and longi tude + as 
shown i n  f i g u r e  5 ,  t h e  geocen t r i c  e q u a t o r i a l  coordinates  of t h e  
s t a t i o n  a t  epoch t i m e  T are given by, 

(55) 
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XT = R cos 0 cos Q 

YT = R cos 0 s i n  4 

ZT = R s i n  f3 

where R i s  t h e  geocent r ic  r ad ius  of t h e  s t a t i o n  given by 
R = R + h and RE i s  t h e  e q u a t o r i a l  r a d i u s  of t h e  Earth.  A t  

any o the r  t i m e  t ,  t h e  p o s i t i o n  coord ina tes  of t h e  s t a t i o n  a r e  
given by, 

E 

= R COS 0 COS [Q + w ( t -T)]  
xT 

= Ii. cos 0 s i n  [ Q  + w (t-T) I 
yT 

ZT = R s i n  0 

where w is  t h e  r o t a t i o n  rate of the  Earth.  The t racking  s t a t i o n  

v e l o c i t y  i s  obtained by d i f f e r e n t i a t i n g  X as, 
-3- 

Thus, 

iT = -wR cos  0 s i n  [Q + w (t-T)] 

?, wR COS 8 COS [Q + w (t-T)] 

i, = 0 .  

(57 1 

158)  

(59) 

Equations (58) and (59) r ep resen t  t h e  geocent r ic  e q u a t o r i a l  coor- 
d i n a t e s  of a t r a c k i n g  s t a t i o n  on a s p h e r i c a l  r o t a t i n g  Earth.  
Since most of t h e  computational aspects of t h e  e r r o r  a n a l y s i s  mode 
are performed i n  t h e  e c l i p t i c  system, t h e  s t a t i o n  coord ina tes  must 
be re ferenced  t o  t h e  e c l i p t i c  system. The geocent r ic  e c l i p t i c  
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coord ina tes  of t h e  s t a t i o n  are obtained by a r o t a t i o n  through t h e  
ang le  E, t he  o b l i q u i t y  of t h e  ec l ip t i c ,  The simple r o t a t i o n  
y i e l d s  t h e  fol lowing t i m e  vary ing  s t a t i o n  coord ina tes  i n  the 
ecl ipt ic  system, 

Ys = R cos  8 cos  E s i n  [ 4  4- w (t-T)] 4- R sin 8 s i n  E 

2, = -UR COS 8 s i n  I 4  4- w (t-2111 

The s l a n t  range vec to r  p ,  def ined  t o  be t h e  p o s i t i o n  ob 
t h e  v e h i c l e  with r e s p e c t  t o  t h e  ground s t a t i o n ,  oan be determined 
by cons ider ing  a v e h i c l e  i n  an o r b i t  abaut: t he  Sun where the vahi- 
cle m o t i m  i s  referenced to t h e  h e l i o c e n t r i c  ecl ipt ic  ~ ~ y i t a m ~  The 
fol lowing ske tch  r e f l e c t s  t h e  vec to r  r e l a t i o n i h i p s ,  

Vehicle 



The range and range rate from t h e  s t a t i o n  t o  the  v e h i c l e  
are given by, 

p = ( X 2 + Y 2 + Z )  -2 112 

- 
X X + Y Y + Z Z  - 

P 
P E  

where t h e  p o s i t i o n  and v e l o c i t y  terms are, 

- - 
'E - 'S 

x = x -  'E - 'S x = x -  

. - - 
'E - 'S z = z - ZE - zs z = z -  

The s t a t i o n  coord ina tes  2, 
t h e  coord ina tes  of t h e  Ear th ,  

s to red  i n  t h e  program. 

x", 

are represented by equat ion  (60) and 

zE, are determined from an ephemeris 

The v e h i c l e  p o s i t i o n  and v e l o c i t y  terms 

are generated from t h e  v i r t u a l  m a s s  subrout ine .  

The p a r t i a l  d e r i v a t i v e s  of range wi th  r e spec t  t o  t h e  state 
vec to r  are, 
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and t h e  corresponding d e r i v a t i v e s  of range rate are, 

1 f - 1, - 2, f$x - XE - XS) 
- .  

2 
P 

P 

~ 

i - i, - P, F;(Y - YE - Ys) 
2 

P 
P 

1 i - i, - is f i ( Z  - ZE - ZS) 
2 

P 
i P 

The required observat ion matr ix  H f o r  model t h ree  (range rate) 
o r  model four  (range and range rate) i s  obtained by assembling 
t h e  above p a r t i a l  d e r i v a t i v e s  i n  accordance with the  express ions ,  

The observa t ion  matrices f o r  t hese  models can be computed by t h e  
program f o r  any t h r e e  t r ack ing  s t a t i o n s  on a r o t a t i n g  Earth.  

2. Onboard t r a c k i n g  - There are many types of onboard measure- 
ments that can be made by an i n t e r p l a n e t a r y  space veh ic l e  f o r  navi- 
g a t i o n a l  purposes. Measurements such as Sun-planet angles ,  star- 
p l a n e t  angles ,  star o c c u l t a t i o n ,  s t a r - e l e v a t i o n  ang le s ,  apparent  
p l a n e t  diameter,  and many o the r s  can be made by o p t i c a l  i n s t r u -  
ments. B a t t i n  d iscusses  var ious  on-board measurements i n  r e f e r -  
ence 9.  
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STEAP al lows cons idera t ion  of two types of onboard measure- 
ments, s t a r -p l ane t  angles  based on t h r e e  r e fe rence  stars, and 
apparent  p l ane t  diameter.  Star-planet  angles  can give an estimate 
of t h e  v e h i c l e ’ s  p o s i t i o n  by measuring t h e  angle  subtended a t  the 
spacec ra f t  between t h e  l i n e  of s i g h t  t o  a star and the l i n e  of s i g h t  
t o  a near  body (usua l ly  t h e  t a r g e t  p l a n e t ) .  
i s  assumed t o  be i n f i n i t e  s o  t h a t  i t s  d i r e c t i o n  i s  independent of 
t h e  po in t  of observa t ion ,  The second type of onboard measurement, 
apparent  p l a n e t  diameter ,  i s  u s e f u l  i n  e s t a b l i s h i n g  p o s i t i o n  r e l a -  
t ive  t o  t h e  p l a n e t  when t h e  spacec ra f t  i s  very  c l o s e  t o  t h e  t a r g e t .  

The star’s d i s t a n c e  

The observat ion mat r ix  H f o r  s t a r -p l ane t  angles  and 
apparent  p lane t  diameter i s  determined by t h e  s a m e  techniques as 
used i n  t h e  range and range rate de r iva t ions .  
writ ten i n  t e r m s  of t he  h e l i o c e n t r i c  p o s i t i o n  of t h e  spacec ra f t  
and t a r g e t  p l ane t  and t h e  appropr i a t e  p a r t i a l  d e r i v a t i v e s  are 
taken.  The H mat r ix  i s  given by, 

Equations are 

a3 are t h e  t h r e e  s t a r -p l ane t  angles  and B i s  where als 

the  apparent  p l ane t  diameter .  The observat ion mat r ix  has  dimen- 
s i o n  3 x 6 f o r  s t a r -p l ane t  angle  measurements and 1 x 6 f o r  apparent  
p l ane t  diameter .  

a2* 

I n  determining t h e  equat ions  f o r  t h e  t h r e e  s t a r -p l ane t  
angles  consider  t h e  following vec tor  diagram, 

,Vehic le  

Target  p lane t 

-f 
where X i s  t h e  h e l i o c e n t r i c  e c l i p t i c  vec to r  t o  spacec ra f t  and 

x” is  t h e  h e l i o c e n t r i c  ec l ip t i c  vec to r  t o  t a r g e t  p l a n e t ,  The 
P 
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p o s i t i o n  vec to r  of t h e  spacec ra f t  with r e spec t  t o . t h e  t a r g e t  p l ane t  
i s  then,  

Le t  W be a u n i t  v e c t o r  
-?- 

i n  t h e  x d i r e c t i o n  where 

- - - 
X A  Y A  Z A  W = - i + - j + - k  
P P P 

and 

It i s  assumed t h a t  t h e  d i r e c t i o n  cos ines  of t h e  t h r e e  r e fe rence  
stars are known and given by, 

Star No. 1 = (ul, vl, wl) 

(u3' v3' w3) S t a r  No.  3 = 

where t h e  d i r e c t i o n  cos ines  are referenced  t o  t he  h e l i o c e n t r i c  
e c l i p t i c  frame. If an des igna te s  t h e  star p lane t  angles  and 

t h e  s u b s c r i p t  n i s  t h e  s t a r  number, t h e  cos ine  of t h e  angle  
measured i s  given by, 

-1 cos a = - 1 bn x + vn ?i+ wn z - 
n P  

or 
3 = cos-1 1; [.. - x + Vn Y + wn 511 
n 
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Taking d e r i v a t i v e s  of the  star p l a n e t  ang le s  wi th  r e s p e c t  t o  t h e  
state g ives  

s i n  a n = [L - cos2 a]1’2 n 

The requi red  observa t ion  mat r ix  Hk i s  obtained by i n s e r t i o n  of 

t h e  p a r t i a l  d e r i v a t i v e s  i n  equat ion (72) i n t o  the  expression 

% =  

I aa aa aa 1 1 1 1  
- I  

I 
ax ay az 
--- - - 

To complete t h e  d e r i v a t i o n  of onboard measurement types 
used i n  t h e  program, t h e  fol lowing paragraphs develop t h e  necessary  
equat ions f o r  apparent  p l a n e t  diameter.  A s  mentioned previous ly ,  
t h e  apparent  diameter i s  p r a c t i c a l  when t h e  t a r g e t  p l a n e t  i s  c l o s e  
enough f o r  t he  measurement t o  be s i g n i f i c a n t .  Consider t h e  f o l -  
lowing vec to r  sketch,  
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Target  
p l a n e t  

Sun 

-f 
Far  t h i s  f i g u r e ,  X i s  t h e  h e l i o c e n t r i c  e c l i p t i c  p o s i t i o n  of t he  

s p a c e c r a f t  , i s  t h e  h e l i o c e n t r i c  e c l i p t i c  coord ina te s  of t h e  

t a r g e t  p l a n e t  and r i s  t h e  r a d i u s  of t h e  t a r g e t  p l a n e t .  The 

v e c t o r  x 
t a r g e t  p l a n e t  and i s  computed as, 

P 
3 

i s  t h e  p o s i t i o n  of t he  s p a c e c r a f t  w i t h  r e s p e c t  t o  the  

I x = x p - x  

Y = Y p - Y  

z = z p - z  

- 

I 

The slant range of t h e  v e h i c l e  i s  given by 

-2 1 i 2  
p =IF2 + Y2 + z ) 

The appsrent  angu la r  diameter B i s  found from 

Taking t h e  f i r s t  v a r i a t i o n  as befo re  r e s u l t s  i n  

( 7 4 )  

(75 
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The corresponding p a r t i a l  d e r i v a t i v e s  are, 

a 6  
ax - =  

2 rp X 

The r e s u l t i n g  observat ion mat r ix ,  which has dimension 1 x 6 ,  i s  
given by t h e  express ion ,  

where t h e  par t ia l  d e r i v a t i v e s  are as shown i n  equat ion (77 ) .  

3 .  Measuredent schedules  .- The measurement schedules t h a t  are 
permit ted by t h e  e r r o r  a n a l y s i s  mode of STEAP are completely ar- 
b i t r a r y .  Up t o  500 measurements can be used f o r  any s p e c i f i c  run. 
The program con ta ins  a subrout ine  c a l l e d  SCHED t h a t  t akes  the  set 
of i npu t  d a t a  and orders  t h e  measurements consecut ive ly  f o r  pro- 
cess ing .  The inpu t  t o  the  program, which i s  explained i n  the  
User’s Manual (Volume I), is  a set of v a r i a b l e s  t h a t  determines 
how many measurements w i l l  be used, what kind of measurements 
w i l l  be assumed by the process ,  and the frequency of each type 
o f  measurement 
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E. Midcourse Guidance Equations 

This  s e c t i o n  i s  concerned with t h e  computations made i n  t h e  
e r r o r  a n a l y s i s  mode of STEAP t h a t  p e r t a i n  t o  midcourse c o r r e c t i o n s  
made along an i n t e r p l a n e t a r y  t r a j e c t o r y .  Previous s e c t i o n s  have 
explained the  a n a l y t i c  d e t a i l s  a s soc ia t ed  wi th  t h e  b a s i c  cyc le  
of t h e  e r r o r  a n a l y s i s  mode. 
i n  t h e  program i s  t h e  guidance event.  
of guidance c o r r e c t i o n s  and t h e i r  i n f luence  on the  o v e r a l l  e r r o r  
a n a l y s i s  are v i t a l  i f  t h e  u n c e r t a i n t i e s  r e s u l t i n g  from using the  
e r r o r  a n a l y s i s  mode are t o  be real is t ic .  

The most complex computational event  
Accurate r ep resen ta t ions  

Recall t h a t  t h e  e r r o r  a n a l y s i s  mode i s  e s s e n t i a l l y  involved 
wi th  propagat ing state vec to r  u n c e r t a i n t i e s  a long some reference  
i n t e r p l a n e t a r y  o r b i t .  The two q u a n t i t i e s  used f o r  t h i s  purpose 
are t h e  nominal state vec to r  i t s e l f  and t h e  a s soc ia t ed  covariance 
mat r ix  of naviga t ion  u n c e r t a i n t i e s ,  A t  time of a guidance c o r -  
r e c t i o n  i n  the e r r o r  a n a l y s i s  mode, and because no e s t ima t ion  i s  
a c t u a l l y  performed, t h e  nominal or  r e fe rence  t r a j e c t o r y  i s  un- 
changed. Thus, t h e  fundamental computation a t  a guidance event  
i s  the  de te rmina t ion  of t h e  u n c e r t a i n t i e s  i n  performing t h e  maneu- 
v e r ;  t hese  u n c e r t a i n t i e s ,  which are a func t ion  of a number of quan- 
t i t i e s ,  are then added t o  t h e  previous naviga t ion  covariance ma- 
t r i x  f o r  new processing i n  t h e  t r ack ing  algori thm. 

The computation of t h e  maneuver unce r t a in ty  covariance mat r ix ,  
* 

c a l l e d '  Q i n  t h e  a n a l y s i s  t o  fol low,  i s  c l e a r l y  dependent on t h e  
choice of guidance l a w  o r  po l i cy  t h a t  i s  used f o r  t he  c o r r e c t i o n s  
as w e l l  as t h e  s p e c i f i c  re ference  t r a j e c t o r y .  The opt ions  a v a i l -  
a b l e  f o r  t h e  guidance po l i cy  w i l l  be explained i n  a subsequent 

s ec t ion .  Another f a c t o r  a f f e c t i n g  t h e  c a l c u l a t i o n  of Q i s  t h e  
modeling of t h e  AV vec to r  a t  t h e  t i m e  of t h e  maneuver i n  t h e  
absence of any a c t u a l  state vector  es t imat ion .  The s ta t i s t ics  
of t h e  process  must be handled very c a r e f u l l y  t o  produce real is t ic  

va lues  f o r  AV. The t h i r d  c r i t i c a l  f a c t o r  i n  determining Q i s  
t h e  execut ion e r r o r  model i t s e l f .  

- 

- 

1. Guidance pol ic ies . -  The guidance po l i cy  assumed i n  t h e  
e r r o r  a n a l y s i s  mode i s  r e spons ib l e  f o r  t h e  genera t ion  of what is  
known as t h e  guidance matrix 
de f in ing  r ,  an  a c t u a l  f l i g h t  were being flown and t h a t  at some 
spec i f i ed  t i m e  f o r  a midcourse maneuver, t h e  o r b i t  de te rmina t ion  

r. Assume t h a t ,  f o r  t h e  purpose of 
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.. 
procedure had produced t h e  b e s t  estimate 6X of t h e  a c t u a l  state 
v e c t o r ' s  dev ia t ion  from some precomputed nominal t h a t  s a t i s f i e d  
a set of s p e c i f i e d  t a r g e t  condi t ions .  Under t h e  assumption t h a t  
t h e  c o r r e c t i o n  would be made us ing  some kind of l i n e a r  impulsive 
guidance scheme, t he  commanded c o r r e c t i o n  AV would be given by 
the  mat r ix  equat ion 

A 

AV = r6x 

The mat r ix  
of t h e  guidance po l i cy  being used. 

I' i s  c a l l e d  t h e  guidance mat r ix  and i s  a func t ion  

Three k inds  of guidance p o l i c i e s  a r e  modeled i n  the e r r o r  
a n a l y s i s  mode of STEAP. Each guidance po l i cy  r ep resen t s  a d i f f e r -  
e n t  way of c o r r e c t i n g  any dev ia t ions  from t h e  nominal t r a j e c t o r y  
t o  m e e t  some set of t a r g e t i n g  condi t ions .  It should be s t r e s s e d  
t h a t  f o r  all t h r e e  guidance p o l i c i e s ,  even though no es t imat ion  is  
performed i n  t h e  e r r o r  a n a l y s i s  mode, t h e  computation of r can 
be made independent of t h e  es t imat ion  algori thm. To determine I' 
f o r  any set guidance po l i cy ,  a l l  t h a t  i s  needed are t h e  s ta te  
t r a n s i t i o n  matrices r e l a t i n g  state vec to r  u n c e r t a i n t i e s  a t  t h e  
t i m e  of c o r r e c t i o n  t o  u n c e r t a i n t i e s  i n  t h e  t a r g e t  condi t ions .  A 
l i n e a r i t y  assumption i s  c l e a r l y  involved, hence t h e  use of t h e  
phase " l i n e a r  impulsive guidance schemes." 

The computational opera t ion  of t h e  STEAP e r r o r  a n a l y s i s  
mode involves ,  a t  t h e  t i m e  of a guidance maneuver, checking an 
input  code t o  determine which of t h r e e  p o l i c i e s  i s  being used f o r  
t h e  co r rec t ion .  The t h r e e  guidance po l i cy  opt ions  are fixed-time- 
o f - a r r i v a l  (FTA), two-varlable B-plane, and three-var iab le  B-plane. 
The po l i cy  being assumed a t  t h e  s p e c i f i c  guidance c o r r e c t i o n  i s  
important on ly  f o r  t h e  c a l c u l a t i o n  of I'; once I' has  been com- 
puted,  t h e  rest of t h e  c a l c u l a t i o n s  a t  a guidance event  proceed 
independent of t h e  kind of po l icy  chosen. 

I f  an FTA guidance po l i cy  has  been s p e c i f i e d ,  then t h e  
I' matrix i s  c a l c u l a t e d  t h a t  would, f o r  a r b i t r a r y  l i n e a r  pe r tu r -  
ba t ions  about t h e  r e fe rence  t r a j e c t o r y  at  t he  maneuver t i m e ,  re- 
s u l t  i n  a AV which, i f  implemented p e r f e c t l y ,  n u l l s  p o s i t i o n  
d e v i a t i o n s  about t he  r e fe rence  t r a j e c t o r y  a t  t h e  t i m e  of c l o s e s t  

approach t o  t h e  t a r g e t  p l ane t .  L e t  6Pc and 6Vc be estimates 
h c 

of a r b i t r a r y  p o s i t i o n  and v e l o c i t y  d e v i a t i o n s  from t h e  nominal 
t r a j e c t o r y  a t  t h e  c o r r e c t i o n  t i m e  

s ta te  t r a n s i t i o n  matrix r e l a t i n g  s ta te  vec to r  u n c e r t a i n t i e s  a t  

be t h e  6 x 6 tc' Let @CA,c 
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t h e  t i m e  

nominal t r a j e c t o r y  t o  state vec to r  u n c e r t a i n t i e s  a t  t h e  t i m e  

of t h e  guidance maneuver. 

3 x 3 matrices, then  p o s i t i o n  and v e l o c i t y  e r r o r s  a t  t h e  t a r g e t  
are given by 

tCA of c l o s e s t  approach t o  the  t a r g e t  p l a n e t  along the  

t 
C 

i s  p a r t i t i o n e d  i n t o  four  If 'CA,c 

h 

6V . c  ' 6 ~ 1  
The des i r ed  c o r r e c t i o n  v e c t o r  AV i s  t h e  one t h a t  n u l l s  t h e  posi- 
t i o n  d e v i a t i o n  a t  t h e  t i m e  of c l o s e s t  approach. S p e c i f i c a l l y ,  

which can be solved f o r  

i re. 
C 

6P 

6Vc + AV 
I--'  

-- e. 

@3 I ' 4  
I 

J L  

AV t o  produce 

Y 

and thus  the  guidance ma t r ix  J? s a t i s f y i n g  equa t ion  (78) i s  given 
i n  p a r t i t i o n e d  form as, 

r = [-oil cpl I ' -I]. 

Note that r i s  a 3 x 6 matrix that has been sepa ra t ed  i n t o  two 
square 3 x 3 matrices. Also, from t h e  above d e r i v a t i o n ,  I' 
i tself  i s  independent of t h e  a c t u a l  state v e c t o r  estimate a t  the  
t i m e  of t he  guidance c o r r e c t i o n .  

The c a l c u l a t i o n  of r w i th in  STEAP, f o r  t he  FTA guidance 
p o l i c y ,  i s  r e l a t i v e l y  s t r a i g h t  fornard.  The state t r a n s i t i o n  ma- 

trix 'CA,c 
and then p rope r ly  p a r t i t i o n e d  and i n s e r t e d  t o  produce 

i s  computed as usua l ,  by a n a l y t i c  o r  numerical 'means, 

I'. 

( 7 9 )  
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For t h e  th ree -va r i ab le  B-plane guidance po l i cy ,  t h e  cor- 

The B-plane 
r e c t i o n  AV is designed t o  null e r r o r s  i n  t h e  q u a n t i t i e s  B-T ,  
B - R ,  

geometry i s  explained i n  an e a r l i e r  chap te r .  Again l e t  6P and 

6Vc 

and t i m e  of p i e r c i n g  t h e  sphere of i n f luence .  
A 

C 
n 

be estimates of a r b i t r a r y  p o s i t i o n  and v e l o c i t y  d e r i v a t i o n s  

i s  def ined  as a 3 x 6 l i n e a r  If ? J , C  
a t  t h e  c o r r e c t i o n  t i m e .  

v a r i a t i o n  mat r ix  s a t i s f y i n g  

6B*TSI 

6B*RSI 

A 

C 
6P 

A 

C 
6V 

based upcn t h e  nominal t r a j e c t o r y ,  then t h e  I' matr ix  f o r  t h e  
th ree -va r i ab le  B-plane guidance po l i cy  may be w r i t t e n  simply as 

-I1 

r =[-n2 -1 1 

where t h e  d e r i v a t i o n  fo l lows  t h e  one f o r  t h e  FTA po l i cy .  

The a c t u a l  computation of I' f o r  t h e  three-var iab le  B- 
p lane po l i cy  i s  somewhat more complicated because t h e  v a r i a t i o n  
mat r ix  must be determined numerical ly .  This i s  because t h e r e  are 
no good a n a l y t i c  formulas r e l a t i n g  t i m e  a t  sphere of i n f luence  
v a r i a t i o n s  t o  earlier s t a t e  v e c t o r  v a r i a t i o n s .  

The f i n a l  guidance po l i cy  opt ion i s  t h e  two-variable B- 
plane pol icy .  The i m p l i c i t  assumption i n  modeling r f o r  t h i s  
po l i cy  i s  t h a t  midcourse c o r r e c t i o n s  are made t h a t  n u l l  only t h e  
d e v i a t i o n s  i n  B - T  and B = R  a t  the t i m e  t h e  v e h i c l e  p i e r c e s  t h e  
t a r g e t  p l ane t  sphere  of i n f luence .  E r ro r s  i n  t a r g e t  t i m e  are 
considered acceptab le .  For t h i s  guidance p o l i c y ,  only two t a r g e t  
cond i t ions  w i l l  be  s a t i s f i e d  and t h e r e  are t h r e e  components of 
t h e  AV v e c t o r  t o  be used f o r  t h e  midcourse maneuver. Thus, un- 
l i k e  t h e  two previous p o l i c i e s ,  t h e r e  i s  no unique s o l u t i o n  f o r  
AV and consequently,  f o r  t h e  de te rmina t ion  of I", an  a d d i t i o n a l  
c o n s t r a i n t  must be def ined .  L e t  M be t h e  2 x 6 mat r ix ,  computed 
i n  t h e  program i n  a s t r a igh t fo rward  manner, l i n e a r l y  r e l a t i n g  
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Per turba  . ions about t h e  nominal B*T and B * R  t o  p e r t u r b a t i o n s  
about t h .  ncndnal state vec to r  of p o s i t i o n  and v e l o c i t y  a t  t h e  
t i m e  of 

Then i f  

t i m e  a t  
r e c t i o n ,  
r i s  g i  

where 11 

phere of i n f l u e n c e  p i e rc ing ,  

l::jsl = 

i s  t h e  usua l  state t r a n s i t i o n  matrix from t h e  
% I , C  
.he sphere of i n f luence  t o  t h e  t i m e  of the  guidance cor- 
t h e  v a r i a t i o n a l  r e l a t i o n s h i p  that w i l l  u l t i m a t e l y  de f ine  
'en by 

* A A 

now i s  a 2 x 6 v a r i a t i o n  matr ix .  and A and B are 
2 x 3 p a r t i t i o n s  of q whose elements are ob ta inab le  from M 
and @ . iccording t o  

6 

= M t k  @km A = (Atm) where ARm 

F=l 
6 

B = (Btm) where BRm = MRk @k(m+3) 
k=1 

R = 1, 2; m = 1, 2,  3 

lkom equat ion  (84) i t  should be obvious t h a t  t h e  two B- 
p lane  v a - i a t i o n s  w i l l  be nulled by any midcourse co r rec t ion  vec- 
t o r  AV t h a t  s a t i s f i e s  t h e  vec to r  equat ion ,  

A6P" C + B (66, + AV) = 0 

where, a s  before ,  and 6 t c  are estimates of a r b i t r a r y  
C 

( 8 4 )  

(87) 

l i n e a r  p e r t u r b a t i o n s  i n  t h e  state v e c t o r  p o s i t i o n  and v e l o c i t y  
a t  t h e  c o r r e c t i o n  t i m e .  Rewriting t h e  equat ion,  any midcourse 
c o r r e c t i o n  of t h e  form 
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A6 T hV -B 

= 0, w i l l  m e e t  t h e  two- 
* The v a l u e  f o r  u tha  

AV i n  equat ion (88) i s  u = 
is  orthogonal,  i n  t h e  v e c t o r  
p r e s s i o n  f o r  AV. 

In implementing t h e  two-variable B-plane guidance p o l i c y  
f o r  t h e  e r r o r  a n a l y s i s  mode of STEAP, t h i s  minimum magnitude @V, 
which corresponds t o  least f u e l  expendi ture ,  i s  chosen. Thus t h e  
3 x 6 guidance matrix r f o r  t h e  two-variable po l i cy  is calcu- 
l a t e d ,  i n  p a r t i t i o n e d  form, as 

r =  [-.. (BBT)-' A -BT (BBTrl B] 

2. Modeling @V wi thou t  es t imat ion,-  The cho ice  of guidance 
p o l i c y  determines t h e  way i n  which the  r ma t r ix  i s  computed i n  
t h e  e r r o r  a n a l y s i s  mode of STEAP. Once r has  been c a l c u l a t e d ,  
t h e  remainder of t h e  guidance event a lgo r i thm is  the  same f o r  a l l  
t h r e e  guidance p o l i c i e s .  

For t h e  e r r o r  a n a l y s i s  mode, t h e  primary output  of t h e  
guidance event algori thm i s  t h e  execu t ion  e r r o r  covariance ma t r ix  

Q t h a t  will be added t o  t h e  nav iga t ion  u n c e r t a i n t y .  Since a 

real is t ic  Q i s  always a func t ion  of t h e  commhnded midcourse cor- 

r e c t i o n  v e c t o r  A?, some e f f e c t i v e  A?, based on t h e  s ta t is t ics  

- 
- 

- 
of t h e  f l i g h t ,  must be computed be fo re  Q can be obtained.  This  
subsect ion of the r e p o r t  d e t a i l s  t h e  way i n  which t h e  e f f e c t i v e  

@V i s  c a l c u l a t e d  s o  t h a t  a realistic Q can be determined f o r  
f u r t h e r  covariance ma t r ix  propagation. 

-f 
- 

The e r r o r  a n a l y s i s  mode i s  e s s e n t i a l l y  a p r e f l i g h t  t o o l .  
Although it  i s  known t h a t  guidance c o r r e c t i o n s ,  based on some 
guidance po l i cy ,  w i l l  be anp l i ed  a t  certain maneuver t i m e s  accord- 
i n g  t o  t h e  equat ion,  

h 

AV = r6x (90) 
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n 

i n  t h e  absence of any est imated s ta te  SX, a l l  t h a t  is, 
a v a i l a b l e  f o r  modeling AV a t  t h e  eo  
s ta t is t ics  a s s o c i a t e d  wi th  t h e  maneuver. 

Since t h e  i n j e c t i o n  covariance ma t r ix  assumed within t h e  
program i s  based on u n c e r t a i n t i e s  about a nominal i n j e c t i o n  t h a t  
w i l l  l e a d  t o  s p e c i f i e d  t a r g e t  cond i t ions ,  and s i n c e  t h e  o r b i t  de- 
t e rmina t ion  process  is  performed with a n  unbiased e s t ima t ion  a l -  

gorithm, t h e  a p r i o r i  o r  p r e f l i g h t  expected va lue  f o r  (JX a t  t h e  
c o r r e c t i o n  t i m e  i s  zero.  From t h e  l i n e a r i t y  of t h e  expected va lue  
ope ra to r ,  i t  fol lows t h a t  t h e  a p r i o r i  expected value f o r  t h e  mid- 
course c o r r e c t i o n  v e c t o r  i s  a l s o  zero,  even though t h e r e  i s  only 
one i n j e c t i o n ,  namely t h e  nominal i n j e c t i o n ,  t h a t  produces no mid- 
course c o r r e c t i o n s  -- and t h i s  only occurs  i f  t h e  p r e f l i g h t  tra- 
j e c t o r y  computation had a p e r f e c t  dynamic model. 

.. 

Within t h e  e r r o r  a n a l y s i s  mode of STEAP, t h e  execut ion 

e r r o r  ma t r ix  Q i s  based upon a p r i o r i  information r e l a t e d  t o  

t h e  most l i k e l y  magnitude of AV, given by E D A V U ,  and the 
d i r e c t i o n  of t h e  assumed o r  e f f e c t i v e  AV is  then determined as  
t h e  most l i k e l y  d i r e c t i o n ,  given t h a t  some c o r r e c t i o n  w i l l  be 
made. The v e c t o r  q u a n t i t y  "E[AV]" t h a t  appears i n  t h e  follow- 
i n g  equa t ions  should be t r e a t e d ,  t h e r e f o r e ,  as t h e  e f f e c t i v e  mid- 
course c o r r e c t i o n  v e c t o r  used t o  determine r e a l i s t i c  values  f o r  

t h e  execut ion e r r o r  matr ix  Q i n  t he  absence of any e s t ima t ion .  

- 

... 

Define t t E k j ] l t  as t h e  e f f e c t i v e  midcourse c o r r e c t i o n  

t h  
v e c t o r  t o  be used a t  t h e  t i m e  of t h e  j c o r r e c t i o n  f o r  computing 

t h e  execut ion e r r o r  matr ix  G j .  L e t  p+ 

t r i x  of o r b i t  determinat ion u n c e r t a i n t y  -- combining nav iga t ion  and 
st execut ion u n c e r t a i n t i e s  a f t e r  t h e  j-1 c o r r e c t i o n  -- j u s t  af ter  

t h e  previous maneuver. For j=1, P i s  t h e  i n j e c t i o n  covariance 

matrix. I f  CP is  t h e  state t r a n s i t i o n  matr ix  r e l a t i n g  l i n -  

ear p e r t u r b a t i o n s  about t h e  nominal a t  t h e  t i m e s  of t h e  j th and 

j-1 c o r r e c t i o n ,  then,  assuming a "correct"  guidance p o l i c y  a t  
t h e  s ta t is t ical  d e v i a t i o n s  of t h e  a c t u a l  t r a j e c t o r y  from 

a re fe rence  t r a j e c t o r y  t h a t  m e e t s  t h e  s p e c i f i e d  t a r g e t i n g  condi- 
t h  t i o n s  are given, p r i o r  t o  t h e  j c o r r e c t i o n ,  by the  covariance 

ma t r ix  

be t h e  covariance ma- 
j -1 

0 

j ,j-1 

st 

' j - 1 9  
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P+ QT 
'j Q-j,j-l j-1 j ,  j-1 + Q j  ,j-1 
- 

is  t h e  process  n o i s e  mat r ix  between c o r r e c t i o n s .  Qj ,  j-1 where 

Continuing t h e  above reasoning,  t h e  a p r i o r i  s tatist ics on t h e  

midcourse c o r r e c t i o n  vec to r  A? a t  t he  t i m e  of t h e  j correc-  

t i o n  may be c a l c u l a t e d  as 

t h  
j 

where r is t h e  guidance mat r ix  a t  t h e  j th co r rec t ion .  Since 

"E[AVj]", i s  c r i t i c a l l y  based on t h e  covariance mat r ix  S 

i s  worthwhile t o  examine i t s  o r i g i n  i n  d e t a i l .  

j 
i t  

j '  

B?fore t h e  f l i g h t ,  t h e  i n j e c t i o n  is  descr ibed  i n  terms of 
u n c e r t a i n t i e s  about some nominal by t h e  i n j e c t i o n  covariance P . 
Since an a r b i t r a r y  l i n e a r  p e r t u r b a t i o n  about t h e  nominal i n j e c t i o n  
is relate1 t o  p e r t u r b a t i o n s  about t h e  nominal s ta te  vec to r  a t  t h e  
f i r s t  co r rec t ion  t i m e  through t h e  state t r a n s i t i o n  mat r ix  

t h e  covariance ma t r ix  P1, where 

0 

%,o, - 

p1 E @l,O P 0 QT l , o  + Q1,O 

r e p r e s e n t s  t h e  a p r i o r i  l i k e l y  d i s p e r s i o n s  of t h e  a c t u a l  t r a j e c -  
t o r y  from t h e  nominal t r a j e c t o r y  at t h e  t i m e  of t h e  f i r s t  cor rec-  
t i o n .  Since 

i 
A 

A V ~  - - rl 6x1 

no m d t t e r  which va lue  f o r  6i1 a c t u a l l y  occurs ,  

s ta t i s t ica l  d e s c r i p t i o n  of t h e  f i r s t  midcourse c ion  vec to r  
i s  t h a t  i t  has  mean zero  and covariance ma t r ix  

(93 )  

(94  1 

T s1 = r P- r 1 1 1' (95 1 
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Based on t h e  e f f e c t i v e  AV, t h e  covariance ma t r ix  of + 
nav iga t ion  u n c e r t a i n t y  P1, given by 

is  used t o  r ep lace  t h e  i n j e c t i o n  covariance 

p r i o r i  s t a t i s t i c a l  d e s c r i p t i o n  of t h e  second midcourse c o r r e c t i o n  
is contained i n  t h e  covariance mat r ix  S2, where 

P and thus  t h e  a 
0 

ST. = r2  [.&l P+ 1 QT 2 , l  + Q4 c- 
The genera l  p rocess  cont inues ,  from c o r r e c t i o n  t o  co r rec t ion ,  
according t o  equat ions  (91) and (92).  

The covariance matrix S t hus  r e p r e s e n t s  t h e  set of a l l  
j 

va lues  for AS t h a t  would occur,  wi th  some ass igned  p r o b a b i l i t i e s 1  

tf t h e  a c t u a l  f l i g h t  were being flown. For example, i f  Po i s  

t h e  i n j e c t i o n  covariance matrix desc r ib ing  t h e  s ta t is t ics  of i n -  
j e c t i o n  unce r t a in ty ,  then S is  the  covariance mat r ix  t h a t  de- 

s c r i b e s  a l l  ensemble c o r r e c t i o n  v e c t o r s  AVl r e s u l t i n g  from in- 
j e c t i o n  d i s p e r s i o n s  def ined  by Po. 

j 

l 

Before any information about an  a c t u a l  f l i g h t  i s  a v a i l a b l e ,  
1 
' 

t h e  midcourse c o r r e c t i o n  v e c t o r  AV a t  t h e  j th  c o r r e c t i o n  i s  a 

random v a r i a b l e ,  wi th  mean zero and a s soc ia t ed  covariance mat r ix  
5 

j' 
S 

In t 

Define p as t h e  scalar v a r i a b l e  given by 
j 

lis equat ion  p r ep resen t s  t h e  a p r i o r i  most l i k e l y  magn.- 

tude of  the jth midcourse c o r r e c t i o n  and hence i s  very important  
f o r  f u e l  s i z i n g .  Hoffman and Young ( r e f .  12)  have shown t h a t  a 
good approximation f o r  t h e  quan t i ty  p is  given by 

9 

j 

(97) 
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( 9 9 )  

where 

and xl ,  A 2 '  x3 a 

J 

A =  

B =  

j '  
t r a c e  S 

A x 4- x1 x 3  + x2 1 2  x3 

e t h -  e igenvalues  of t h -  covariance ma 

The s t a t i s t i c a l  var iance  of t h e  magnitude of t h e  

r i x  S . 
j 

t h  

midcourse c o r r e c t i o n ,  a l s o  derived i n  approximate form i n  r e f e r -  
ence 12,  is  given by t h e  equat ion,  

2 = t r a c e  S - 2 
j 'j 

U 
b V j I  

Both t h e s e  va lues  a r e  computed i n  t h e  guidance event a lgori thm 
of t h e  e r r o r  a n a l y s i s  mode. 

From t h e  poin t  of view of t h e  e r r o r  a n a l y s i s  mode, t h e  
t h  most l i k e l y  magnitude f o r  t he  j c o r r e c t i o n  AV i s  simply 

j . To complete t h e  s p e c i f i c a t i o n  of t he  e f f e c t i v e  midcourse 

c o r r e c t i o n  v e c t o r  "E AV. I " ,  a l l  t h a t  remains i s  t o  determine 

i ts  most l i k e l y  d i r e c t i o n .  
C J ]  

kt Al,  X 2 ,  and X 3  be t h e  eigenvalues  of t h e  covari-  

ance matrix S a s soc ia t ed ,  a p r i o r i ,  wi th  t h e  j th  midcourse 

maneuver. Define a 
j 

a2, and a3 as t h e  e igenvec tors  related 1' 
t o  t h e  t h r e e  eigenvalues .  
t i o n  t h a t  some co r rec t ion  t akes  place, t h e  most l i k e l y  d i r e c t i o n  
f o r  t h e  midcourse maneuver, def ined p r o b a b i l i s t i c a l l y ,  i s  t h e  
d i r e c t i o n  of t h e  e igenvec tor  a s soc ia t ed  wi th  the  maximum eigen- 

va lue  of S Define a as t h i s  e igenvec tor  a s soc ia t ed  wi th  t h e  

maximum eigenvalue.  

a s soc ia t ed  wi th  t h e  j c o r r e c t i o n  i s  then given by 

It can be shown t h a t ,  under the  assump- 

-+ 
j' 

The e f f e c t i v e  midcourse c o r r e c t i o n  v e c t o r  
t h  
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This  vec to  has  magnitude p t h e  most l i k e l y  magni 
j' 

ude f o r  

AV 

of t h e  maximum p r o b a b i l i t y  co r rec t ion  under the  assumption t h a t  
some c o r r e c t i o n  i s  made. 

based upon t h e  a p r i o r i - s t a t i s t i c s ,  and is i n  t h e  d i r e c t i o n  
j 

It should be s t r e s s e d  t h a t  the  computation of the  e f f ec -  
tive midcourse c o r r e c t i o n  vec to r  "EPj] ", with in  t h e  e r r o r  

a n a l y s i s  mode, i s  only an a r t i f i c e  t o  p e r m i t  a real is t ic ,  a p r i o r i  

computation of t h e  execut ion e r r o r  mat r ix  Q j .  The nominal t r a -  

j e c t o r y  re turned  t o  t h e  b a s i c  cyc le  i s  not  a f f e c t e d  by the  compu- 
t a t i o n .  However, t h e  ca l cu la t ed  information concerning l i k e l y  
magnitudes and d i r e c t i o n s  f o r  t h e  maneuvers i s  c r i t i c a l  f o r  f u e l  
s i z i n g  s t u d i e s .  

- 

3.  Execution e r r o r  modeling.- This  subsec t ion  of t h e  r epor t  
treats t h e  a n a l y t i c a l  way i n  which STEAP computes the  execut ion ... 

assoc ia ted  wi th  a s p e c i f i e d  midcourse c o r r e c t i o n  
Qj 

e r r o r  mat r ix  

vec to r  AV I n  the  e r r o r  a n a l y s i s  mode, t h e  inpu t  t o  t h i s  por- 

t i o n  of t h e  guidance event a lgori thm is  t h e  e f f e c t i v e  midcourse 
c o r r e c t i o n  vec to r  "E [""J If defined i n  t h e  preceding subsec t ion .  

The problem may be s t a t e d  simply: given a midcourse c o r r e c t i o n  
vec to r  AV, determine an a s soc ia t ed  covariance matr ix  of execu- 
t i o n  e r r o r s  from some phys ica l  model i d e n t i f y i n g  re levant  e r r o r  
sources .  

j '  

Within t h e  STEAP guidance event a lgori thm, four  indepen- 
dent  e r r o r  sources  are modeled t o  be used i n  t h e  determinat ion 

of t h e  execut ion e r r o r  mat r ix  Q. The f i r s t  e r r o r  source i s  
c a l l e d  t h e  p r o p o r t i o n a l i t y  e r r o r  and i s  i n  t h e  d i r e c t i o n  of t he  
midcourse c o r r e c t i o n  vec to r  AV with  magnitude determined by 
t h e  p r o p o r t i o n a l i t y  f a c t o r  k. A second e r r o r  source,  i n  t h e  
d i r e c t i o n  of AV bu t  independent of i t s  magnitude, i s  t h e  reso- 
l u t i o n  e r r o r  s t h a t  corresponds t o  a t h r u s t  t a i l o f f  e r r o r  from 
the  midcourse engines .  Two poin t ing  e r r o r s  def ined i n  terms of 
angles  6a and 6B complete t h e  e r r o r  model f o r  t h e  midcourse 
maneuver. 

... 
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L e t  6AV be the  e r r o r  vec tor  a t  t h e  t i m e  of t h e  midcourse 
maneuver. From t h e  above desc r ip t ion ,  a genera l  vec tor  equat ion 
f o r  t h e  maneuver e r r o r  i s  given by 

hV 
+ *"pointing 6AV = kAV + s 

where 6AV poin t ing  w i l l  be  descr ibed later.  The execution e r r o r  

covariance matrix Q t h a t  i s  needed a t  the  t i m e  of t h e  midcourse 
co r rec t ion  i s  simply 

." 

Assume now t h a t  6AV poin t ing  r e s u l t s  from two angular  
po in t ing  e r r o r s ,  6a and 6B. For purposes of unique spec i f ica-  
t i o n ,  assume t h a t  6a i s  a poin t ing  e r r o r  angle  measured i n  a 
plane p a r a l l e l  t o  t h e  e c l i p t i c  plane and along a vec tor  orthogonal 
t o  the  midcourse co r rec t ion  vec tor  AV. I f  6AV1 i s  t h e  v e l o c i t y  

e r r o r  due t o  t h e  angular  po in t ing  e r r o r  6a and i, j ,  k form 
the  u n i t  t r i a d  i n  t h e  h e l i o c e n t r i c  e c l i p t i c  system, then,  f o r  
s m a l l  angles  6 a ,  

. . A n  

i -  AvX 3 
(v; + v y  

6AV1 = p 6 a  

where AV, and AVy are the X and Y components i n  the  he l io -  

c e n t r i c  e c l i p t i c  system of t h e  midcourse co r rec t ion  vec to r  AV 
and p i s  t h e  magnitude of AV. Note t h a t  t he  ve loc i ty  e r r o r  
6AV1 r e s u l t i n g  from 6a has components only i n  a plane p a r a l l e l  

t o  t he  e c l i p t i c .  

The second poin t ing  angle  6 8  def ines  a v e l o c i t y  e r r o r  
6AV2 t h a t  i s  orthogonal t o  both 6AV1 and the  midcourse correc-  

t i o n  vec to r  AV. Again f o r  s m a l l  angles  6B, t he  v e l o c i t y  e r r o r  
r e s u l t i n g  from t h i s  po in t ing  e r r o r ,  referenced t o  the  h e l i o c e n t r i c  
e c l i p t i c  system, i s  given by 

(104) 

6AV2 = AVx AVz 6 6  i +  AVy AVZ 6 B  
j h - 6fi(Avx 2 + hvy 2)1/2 (105) 
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From these  equat ions i t  is  clear t h a t  t h e  v e c t o r  set 

and 6AV2 s a t i s f i e s  t h e  mutual or thogonal i ty  imposed by t h e  

model. 
6AV 

AV, 6AV1 

The complete d e s c r i p t i o n  of t h e  execut ion e r r o r  vec to r  
may then be w r i t t e n  i n  h e l i o c e n t r i c  e c l i p t i c  coord ina tes  as 

pAVy€ia + 
6AV = [(k i- 7)Avx+ 

U 

AV AV 66 - Y Z  + kk + :)Ally + 
U 

+ [(. + $AVz - u6l3]; 

where AV AVy, and AV, are t h e  h e l i o c e n t r i c  e c l i p t i c  coor- 

d ina t e s  of t he  midcourse co r rec t ion ;  i, j ,  k are u n i t  vec to r s  
i n  t h e  X, Y ,  and Z d i r e c t i o n s ;  p i s  t h e  magnitude of AV; 
k, s ,  6a, 6 6  are t h e  four  independent e r r o r  sources  t o  be 
t r e a t e d  as random va r i ab le s ;  and u is  an in te rmedia te  v a r i a b l e  
def ined  by 

& A n  

X' 

From the  above expression f o r  6AV, t he  execut ion e r r o r  covari-  

ance matr ix  Q can be computed, i n  t e r m s  of i t s  elements,  as 
.., 

78 



The computation of t h e  execut ion e r r o r  covariance mat r ix  
is  dependent upon t h e  assumed p e r f e c t  midcourse AV with compo- 
nen t s  AV,, AVy, AVz, and the  var iances  (zero  means are assumed) 

of t h e  fou r  independent e r r o r  sources .  I n  t h e  above equat ions ,  i t  
i s  assumed t h a t  t he  e r r o r s  have no c ross -cor re la t ions  and t h a t  

2 
6B and u are t h e  var iances  of t h e  p ropor t iona l i t y ,  2 2 2  

‘k’ *s’  &a’ U 

r e so lu t ion ,  and two poin t ing  e r r o r s  r e spec t ive ly .  

Recall t h a t ,  i n  t h e  e r r o r  a n a l y s i s  mode, no a c t u a l  state 
vec to r  e s t ima t ion  i s  performed, and hence no s p e c i f i c  midcourse 

used i n  t h e  above expression f o r  computation of Q come from the  
e f f e c t i v e  midcourse c o r r e c t i o n  vec to r  ll~[Av]lf discussed earlier.  

c o r r e c t i o n s  are ever  c a l c u l a t e d .  The components AVX, AVy, AVZ 
-” 

4 .  Addi t iona l  computations.- Some a d d i t i o n a l  q u a n t i t i e s  of 
m i s s z n  a n a l y s i s  importance are a l s o  ca l cu la t ed  i n  t h e  guidance 
event  a lgori thm of t h e  e r r o r  a n a l y s i s  mode of S T W .  It has  al-  
ready been pointed out  t h a t  f u e l  s i z i n g  information r e s u l t s  from 
the  computation of t h e  most l i k e l y  d i r e c t i o n  and magnitude f o r  
t h e  midcourse maneuver AV. The propagation of navigat ion un- 
c e r t a i n t i e s  by t h e  b a s i c  cyc le  r e s u l t s  i n  o r b i t  determinat ion 
accurac ies  i n  t h e  neighborhood of t h e  t a r g e t  p l a n e t .  The t h i r d  
key p iece  of mission a n a l y s i s  d a t a ,  which t e l l s  how w e l l  a de- 
f ined  naviga t ion  and guidance process  w i l l  m e e t  spec i f i ed  t a r g e t  
condi t ions ,  i s  provided a t  a guidance event .  

Before any midcourse co r rec t ions ,  t h e  s t a t i s t i c a l  devia-  
t i o n s  a t  the  t a r g e t  about t h e  nominal or  r e fe rence  t a r g e t  condi- 
t i o n s  may be found by propagating the  i n j e c t i o n  covariance alT the  
way t o  t h e  t a r g e t .  L e t  n o  be a 3 x 6 v a r i a t i o n  mat r ix  r e l a t i n g  

l i n e a r  pe r tu rba t ions  i n  t h r e e  t a r g e t i n g  condi t ions  t o  l i n e a r  in-  
j e c t i o n  pe r tu rba t ions .  Then, i f  P i s  t h e  i n j e c t i o n  covariance,  

t h e  s ta t is t ical  desc r ip t ion  of t a r g e t  condi t ion  dev ia t ions  about 
t h e  nominal due t o  i n j e c t i o n  e r r o r s  i s  given by t h e  matr ix  

0 

+ T wo = 11, Po no 

In  t h e  absence of dynamic no i se ,  t h e  ma t r ix  W’ repre-  
0 

s e n t s  s t a t i s t i c a l l y  how f a r  t he  ensemble package of i n j e c t i o n s  de- 
f ined  by Po would m i s s  t h e  spec i f i ed  t a r g e t  condi t ions .  Tracking 

7 9  



information taken a f t e r  t h e  i n j e c t i o n  can lower t h e  inaccurac i e s  
i n  t h e  answer t o  t h e  ques t ion  "where i s  t h e  spacec ra f t ? "  
i t  i s  only a t  guidance c o r r e c t i o n s  (again i n  the  absence of un- 
modeled a c c e l e r a t i o n s )  i n  the  e r r o r  a n a l y s i s  mode t h a t  t h e r e  i s  
any change i n  t h e  p r o b a b i l i s t i c  d i s p e r s i o n s  about t h e  des i r ed  
t a r g e t  condi t ions .  

However, 

At each guidance c o r r e c t i o n  i n  t h e  e r r o r  a n a l y s i s  mode, 
two covariance matrices are computed t h a t  are r e l a t e d  t o  l i k e l y  

t a r g e t  cond i t ion  d i spe r s ions  about t h e  nominal. For t h e  j 

midcourse co r rec t ion ,  t h e  mat r ix  W" r e p r e s e n t s  t a r g e t  condi t ion  

d i s p e r s i o n s  about t he  nominal i f  no c o r r e c t i o n  were t o  take  p lace  
a t  t h a t  t i m e .  
i n  t h e  t a r g e t  cond i t ions  before  t h e  c o r r e c t i o n .  S imi la r ly ,  once 
t h e  c o r r e c t i o n  h a s  been modeled and an execut ion e r r o r  covariance 

+ 
g e t  condi t ion  d i spe r s ions  a f t e r  t h e  c o r r e c t i o n .  Both these  m a t -  
rices would p l ay  a c r i t i ca l  r o l e  i n  any midcourse opt imiza t ion  
scheme designed t o  choose t h e  times f o r  t h e  c o r r e c t i o n s .  

t h  

j 

It is  c a l l e d  t h e  covariance mat r ix  .of u n c e r t a i n t i e s  

.., 
obtained,  another  mat r ix  W i s  computed t h a t  r ep resen t s  tar- 

Qj j 

Within t h e  program, W- is computed as 
j 

- P+ OT T w =  j q j  k j , j - l  j-1 j , j - I+  ~ j , j - l ]  q j  

i s  t h e  l i n e a r  v a r i a t i o n  mat r ix  r e l a t i n g  t a r g e t  condi- where 

t i o n  d e v i a t i o n s  t o  pe r tu rba t ions  i n  t h e  state vec to r  a t  t h e  t i m e  

of t h e  jth co r rec t ion ,  P+ i s  t h e  naviga t ion  unce r t a in ty  

9 

j -1 
st covariance a f t e r  t h e  j-1 c o r r e c t i o n  t h a t  conta ins  t h e  execut ion - 

from t h e  j-lst co r rec t ion ,  and t h e  o the r  Qj-1 e r r o r  covariance 

two q u a n t i t i e s  are t h e  u s u a l  s tate t r a n s i t i o n  mat r ix .and  process  

no i se  mat r ix .  The covariance mat r ix  W+ def in ing  unce r t a in  ries 

i n  t h e  t a r g e t  cond i t ions  a f t e r  t h e  
given by 

j '  

j th  midcourse maneuver, is  
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where P is t h e  o r b i t  determinat ion unce r t a in ty  covariance 

mat r ix  j u s t  p r i o r  t o  t h e  co r rec t ion  and Q is  t h e  execut ion 

e r r o r  covariance matrix f o r  t h e  j th c o r r e c t i o n .  

- j 

j 

It i s  i l l u s t r a t i v e  t o  demonstrate how t h e  success ive  com- 
p u t a t i o n  of t h e  W matrices is h e l p f u l  from a mission a n a l y s i s  
p o i n t  of v i e w .  Assume f i r s t  t h a t  t h e  process  no i se  mat r ix  Q is  

always so  i n s i g n i f i c a n t  t h a t  i t  can be neglec ted .  The mat r ix  W+ 

given i n  equat ion  (109) r ep resen t s  t h e  propagat ion of ensemble 
i n j e c t i o n  e r r o r s  i n t o  t a r g e t  condi t ion  dev ia t ions .  In  the  ab- 

sence of dynamic no i se ,  W1 is  given by 

0 

- 

T +  I? QT = wo d - 
w1 - O 1  @ l , O  0 l , o  O l  

- 
l\l @ l , O  - O O  

s i n c e  

A s  would be expected, t h e r e  have been no guidance co r rec t ions  t o  
b r ing  t h e  t r a j e c t o r y  back to t h e  s p e c i f i e d  t a r g e t  condi t ions  and 
thus  t h e  t a r g e t  condi t ion  u n c e r t a i n t i e s  are unchanged. 

An e f f e c t i v e  midcourse maneuver "E AVl " i s  next  calcu-  c I -  
l a t e d  and i t s  as soc ia t ed  execut ion e r r o r  mat r ix  Q, i s  determined. 

The covariance matrix P1 i s  t h e  naviga t ion  unce r t a in ty  before  
- 

t h e  maneuver. Then 

Under t h e  i m p l i c i t  assumption t h a t  i f  t h e  s p a c e c r a f t  t r a j e c t o r y  
I " , \  

uses p e r f e c t l y  known and t h e  execut ion e r r o r  were 
/ -  w \ 

small (,Q1 = 0,)). then  the  guidance po l i cy  would r e s u l t  i n  a eor-  

r e c t e d  t r a j e c t o r y  s a t i s f y i n g  t h e  d e s i r e d  t a r g e t  condi t ions .  
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+ - 
Continuing t o  the  second co r rec t ion ,  W2 = W1 i n  t h e  

absence of dynamic n o i s e  and then 

te l ls  t h e  a n a l y s t  how much t h e  second c o r r e c t i o n  i s  l i k e l y  t o  re- 
duce t h e  t a r g e t  condi t ion  d i spe r s ions .  

I n  a later p o r t i o n  of t h i s  r e p o r t ,  tes t  runs with t h e  e r r o r  
a n a l y s i s  mode are presented .  
cerned wi th  t h e  l i k e l y  magnitudes of t h e  c o r r e c t i o n s ,  o r b i t  de- 
te rmina t ion  u n c e r t a i n t i e s  a long the  t r a j e c t o r y ,  and the  matrices 

W and W+ which de f ine  p r o b a b i l i s t i c a l l y  the  e f f i c a c y  of t he  

naviga t ion  and guidance process .  

Most of t h e  d a t a  discussed are con- 

j j 

It should be mentioned here  t h a t  STEM has  an a d d i t i o n a l  
opt ion a v a i l a b l e  t o  the  e r r o r  a n a l y s i s  mode f o r  computing t h e  

execut ion e r r o r  ma t r ix  Q without us ing  t h e  e f f e c t i v e  midcourse 

v e l o c i t y  v e c t o r  "E [""J If . Under t h e  same formulat ion f o r  dAV 
given by equat ion (106),  i f  t h e  components AVx, AVy and AVz 
are a l s o  t r e a t e d  ( a s  they are, i n  r e a l i t y )  as random v a r i a b l e s  i n  

can be obtained determining Q an approximate s o l u t i o n  f o r  

by us ing  t h e  matrix S descr ib ing  t h e  statist ics of t h e  correc-  
j 

t i o n  vec to r  AV The v a l i d i t y  of t h e  r e s u l t  i s  d i f f i c u l t  t o  de- 

termine phys ica l ly ,  however, and the  mathematics are s u f f i c i e n t l y  
nonrigorous t o  preclude judgement on t h e  accuracy of t he  r e s u l t i n g  
approximation. 

- 
j 

I I 

9 j 

j '  

F. Eigenvector and P red ic t ion  Events 

The t w a  o the r  computational events  i n  t h e  e r r o r  a n a l y s i s  mode 
are e igenvec tor  and p r e d i c t i o n  events .  
t h e  covariance ma t r ix  of o r b i t  determinat ion unce r t a in ty  i s  operated 

A t  an eigenvector  even t ,  

geometric information about t h e  s i z e  and o r i k n t a t i o n  
t i o n  u n c e r t a i n t i e s .  A t  a p r e d i c t i o n  event ,  t he  navi- 

g a t i o n  u n c e r t a i n t i e s  are propagated forward, assuming no a d d i t i o n a l  
measurements, t o  determine uncertainties a t  cr i t ical  t r a j e c t o r y  
epochs 
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The computations a t  an eigenvector  event  are s t r a igh t fo rward .  
Define 

t h e  e igenvec tor  event  and le t  5 and Pk be, r e spec t ive ly ,  t h e  

nominal t r a j e c t o r y  and t h e  o r b i t  determinat ion unce r t a in ty  co- 
var iance  mat r ix  a f t e r  process ing  t h e  measurement a t  tk. I f  te 

is  t h e  t i m e  of t h e  e igenvec tor  event ,  then Ze 
v e c t o r  a t  

rou t ine .  

def ined  by Pe i s  given by 

tk as t h e  t i m e  of t h e  last  processed measurement be fo re  

+ - 

t h e  nominal state 

i s  computed from t h e  v i r t u a l  m a s s  t r a j e c t o r y  sub- te , 
te The nav iga t ion  unce r t a in ty  covariance mat r ix  a t  

P+ @* 'e = 'e,k k e,k -I- Qe,k 

where CP is  t h e  s ta te  t r a n s i t i o n  mat r ix  between tk and te 
e ,k  

and Qe ,k i s  t h e  process  no i se  matr ix .  A t  an eigenvector  even t ,  
- 

t h e  q u a n t i t i e s  Xe and P are f i r s t  computed and then s to red  

f o r  use by t h e  b a s i c  cyc le  of t h e  e r r o r  a n a l y s i s  mode a f t e r  t h e  
e igenvec tor  c a l c u l a t i o n s  are f in i shed .  

e 

I n  i t s  genera l  form, consider ing a l l  p o s s i b l e  augmented state 
vec to r  op t ions ,  P i s  a square mat r ix  whose dimension i s  given 

by t h e  dimension of the  augmented state v e c t o r .  The f i r s t  s i x  
components of t h e  state v e c t o r  are always p o s i t i o n  and v e l o c i t y ,  
and hence t h e  upper l e f t  6 x 6 of P i s  t h e  covariance mat r ix  

of u n c e r t a i n t i e s  a s soc ia t ed  with p o s i t i o n  and v e l o c i t y .  Define 

by Pe t h e  3 x 3 p a r t i t i o n  of P conta in ing  information about 

t h e  p o s i t i o n a l  naviga t ion  u n c e r t a i n t i e s ;  d e f i n e  by 

p a r t i t i c n  of P r e l a t e d  t o  v e l o c i t y  naviga t ion  u n c e r t a i n t i e s .  

e 

e 

.-. 

e 
n 

t h e  3 x 3 'e 

e 
." h 

At an e igenvec tor  event ,  both Pe and P are diagoqal ized e 
i n  a s tandard  way t o  produce t h e  p o s i t i o n  and v e l o c i t y  e igenvalues  
and t h e  a s soc ia t ed  e igenvec tors .  In  add i t ion ,  t h e  36 hype re l l i p -  
s o i d s  of unce r t a in ty ,  i n  both t h e  pos i t i on  and t h e  v e l o c i t y  space,  
are computed t o  show t h e  s i z e  and geometric u r i e n t a t i o n  of t h e  
naviga t ion  u n c e r t a i n t i e s .  These e l l i p s o i d s  are then  pro jec ted  onto 
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each of t he  two-dimensional p lanes  t o  show a d d i t i o n a l  geometric 
information.  
be d iscussed  only b r i e f l y  i n  a gene ra l  form. 

A l l  t h e s e  c a l c u l a t i o n s  are s t r a igh t fo rward  and w i l l  

L e t  P be a 3 x 3 covariance ma t r ix  a s soc ia t ed  with a ze ro  
m e a n ,  t h r e e  dimensional vec to r  random v a r i a b l e  X.  I f  AI, X 2 ,  

and X 3  are t h e  eigenvalues  of P and al, a and a3 are t h e  

a s soc ia t ed  e igenvec tors ,  then t h e  phys ica l  meaning of s t a t i s t i c a l  
d e v i a t i o n s  about  t h e  mean can b e s t  be viewed i n  terms of an e l l i p -  
s o i d  i n  t h e  three-dimensional space whose p r i n c i p a l  axes  are i n  
the  d i r e c t i o n  of t he  t h r e e  e igenvec tors  and have length  equa l  t o  
t h e  magnitude of t h e  e igenvalues .  The 30 e l l i p s o i d s  computed 
from P 
a b i l i t y  whose i n t e r i o r  conta ins  over 95% of t h e  p r o b a b i l i s t i c  
events .  
va lue  d e f i n e s  the  d i r e c t i o n  of minimum unce r t a in ty ;  t h e  a x i s  
a s soc ia t ed  wi th  t h e  m a x i m u m  eigenvalue d e f i n e s  the  d i r e c t i o n  of 
maximum unce r t a in ty .  

2’  

r e s u l t  i n  a geometr ica l  s u r f a c e  of p o i n t s  of equal  prob- 

The p r i n c i p a l  axis as soc ia t ed  wi th  t h e  minimum eigen- 

- 
A t  a p r e d i c t i o n  event ,  t h e  nominal t r a j e c t o r y  Xe and asso- 

c i a t e d  nav iga t ion  unce r t a in ty  covariance mat r ix  P are f i r s t  

c a l c u l a t e d  j u s t  as a t  an e igenvec tor  event .  Now de f ine  t as 

a t i m e  t o  which the  p r e d i c t i o n  i s  being made. For example, sup- 
pose t h a t  o r b i t  determinat ion u n c e r t a i n t i e s  are d e s i r e d  a t  launch 
p l u s  f i v e  days as a r e s u l t  of t r a c k i n g  f o r  f o u r  days a f t e r  launch. 
Then te is  launch p lus  four  days and t is launch p l u s  f i v e  

days. 
f o r  loading  a guidance command maneuver. 
be made a t  launch p l u s  f i v e  days and were t o  be loaded a t  launch 
p l u s  four  days, then the key covariance mat r ix  of naviga t ion  un- 
c e r t a i n t y  would be t h e  pred ic ted  covar iance  a t  f i v e  days,  given 
only t h e  r e s u l t s  of t r a c k i n g  up t o  four  days. 

e 

P 

P 
A t y p i c a l  use of t h e  p r e d i c t i o n  event  information might be 

I f  a c o r r e c t i o n  were t o  

and t h a t  t he  

p r e d i c t i o n  t i m e  i s  t . Then t h e  nav iga t ion  unce r t a in ty  covar i -  

ance mat r ix  a t  t given the  measurements taken be fo re  

simply 

te Assume that the  p r e d i c t i o n  event occurs  a t  

P 
i s  te 9 P’ 
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where, as before ,  @ and Q are t h e  usua l  state t r a n s i t i o n  

mat r ix  and process  no i se  matrix r e spec t ive ly .  Within t h e  predic- 
t i o n  event a lgor i thm of t h e  e r r o r  a n a l y s i s  mode, t h e  r e s u l t i n g  
covariance matr ix  P a t  the  p r e d i c t i o n  t i m e  i s  a l s o  diagonal ized 

t o  produce e igenvec tor ,  e igenvalue,  and hype re l l i p so id  information.  
Thus, by superimposing t h i s  geometr ical  information about P f o r  

P 
d i f f e r e n t  p r e d i c t i o n  event  t i m e s  te, one can observe t h e  e f f e c t  

of a d d i t i o n a l  t r ack ing  on predic ted  naviga t ion  u n c e r t a i n t i e s .  

P ,e P ,e 

P 

Within t h e  e r r o r  a n a l y s i s  mode of STEAP, i f  t he  p red ic t ion  
t i m e  t i s  c l o s e  t o  t h e  t i m e  tSI t h a t  t he  nominal t r a j e c t o r y  

p i e rces  t h e  sphere of in f luence  of t h e  t a r g e t  p l a n e t ,  t hen  addi- 
t i o n a l  computations are made. Suppose t - - tSI and t h a t  t he  

2 x 6 mat r ix  M, def ined  earlier,  relates l i n e a r  pe r tu rba t ions  
about t h e  nominal B-plane parameters B O T  and B - R  t o  l i n e a r  
pe r tu rba t ions  about t h e  nominal state vec to r  a t  t h e  t i m e  tSI. 
In  t h i s  s i t a t i o n  t h e  program a l s o  computes p red ic t ed  naviga t ion  
u n c e r t a i n t i e s  i n  t e r m s  of t h e  B-plane parameters by c a l c u l a t i n g  

P, 

P 

I 

a 2 x 2 mat r ix ,  where 

= MP MT 
P 

- 
and then d iagonal izes  P t o  show i t s  o r i e n t a t i o n  i n  t h e  impact 
parameter o r  B-plane. 

One a d d i t i o n a l  computation of no te  t akes  place a t  both an 
e igenvec tor  and a p r e d i c t i o n  event .  
t i o n  i s  determined, t h e  e n t i r e  c o r r e l a t i o n  c o e f f i c i e n t  matr ix  

R ,  whose elements are given by 

Before eigenvalue informa- 

I 

- Pi . 
Ri j 

- - ¶ 

i s  computed. This mat r ix  is a l s o  square,  has  dimensional i ty  equal  
t o  t h e  dimension of t h e  s ta te  vec to r ,  and y i e l d s  t h e  c o r r e l a t i o n  
c o e f f i c i e n t s  between var ious  element u n c e r t a i n t i e s  i n  the  s ta te  

vec to r .  When any off-diagonal element of R becomes c l o s e  t o  
u n i t y  i n  magnitude, t he  underlying system becomes less and less 
observable .  A condi t ion c o e f f i c i e n t  of u n i t  magnitude r e l a t i n g  

- 

(119) 
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any t w o  components i n d i c a t e s  t h a t  t h e  estimation algori thm cannot 
uniquely determine those two elements s e p a r a t e l y .  The concepts  
of o b s e r v a b i l i t y  and p a r t i a l  o b s e r v a b i l i t y  w i l l  be d iscussed  i n  
g r e a t e r  d e t a i l  i n  t h e  a n a l y t i c a l  p r e s e n t a t i o n  of t h e  s imula t ion  
mode. 

G. S t a t e  Vector Augmentation 

Both t h e  e r r o r  a n a l y s i s  and s imula t ion  modes of STEAP p e r m i t  
the use of augmented state vec to r s .  I n  r e fe rence  10 a d e t a i l e d  
d e r i v a t i o n  of t h e  requi red  r e c u r s i v e  e s t ima t ion  equat ions  is 
given when a l l  t h e  augmented parameters are cons tan t s .  The b a s i c  
Kalman f i l t e r i n g  a lgor i thm remains unchanged, a l though the  inc lu -  
s i o n  of more elements  i n  t h e  s ta te  v e c t o r  does inc rease  the  d i -  
mensional i ty  of t h e  problem. 

To i l l u s t r a t e  t h e  handl ing of augmented states wi th in  both 
the  e r r o r  a n a l y s i s  and s imula t ion  modes of S T W ,  consider  an aug- 
mented state v e c t o r  6Z, assumed t o  be l i n e a r  pe r tu rba t ions ,  t h a t  
can be  p a r t i t i o n e d  as 

62 = 

where is  a 6 x 1 v e c t o r  of p o s i t i o n  and v e l o c i t y  dev ia t ions  
( t h e  nonaugmented s t a t e ) ,  6P1, is a n x 1 v e c t o r  of pe r tu r -  

b a t i o n s  i n  parameters  t h a t  appear i n  t h e  dynamic equat ions ,  and 
6P2 i s  a n x 1 v e c t o r  of pe r tu rba t ions  i n  cons t an t s  t h a t  

appear only i n  t h e  measurement equat ions.  I f  6Zk i s  the  b e s t  

6X 
1 

2 
n 

+ 
I estimate of t h i s  augmented state a t  tk, Pk i s  t h e  

( 6  + nl + n ) x 

sured  dev ia t ion  of an observa t ion  made a t  

measurement based upon the nominal t r a j e c t o r y ,  then the f u l l ,  
augmented r ecu r s ive  a lgor i thm f o r  both the e r r o r  a n a l y s i s  and 
s imula t ion  modes i s  given by 

( 6  + n l  + n 2 )  processed covariance matrix of 
2 

is the mea- o r b i t  determinat ion unce r t a in ty  a t  t k >  and "k+l 
from some nominal k+l 
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T 
'k+l = %+l 'k+l %+l %+l 

- T -1 - Kk+l - 'k+l %+1 'k+l 

- - + -  
'k+l - 'k+l - %+l %+l 'kl-1 

"k+l = 'k+1 ,k "k %+l [..,,, - Mk+l 'k+l,k ';k] ' 

i s  the  s ta te  t r a n s i t i o n  mat r ix  of dimension 'k+l , k where 

(6  + n l  + n 2 )  
matr ix  of augmented dimensions; 

of dimension 

of the measurement; R 

a s  be fo re ;  and I$+l, 

( 6  + n l  + n 2 ) ;  %+l ,k  i s  a square process noise  

i s  the observat ion matrix 

r x (6 + nl + n ) where r i s  the dimensional i ty  
Mk+l 

2 
i s  the same measurement noise  matrix k+l 

the Kalman gain mat r ix ,  now has dimension 

2 )  
(6 + nl + n 

no dynamic o r  

then %+l,k 

x r .  Under the reasonable assumption t h a t  t he re  is  

process  noise  cor rupt ing  the  augmented parameters, 
may be p a r t i t i o n e d  as, 

- 
'k+l, k 

t h e  only new o r  a d d i t i o n a l  computations requi red  for  the augmented 
state,  o ther  than changes i n  matr ix  d imens iona l i ty ,  are i n  the  
c a l c u l a t i o n  of t h e  observat ion mat r ix  %+1 and t h e  state t r a n s i -  

'k+l , k t i o n  mat r ix  

Recall t h a t  t h e  observat ion mat r ix  %+1 relates linear per-  

t o  l inear  per -  k+l  t u rba t ions  about t h e  nominal measurement a t  t 

t u r b a t i o n s  i n  t h e  state vec to r  a t  the  same t i m e .  L e t  6yk+l be 

a measurement pe r tu rba t ion  of dimensional i ty  r x 1 a t  the  t g m e  

tk+l. 
w r i  t t en 

Then, i n  p a r t i t i o n e d  form, t h e  measurement equat ion m a y  be 
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i s  j u s t  t he  r x 6 observat ion matr ix  f o r  t he  non- %+l where 

augmented state,  0 i s  a r x n mat r ix  of ze ros  s ince  the  dynamic 

augmented parameters are not  r e l a t e d  t o  t h e  measurements exp l i -  
c i t l y ,  and 

observat ion due t o  changes i n  t h e  augmented parameters t h a t  appear  
i n  t h e  measurement equat ions .  

1 

i s  a r x n mat r ix  de f in ing  changes i n  t h e  Bk+l 2 

Simi lar ly ,  i f  t h e  de f in ing  equat ions f o r  t he  s t a t e  t r a n s i t i o n  
are w r i t t e n  i n - p a r t i t i o n e d  form as k+l ,k  mat r ix  Y 

_ _ _ -  

i s  recognized as the  nonaugmented, s tandard  the  mat r ix  

6 x 6 s ta te  t r a n s i t i o n  mat r ix .  Since t h e  augmented parameters 
are a l l  cons t an t s ,  i d e n t i t y  matrices of dimensional i ty  n and 

n 2 appear i n  t h e  p a r t i t i o n e d  express ion  f o r  Yk+l.,k, Further-  

more, s i n c e  pe r tu rba t ions  6P2 i n  t h e  measurement equat ion para- 

meters do no t  a f f e c t  anything else i n  t h e  state vec to r  between 
measurements, and e r r o r s  i n  p o s i t i o n  and v e l o c i t y  have no inf lu-  
ence on pe r tu rba t ions  i n  t h e  augmented dynamic cons tan ts ,  t h e  
only a d d i t i o n a l  computations required €or  t h e  augmented state 
t r a n s i t i o n  mat r ix  involve t h e  de te rmina t ion  of  t h e  6 x n matr ix  

'ktl., k 
t i o n  and v e l o c i t y ,  over t he  given t i m e  i n t e r v a l ,  due t o  per tur -  
ba t ions  i n  t h e  dynamic cons t an t s .  

'k3.1, k 

1 

1 . This mat r ix  desc r ibes  the  l i n e a r  p e r t u r b a t i o n s  i n  posi-  
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E s s e n t i a l l y  then,  o the r  t h  
t h e  mat r ices  involved, t h e  only addi  
f o r  e i t h e r  es t imat ion  or  e r r o r  propa 
are those used f o r  t h e  determi 

def ined above 'k+l,k 

- Ten augmented state vec to r  op t ions  are c u r r e n t l y  
ava AP f o r  both t h e  e r r o r  a n a l y s i s  and s imula t ion  
modes. An inpu t  code va lue ,  IAUG, s p e c i f i e s  t h e  state vec to r  t o  
be used i n  t h e  computations. Spacecraf t  p o s i t i o n  and v e l o c i t y  are 
always included i n  t h e  state vec tor .  The following t a b l e  summarizes 
t h e  augmented state vec to r  op t ions .  

- 
uc 

1 
- 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

- 

Augmented 
Parameters 

None 

duS, dutp 

dDl. dD1. dul 

de2, dag, dB 

dap, dep, d i  

imension 
f s t a t e  

6 

9 

8 

12 

9 

15 

11 

15 

11 

3.5 

17 

Description 

Standard spacecraft posi- 
tion and velocity 

Includes geocentric radius, 
la t i tude,  and longitude 
biases f o r  f i r s t  s t a t ion  
location 

Gravitational biases for 
sun and target  planet 

Measurement biases - range 
and range-rate from f i r s t  
s ta t ion,  three star-planet 
angles, apparent diameter 

Zarget planet ephemeris 
biases  i n  conic section 
elements 

Geometric radius, l a t i t ude  
and longitude biases from 
a l l  three s t a t ion  location 

Combination of IAUG - 2 
and IAUG = 3 

Combination of IAUG - 2 anc 
IAUG = 4 

Includes a l l  dynamic con- 
s t a n t  biases 

Combination of IAUG 4 
a n d I A U G = 5  

Combination of IAUG = 2 
IAUG = 3, and IAUG = 4 
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From t h e  preceding t a b l e  i t  is clear t h a  
dimensional i ty  of t h e  propagated covariance m a t r  
ana lys i s  mode is  1 7  x 17 .  Notice t h a t  t a r g e t  p l  
u n c e r t a i n t i e s  are t r e a t e d  as b i a s e s  i n  t h e  conic  sec t ion  elements 
a, e, i. This  i s  i n  keeping with t h e  ephemeris rou t ine  used by 
the  n-body t r a j e c t o r y  scheme t h a t  computes t h e  pos i t i on  and velo- 
c i t y  of the  p l a n e t s  from mean conic  s e c t i o n  o r b i t a l  elements. 

2. Observation matrices.- A f u l l  desc r ip t ion  of t h e  augmented 
given i n  equat ion (123) r equ i r e s  only %+l observat ion matrix 

r e l a t i n g  l i n e a r  t h e  a d d i t i o n a l  computation of t h e  matr ix  

pe r tu rba t ions  about t h e  nominal measurements t o  l i n e a r  pe r tu r -  
ba t ions  about t h e  nominal values  f o r  t h e  augmented parameters 
appearing i n  t h e  measurement equat ions.  A t o t a l  of 15 poss ib l e  
parameters,  inc luding  n ine  s t a t i o n  loca t ion  b i a ses  and s i x  measure- 
ment b i a s e s ,  may be t r e a t e d  under one of t h e  augmented state op- 
t i o n s  as augmented measurement parameters.  Each of these  b i a s e s  
is  t r e a t e d  by t h e  program as mean zero  Gaussian random v a r i a b l e s  
wi th  s p e c i f i e d  var iances .  

Bk+l 

Assume f i r s t  t h a t  augmented state opt ion IAUG = 4 ,  whose 
state vec to r  has  1 2  dimensions, i s  being run.  P a r t i t i o n i n g  the  
measurement equat ion,  

I 
6yk+l = %+I *'k+l [%+l I Bk+ll 

L I -1 

where i s  a 6 t o r  of per turba  s i n  p o s i t i o n  and 

v e l o c i t y ,  it SY ion  of t h e  mat r ix  
is  depe 0 being taken.  I f  Bk+l 

t h e  p a r t i c u l a r  measurement being made is  range and range-rate,  
then t h e  range and range-rate b i a s e s  are simply a d d i t i v e  t o  pro- 
duce 



Bk+l = [' 0 O 1 O 0 O 0 O 0 "1 0 

Simi lar ly ,  i f  t h e  measurements being processed are s t a r -p l ane t  
i s  angles ,  then t h e  remainder of t h e  observa t ion  mat r ix  

given by 
Mk+l 

i s  always computed i n  t h e  same %+l The %+1 p a r t i t i o n  of 

way as i t  w a s  f o r  t h e  nonaugmented state. 

' Handling the  s t a t i o n  l o c a t i o n  b i a s e s  i s  mor& d i f f i c u l t  
computat ional ly .  The only measurements a f f e c t e d  by these  b i a s e s  
are t h e  measurements of range-rate and range. Assume, f o r  i l l u s -  

a measure- t r a t i o n ,  t h a t  IAUG = 6 and t h a t  a t  t h e  t i m e  

ment of range and range-rate  from s t a t i o n  2 is  taken.  The par- 
t i t i o n e d  form of the  measurement equat ion  i s  now given by 

tk+l 

I i + l  ! [ Bk+l '1 

The p a r t i t i o n e d  zeros  of %+1 
because b i a s e s  i n  s t a t i o n  l o c a t i o n s  1 and 3 do not  a f f e c t  a range 

a l r eady  known from s tandard ,  nonaugmented procedures,  a l l  t h a t  

are of dimension 2 x 3 and occur 

and range-rate  measurement made from s t a t i o n  2. Since i s  
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remains t o  complete t h e  c a l c u l a t i o n  of \+l is t h e  s p e c i f i c a t i o n  

of t h e  2 x 3 p a r t i t i o n e d  mat r ix  Bk+r t h a t  r e l a t e s  l i n e a r  pe r tu r -  

ba t ions  i n  t h e  range and range-rate  measurements t o  l i n e a r  per-  
t u rba t ions  i n  t h e  s t a t i o n  2 geocen t r i c  coord ina te s .  

Reca l l  from Sect ion D of t h i s  chapter  t h a t  t h e  range and 
range-rate  measurements are func t ions  of t h e  geocen t r i c  s t a t i o n  
loca t ion  coord ina tes .  Mathematically, 

Expanding i n  Taylor  series about t h e  nominal va lues ,  t h e  mat r ix  

*k+l can be w r i t t e n  a s  

aD2 8D2 a D 2  

Bk+l 

(2x3) r2 a52] 
evaluated along t h e  - - L _  

'$2 nominal a t  t k+ l  
aR2 a e 2  

The a n a l y t i c  p a r t i a l  d e r i v a t i v e s  def in ing  Bk+l may be e a s i l y  

computed from t h e  equat ions  given i n  Sec t ion  I). 

For any of t he  poss ib l e  augmented state vec to r  op t ions ,  
i s  computed according t o  t h e  above procedures ,  Bk+l t h e  mat r ix  

depending on which measurement parameters are included i n  t h e  
augmented state. The STEM e r r o r  a n a l y s i s  and s imula t ion  modes 
then pu t  t oge the r  t h e  proper observa t ion  matrix %+1 from 

and t h e  p a r t i c u l a r  augmented state v e c t o r  being %+lr Bk+ls 
used. 

3 .  S t a t e  t r a n s i t i o n  matrices.- To compute t h e  state t r a n s i t i o n  
fo r  t h e  augmented state vec to r ,  i t  is  clear from 'k+l, k mat r ix  

equat ion  (124) t h a t  t h e  only a d d i t i o n a l  c a l c u l a t i o n s  involved a r e  
a s soc ia t ed  with t h e  genera t ion  of t h e  submatrix Ok+l,k.. This 
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submatrix relates l i n e a r  pe r tu rba t ions  i n  p o s i t i o n  and v e l o c i t y  
a t  the  t i m e  

t h a t  a f f e c t  t h e  t r a j e c t o r y  over t h e  t i m e  i n t e r v a l  

t o  l i n e a r  pe r tu rba t ions  i n  the  dynamic cons t an t s  tk+l 
A t  = tk+l - tk. 

- - 
"%+l 

61-15 

6v t p  

6a 

6e 

6 i  

P 

P 

P 
L 4 

Within t h e  e r r o r  a n a l y s i s  and s imula t ion  modes of STEM, 
f i v e  dynamic parameters may be added t o  the  state vec to r .  These 
f i v e  are t h e  g r a v i t a t i o n a l  cons t an t s  of t h e  sun and t a r g e t  p l a n e t ,  

and 1.1 and t h r e e  t a r g e t  p l ane t  ephemeris b i a s e s ,  a 

e and i . Assume, again f o r  i l l u s t r a t i o n ,  t h a t  IAUG = 9.  

Then t h e  p a r t i t i o n e d  equat ion  f o r  t h e  s t a t e  t r a n s i t i o n  mat r ix  

ps t P '  P' 

P' P 

'k+l, k i s  given by 

" 'k+l 'k+l , k 

i 
I 

1 
- 1  

I 

I 

'k+l,k I 

0 1  

_ _ _ _  ""'4 (129) 

6p 1 

i s  t h e  6 x 6 s t a t e  t r a n s i t i o n  mat r ix  f o r  t h e  non- 

i s  t h e  6 x 5 submatrix whose computa- 
'k+l, k where 

augmented state and 8 

t i o n  completes t h e  s p e c i f i c a t i o n  of t h e  e n t i r e  s ta te  t r a n s i t i o n  
k+l  , k 

matrix Yk+l,k' 

recall t h a t  t h e  solu- To exp la in  t h e  genes is  of 'k+l, k 

t i o n  $+1 

tk+l 

t o  t h e  s p a c e c r a f t  equat ions of motion a t  t h e  t i m e  

can be w r i t t e n ,  i n  symbolic form, as 

- 
L e t  \ be t h e  nominal p o s i t i o n  and v e l o c i t y  a t  tk and l e t  

r ep resen t  t h e  nominal va lues  f o r  t h e  dynamic parameters.  I f  
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- 
$+1 is t h e  nominal s o l u t i o n  t o  t h e  equat ions  of motion; t h a t  is, 

+ -  a f  - 
evalua ted  along 

then l i n e a r  v a r i a t i o n s  around t h a t  nominal, al lowing f o r  pe r tu r -  

ba t ions  i n  both $ and P, may be w r i t t e n  a s  
- - 

6P 

eva lua ted  along 
I t h e  nominal I t h e  nominal 

The q u a n t i t y  y a f  i n  t h e  above expression may be recognized a s  

t h e  state t r a n s i t i o n  submatrix Ok+l,k. 
ap 

Within STEAP, t h e  mat r ices  Ok+l,k a r e  always computed 

by numerical  d i f f e renc ing .  To i l l u s t r a t e  t he  c a l c u l a t i o n  of one 

column of Ok+l,k, let  s+l and $ be nominal p o s i t i o n s  and 

v e l o c i t i e s  a t  tk+l and tk r e s p e c t i v e l y .  These nominal va lues  

r e s u l t  from the  assumption t h a t  t he  g r a v i t a t i o n a l  cons tan t  of 
t h e  Sun i s  given by 1.1,. Now set 1 . 1 ~  = 1.1, + A ~ . I ~  and perform the  

n-body t r a j e c t o r y  computation over t he  i n t e r v a l  

new value f o r  t h e  spacec ra f t  p o s i t i o n  and v e l o c i t y ,  c a l l  i t  

$+1, r e s u l t s .  Define t h e  vec tor  AX = s+l - Xk+l. Divide each 

component of AX by t h e  pe r tu rba t ion  magnitude Aps and t h e  re- 

s u l t a n t  vec to r  forms t h e  column of Ok+l,k t h a t  a s s o c i a t e s  l i n -  

e a r  p e r t u r b a t i o n s  i n  p o s i t i o n  and v e l o c i t y  wi th  l inear  per turba-  
t i o n s  i n  t h e  g r a v i t a t i o n a l  cons tan t  f o r  t h e  Sun, 

- - 

[ tk '  %+l] A 

w ,. - 

When IAUG = 9, f i v e  s e p a r a t e  i n t e g r a t i o n s  must be used 

Ok+l,k. Each of t h e  f i v e  dyna- t o  b u i l d  up t h e  f i v e  columns of 

mic cons tan t  b i a s e s  i s  va r i ed  sepa ra t e ly  and t h e  t r a j e c t o r y  is  
computed again.  
mations t o  t h e  a n a l y t i c  p a r t i a l s  def ined by equat ion (132). 

These numerical  q u a n t i t i e s  should be good approxi- 
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The computation of the state transition and observation 
matrices for augmented states is, as has been shown, relatively 
straight forward. However, storing these calculated values in 
proper arrays, depending on the augmented state option is a com- 
plex bookkeeping problem. It is hoped that a future version of 
STEAP will permit arbitrary augmentation (specification of any 
combination of additional parameters) with many more possible 
augmented parameters. 
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VI. SIMULATION MODE - ANALYSIS 

There i s  an e s s e n t i a l  d i f f e r e n c e  between t h e  phi losophies  
governing the  e r r o r  a n a l y s i s  and s imula t ion  modes of STEAP. 
e r r o r  a n a l y s i s  mode i s  p r imar i ly  a p r e f l i g h t  mission a n a l y s i s  t o o l  
t h a t  gives  information r e l a t e d  t o  u n c e r t a i n t i e s  about some spec i -  
f i e d  nominal t r a j e c t o r y .  By c o n t r a s t ,  t h e  s imula t ion  mode is  de- 
signed f o r  a d e t a i l e d  a n a l y s i s  of  t h e  o r b i t  determinat ion proce- 
dure  and i t s  e f f i c a c y  i n  t h e  presence of a hos t  of poss ib l e  anom- 
alies, The e r r o r  a n a l y s i s  mode might b e  used t o  determine t h e  
nominal t r a j e c t o r y  design f o r  a s p e c i f i c  mission; t h e  s imula t ion  
mode then  "flies" t h e  mission, w i t h i n  t h e  computer, ' and can pro- 
v i d e  inva luable  information f o r  mission ope ra t ions ,  

The 

The computational s t r u c t u r e  of t h e  s imula t ion  mode i s  similar 
t o  t h a t  of t h e  e r r o r  a n a l y s i s  mode. There is a b a s i c  cyc le  i n  
which subsequent measurements are processed consecut ively and 
t h e r e  are events  where c a l c u l a t i o n s  not  s p e c i f i c a l l y  r e l a t e d  t o  
t h e  measurement-processing cyc le  are made. The f i r s t  s e c t i o n  of 
t h i s  chapter  o u t l i n e s  i n  d e t a i l  t h e  equat ions and l o g i c  used with- 
in  t h e  b a s i c  cyc le  of t he  s imula t ion  mode. The second s e c t i o n  
treats t h e  most complex event ,  namely t h e  guidance event where 
midcourse c o r r e c t i o n s  are simulated.  I n  t h e  t h i r d  s e c t i o n  t h e  
o t h e r  events  are presented,  inc luding  t h e  q u a s i l i n e a r  f i l t e r i n g  
event t h a t  i s  included f o r  i t s  poss ib l e  divergence prevent ion 
a b i l i t i e s .  
lems of divergence and nonobservabi l i ty  t h a t  can plague an o r b i t  
determinat ion procedure.  

The f o u r t h  s e c t i o n  inc ludes  a d i scuss ion  of t he  prob- 

The computations themselves, w i t h i n  t h e  s imula t ion  mode, are 
n o t  any more d i f f i c u l t  than i n  t h e  error a n a l y s i s  mode. There 
are, however, many more of them and i n  t h e  d i scuss ion  t o  follow 
some of t h e  most important f e a t u r e s  of t he  s imula t ion  mode may 
be d iscussed .  Chapter VI1 Section D of t h i s  volume, which conta ins  
comments on t h e  r e s u l t s  of s e v e r a l  a c t u a l  runs  wi th  t h e  s imulat ion 
mode, w i l l  he lp  c l a r i f y  and exp la in  t h e  many poss ib l e  uses  of t h i s  
, p o r t i o n  of STEAP. 

A. The Basic Cycle 

Recall t h a t  i n  t h e  e r r o r  a n a l y s i s  mode only two vec tor  quan- 
t i t ies ,  t h e  nominal state vec tor  X and its as soc ia t ed  covariance 
matrix of o r b i t  determinat ion unce r t a in ty  P,  were c a r r i e d  along 

96 



through each s t e p  i n  t h e  b a s i c  cyc le .  Within t h e  s imula t ion  mode 
t h e r e  are f i v e  key q u a n t i t i e s  c a r r i e d  from s t e p  t o  s t e p  i n  t h e  

b a s i c  cyc le .  L e t  tk and 

k + lst 
t h e  s imulat ion mode are t h e  f i v e  q u a n t i t i e s :  

be  t h e  t i m e s  of t h e  k e  and tk+l 
measurements, w i th  no events  between them. Avai lable  i n  

1 )  X(tk)  = % = Orig ina l  nominal s ta te  vec tor  of p o s i t i o n  
and v e l o c i t y  a t  t h e  t i m e  tk, designed t o  

s a t i s f y  some set  of t a r g e t  condi t ions  
under some set of " in tegra t ing"  condi- 
t i o n s ;  

- - 
2) X ( t k )  = xk = Most r ecen t  nominal s ta te  vec to r ,  only 

d i f f e r e n t  from S, a f t e r  a quas i - l inear  

f i l t e r i n g  event t h a t  updates t h e  s ta te  
vec to r  by the  estimate; 

3) d< = "Actual" s ta te  vec to r  dev ia t ion  from most 
r ecen t  nominal t r a  j e c t  ory ; .. 

= Estimated state vec to r  dev ia t ion  from 
most r e c e n t  nominal t r a j e c t o r y  ; 

5) pk+ = E /(E4 - d i )  ( 6 i  - dXkjT] = Sta t i s t i ca l  

d e s c r i p t i o n  of o r b i t  determinat ion o r  
naviga t ion  unce r t a in ty  a f t e r  processing 
a l l  measurement d a t a  up t o  and includ-  
ing  t h e  t i m e  tk. 

The b a s i c  c y c l e  of t h e  s imula t ion  mode r e f e r s  t o  t h e  computa- 
t i o n a l  process  by which t h e  s u b s c r i p t s  on t h e  above q u a n t i t i e s  are 
changed from k t o  k + 1. I n  terms of s imula t ing  a real  f l i g h t ,  
changing t h e  s u b s c r i p t s  implies  t h e  processing of m o t h e r  measure- 
ment. Before proceeding wi th  a step-by-step d i scuss ion  of t h i s  
b a s i c  cyc le ,  i t  i s  worthwhile t o  po in t  ou t  t h a t ,  un l ike  t h e  e r r o r  
a n a l y s i s  mode, t h e  s imula t ion  mode is involved i n  a c t u a l l y  process- 
ing  d a t a  t o  estimate an i n t e r p l a n e t a r y  t r a j e c t o r y ,  Some "actual"  
t r a j e c t o r y  is be ing  flown wi th in  t h e  computer and simulated meas- 
urements from Earth-based t r ack ing  s t a t i o n s  are recorded, based 
upon t h i s  "actual"  t r a j e c t o r y .  These measurements are then  proc- 
en;sed i n  a r e c u r s i v e  o r b i t  determinat ion algorithm; thus  t h e  s i m -  
u l a t i o n  mode provides  a check of t h e  o r b i t  determinat ion proce- 
dure ' s  a b i l i t y  t o  reproduce t h e  "actual"  t r a j e c t o r y  under a wide 
set of condi t ions  t h a t  might b e  a n t i c i p a t e d  on an a c t u a l  i n t e r -  
p lane tary  mission. 
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The f i r s t  s t e p  i n  t h e  b a s i c  c y c l e  of t h e  STEAP s imula t ion  mode 
b v o l v e s  c a l l i n g  t h e  measurement schedul ing subrou t ine  w i t h  t h e  
latest  t r a j e c t o r y  t i m e  tk. The schedul ing  subrout ine ,  which has 

ordered a l l  t h e  measurements t o  b e  made during t h e  f l i g h t  of t h e  
of simulated t r a j e c t o r y ,  r e t u r n s  information on t h e  t i m e  

t h e  next  measurement and the  kind of measurement (Doppler d a t a '  
from Goldstone, a Canopus-Mars angle ,  etc) t h a t  occurs  at t h a t  
t i m e .  Next t h e  event schedul ing subrout ine  is consul ted t o  de t e r -  
mine whether o r  not  some computational event (such as guidance) 
occurs  b e f o r e  t h e  next measurement is t o  b e  processed. 
t h e  b a s i c  cyc le  is terminated,  c o n t r o l  i s  re turned  t o  another  p a r t  
of t h e  program, and t h e  necessary event information i s  computed. 

tk+l 

If so, 

of t h e  kth tk  I f  no events  t ake  p l ace  between t h e  t i m e  

measurement and t h e  time tk+l of t h e  k 4- lSt measurement, t h e  

b a s i c  c y c l e  next  uses  t h e  v i r t u a l  mass t r a j e c t o r y  mode, a v i l a b l e  
as an n-body subrout ine  wi th in  both t h e  e r r o r  a n a l y s i s  and simu- 
l a t i o n  modes, f o r  t h e  computation of t h e  o r i g i n a l  nominal s ta te  
vec to r  %+1 a t  t h e  next  measurement t i m e .  An important po in t  

should b e  s t r e s s e d  here .  Within t h e  s imula t ion  mode, two separate 
n-body r o u t i n e s  are used,  both based on t h e  v i r t u a l  mass concept.  
One of  t h e s e  r o u t i n e s ,  c a l l e d  t h e  a c t u a l  i n t e g r a t o r  NTM1, sup- 

posedly r e p r e s e n t s  t h e  real world wi th in  t h e  program and genera tes  
"actual"  t r a j e c t o r y  d a t a .  The second r o u t i n e ,  c a l l e d  t h e  assumed 
i n t e g r a t o r  NT%, is used f o r  t h e  o r i g i n a l  nominal t a rge ted  tra- 

j e c t o r y ,  t h e  updated nominals, and a l l  est imated t r a j e c t o r i e s .  Its 
f ixed  t i m e  anomaly arc f o r  t r a j e c t o r y  computation may b e  l a r g e r  
than NTM1, its ephemeris may b e  approximate o r  incomplete, and 

i t s  phys ica l  cons tan ts  used f o r  t h e  n-body package may be assumed 
in  e r r o r .  
a b l e  t o  t h e  s imula t ion  mode is perhaps s u b t l e .  
c r a f t  f l i g h t s  t a k e  p lace ,  t h e  real equat ions  of motion governing 
t h e  v e h i c l e  are never  completely known. Thus, t o  s imula te  an in- 
t e r p l a n e t a r y  t r a j e c t o r y  i n  a computer program and make i t  realistic 
it should be  p o s s i b l e  t o  show what happens when t h e  o r b i t  determin- 
a t i o n  a lgor i thm does no t  have p r e c i s e  knowledge of a l l  t h e  a c t u a l  
q u a n t i t i e s  involved. The adoption of two d i f f e r e n t  t r a j e c t o r y  
r o u t i n e s  should permit a deeper s tudy of t h e  problems a s soc ia t ed  
wi th  t h e  nav iga t ion  procedure.  

The purpose of having two d i s t i n c t  n-body r o u t i n e s  avail- 
When actual space- 
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Returning t o  t h e  b a s i c  cyc le ,  a f t e r  

t h e  o r i g i n a l  nominal s ta te  vec to r  Xk+l 
assumed i n t e g r a t o r  is then used t o  compute t h e  most recent  nominal, 
%+1 at  t h e  new t i m e .  I f ,  p r i o r  t o  

l i n e a r  f i l t e r i n g  events t h a t  have updated t h e  nominal, then t h e  
most r ecen t  nominal s ta te  vec tor  

NT% 
a t  t h e  new t i m e ,  t h e  

is used t o  c a l c u l a t e  - 

t h e r e  have been no quasi-  tk' 

q+l is t h e  same as t h e  o r i g i n a l  - 
xa+l 

The nex t  s t e p s  i n  t h e  b a s i c  cyc le  f o r  t h e  s imula t ion  mode are 
t h e  same as those  i n  t h e  e r r o r  a n a l y s i s  mode. The new naviga t ion  

unce r t a in ty  covariance matr ix  

and t h e  r e s i d u a l  unce r t a in ty  mat r ix  Sk+l are computed from t h e  

b a s i c  Kalman r e c u r s i v e  es t imat ion  algori thm, 

%+l* + t h e  Kalman gain mat r ix  'k+l* 

- - + T  - 
'k+l 'k+l, k 'k 'k+l, k + Qk+l k 

- 
'k+l = Hk+l 'k+l HTk+l + %+l 

-1 - - HT Kk+l - 'k+l k+l 'k+l 

- - - + 
'k+l - *;+I Kk+l Hk+l 'k+l 

is t h e  requi red  state t r a n s i t i o n  mat r ix  'k+l, k where, as be fo re ,  

and Qk+l,k 
matrix Sk+l desc r ibes  t h e  s ta t i s t ics  of t h e  a c t u a l  measurement 

r e s i d u a l  and is very important i n  what is  known as adap t ive  f i l t e r -  
ing ,  a t o p i c  t o  b e  discussed i n  Sect ion D of t h i s  chapter .  An ex- 
tens ion  of t h e  cu r ren t  program t o  permit t h e  use  of adap t ive  f i l t e r -  
i n g  would n o t  b e  d i f f i c u l t .  

i s  the  process  n o i s e  matrix. The r e s i d u a l  unce r t a in ty  

The next  s t e p s  of t h e  STEAP s imula t ion  mode b a s i c  cyc le  are 
concerned-with t h e  generat ion of  t h e  "ac tua l"  s ta te  vec to r  devi-  
a t i o n s  d\+l a t  t h e  t i m e  tk+l, referenced  t o  t h e  most recent  

nominal t r a j e c t o r y .  

namely Xk + d$, is . f i r s t  used i n  t h e  a c t u a l  i n t e g r a t o r  NTMl 
I tk' 

The complete "ac tua l"  state vec to r  a t  
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t o  ob ta in  a quan t i ty  Zk+l, 

at tk+l 

which would be  t h e  a c t u a l  state vec to r  

i f  t h e r e  w e r e  no unmodeled a c c e l e r a t i o n s  between tk 
However, t h e  program al lows f o r  t h e  add i t ion  of un- k+l .. .. .. and t 

modeled a c c e l e r a t i o n s  6X, 6Y, and 62 t h a t  i n t e g r a t e  i n t c  a 
state vec to r  a d d i t i o n  w ~ + ~ .  Thus, t h e  requi red  quan t i ty  
becomes dXki-l 

- dXk+l - 'k+l + wk+l - %+l 

is t h e  a c t u a l  unmodeled add i t ion  t o  the  state vec to r  k+l where w 

over t h e  def ined  i n t e r v a l .  

Unmodeled a c c e l e r a t i o n s  are permit ted t o  cor rupt  t h e  a c t u a l  
s tate vec to r  f o r  a very d e f i n i t e  purpose. Along an i n t e r p l a n e t a r y  
f l i g h t ,  many p o s s i b l e  sources  of mechanical difficulty onboard the 
v e h i c l e  could g ive  rise t o  small a c c e l e r a t i o n s .  It is important ,  
f o r  t h e  purposes of t h e  s imula t ion ,  t o  determine how t h e  o r b i t  
determinat ion a lgor i thm reacts i n  t h e  presence of small accelera- 
t i o n s  about which t h e  a lgor i thm i t s e l f  has no s p e c i f i c  knowledge. 

Another d ig re s s ion  concerning t h e  underlying philosophy of 
t h e  s imula t ion  mode is now warranted. 
e s s e n t i a l l y  t o  test a s p e c i f i c  naviga t ion  and guidance process ,  
i n s o f a r  as is  poss ib l e ,  under real condi t ions .  Four key assumed 
s ta t is t ical  d e s c r i p t i o n s  are used by t h e  es t imat ion  algori thm t o  
produce t h e  opt imal  estimate of t h e  s ta te  vec to r .  These four  
are t h e  i n j e c t i o n  covariance Po, t h e  process  n o i s e  matrices 

Qk+l, k ' - 
c o r r e c t i o n  execut ion e r r o r  covariances 

r ep resen t  assumed e r r o r s  and t h e i r  p r o b a b i l i s t i c  desc r ip t ions .  
Obviously t h e  convergence of t h e  est imated t r a j e c t o r y  t o  t h e  
a c t u a l  t r a j e c t o r y ,  f o r  a real f l i g h t ,  is  a func t ion  of t h e  ac- 
curacy of t h e s e  a p r i o r i  s tatist ics.  To test t h e  o r b i t  de te r -  
mination and guidance process  wi th in  t h e  s imula t ion  mode, a c t u a l  
i n j e c t i o n  e r r o r s  AXo, a c t u a l  midcourse execut ion e r r o r s ,  a c t u a l  

unmodeled a c c e l e r a t i o n s ,  and a c t u a l  measurement n o i s e  s ta t is t ics  
& may b e  s p e c i f i e d  by t h e  u s e r .  These s p e c i f i c a t i o n s  permit 

t h e  s tudy  of t he  e f f e c t  of bad a p r i o r i  s tatist ics on t h e  success  
of t h e  def ined  naviga t ion  and guidance algori thms.  

Reca l l  t h a t  i t s  purpose is 

t h e  measurement n o i s e  matrices Rk, and t h e  midcourse 

. A l l  of the  mat r ices  
Qj 

The f i n a l  s t e p s  of t h e  s imula t ion  mode b a s i c  cyc le  are con- 
cerned wi th  t h e  computation of thehlast of t h e  f i v e  needed quan- 
t i t ies ,  t h e  est imated dev ia t ion  6%+1 from the  most r ecen t  
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mminal state vec to r .  F i r s t ,  t h e  most r ecen t  nominal state vec tor  

$+1 
'k+l 
r o u t i n e ,  t h e  kind of measurement made a t  

whatever measurement kind is used, t h e r e  is a f u n c t i o n a l  r e l a t i o n -  
s h i p  r e l a t i n g  t h e  measurement t o  t h e  s t a t e  vec to r  t h a t  is given 

'k+l = (Xk+l' p, 

is used t o  determine t h e  most r ecen t  nominal observat ion 

a t  t h e  t i m e  tk+l. From t h e  measurement schedul ing sub- 

is known. For tk+l 

by 

where p are parameters,  such as s t a t i o n  l o c a t i o n  coord ina tes ,  
t h a t  are used i n  t h e  computation of 

given by $ +1 + d%+l, is used toge ther  state vec to r  a t  

wi th  a c t u a l  s t a t i o n  l o c a t i o n  coord ina tes  p t o  compute 

t h e  "ac tua l"  measurement t h a t  would have been made i n  t h e  absence 
of any ins t rumenta t ion  e r r o r s ,  according t o  

Yk+l. Next t h e  "ac tua l"  

tk+l ' 
xk+l' 

xk+l = (%+l, 'k+l* .) 
To t h i s  quan t i ty  is added t h e  "actual"  measurement b i a s  

f o r  t h i s  p a r t i c u l a r  w e l l  as t h e  sampled measurement n o i s e  v 

measurement, obtained by randomly sampling t h e  a c t u a l  measurement 
n o i s e  covariance mat r ix  

assumed measurement no i se  Rk+l). 

a t  t h e  t i m e  tk+l, which is  t h e  only output  of t h e  a c t u a l  por-  

t i o n  of t h e  s imula t ion  mode t h a t  i s  a v a i l a b l e  t o  t h e  es t imat ion  

algori thm, i s  given by 

b ,  as 

k+l ' 

which may o r  may no t  equal  t h e  %+l ( 
Thus t h e  "ac tua l"  measurement 

a where 'k+l' 

a 
'k+l 

The measurement t h a t  
d i c t s  is next  ca l cu la t ed  

e -  - 
'k+l . 

t he  es t imat ion  algori thm expec ts  o r  pre- 
as 

.., 
,., A 

'k+l + 'k+l 'k+l,k *%' 
where Hk+l 

t i o n s  in  t h e  measurements a t  t h e  t i m e  

t i o n s  about t h e  most recent nominal s ta te  vec to r  a t  the  same t i m e .  

i s  t h e  observat ion >matrix r e l a t i n g  l i nea r  per turba-  

tk+l t o  l i n e a r  per turba-  

101 



I f  t h e  est imated t r a j e c t o r y  and the  a c t u a l  t r a j e c t o r y  were coin- 
c iden t  a t  t h e  t i m e  tk and t h e  l i n e a r i t y  assumptions regard ing  

t h e  computation of  

i f ,  i n  add i t ion ,  t h e  measurement ins t rumenta t ion  w e r e  p e r f e c t ,  
then  t h e  expected and a c t u a l  measurements would agree.  
urement r e s i d u a l  a t  t h e  t i m e  tk+l is next  ca l cu la t ed  as 

w e r e  completely v a l i d ,  and 

The meas- 

Hk+l and 'k+l,k 

a e 
k+l 'k+l - 'k+l E 

Finally, using t h e  s tandard  Kalman f i l t e r i n g  equat ions ,  t h e  esti-  
x 

mated dev ia t ion  6J$+l ... 
2#+1 a t  t h e  t i m e  tk+l 

from t h e  most 

is given by 

r ecen t  nominal s ta te  vec to r  

&5€+1= 

is t h e  Kalman gain mat r ix  def ined earlier. Kk+l where 

i n d i c a t e s  one of two k+l The presence of l a r g e  r e s i d u a l s ,  E 

th ings :  
t h e  est imated t r a j e c t o r y  is no t  t r ack ing  t h e  a c t u a l  t r a j e c t o r y .  
The concept of adap t ive  f i l t e r i n g  mentioned i n  a preceding para- 
graph involves  checking t h e  magnitude of t h e  r e s i d u a l  vec to r  

a g a i n s t  i t s  assumed a p r i o r i  s tatist ics Sk+l as computed 

by t h e  es t imat ion  algori thm. A s ta t i s t ica l  incons is tency  between 
t h e  two is an i nd ica t ion  of f i l t e r  divergence. 

e i t h e r  t h e  n o i s e  on t h e  measurements is very high,  o r  

k+l E 

The b a s i c  cyc le  of t h e  s imula t ion  mode i s  e s s e n t i a l l y  c m p l e t e  
when t h e  f i v e  needed q u a n t i t i e s  are determined. However, w i t h i n  
t h e  s imula t ion  mode of STEAP, t h r e e  o t h e r  vec to r s  of p a r t i c u l a r  
interest at  a guidance event are computed. These are t h e  a c t u a l  
o r b i t  determinat ion unce r t a in ty  and both t h e  a c t u a l  and est imated 
d e v i a t i o n s  from t h e  o r i g i n a l  nominal. 

B. Guidance Event 

J u s t  as in  t h e  e r r o r  a n a l y s i s  mode, t h e  most complex compu- 
t a t i o n a l  event in  t h e  s imula t ion  mode is  t h e  guidance event.  
t h e  s imula t ion  mode guidance event  a lgori thm, not on ly  is t h e  exe- 
c u t i o n  e r r o r  covariance matrix computed, b u t  also a commanded and 

I n  
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a n  a c t u a l  c o r r e c t i o n  m u s t  be ca l cu la t ed ,  based on some guidance 
po l i cy  and model of the execution process.  

Let  t be the time of the jth guidance c o r r e c t i o n  and l e t  
j 

t be the  time of t he  l a s t  measurement before  the  co r rec t ion .  From 

t h e  b a s i c  c y s l e  of t h e  s imulat ion mode, t h e  f i v e  q u a n t i t i e s  % cy dXkY 6 i ,  and Pk, defined i n  t h e  preceding s e c t i o n ,  are 

a v a i l a b l e  a t  t h e  t i m e  tk. 

t i m e  t i n  a normal fashion t h a t  m i r r o r s  t he  bas i c  cyc le  i n  t h e  

absence of measurements. The assumed n-body r o u t i n e  NTMO is 

used t o  determine X and from % and <. The a c t u a l  

unmodeled s ta te  vec to r  a d d i t i o n  w q  is  ca l cu la t ed  from t h e  un- 

k 

+ 
They are propagated forward t o  t h e  

j 

- 
j j 

J 

At = - tk 
modeled a c c e l e r a t i o n  s p e c i f i e d  over t h e  i n t e r v a l  

and, a f t e r  computing 2 from < + dXk by us ing  NTMl as i n  
- j  

t h e  b a s i c  cyc le ,  dX becomes 
j 

A 

F i n a l l y ,  t h e  remaining two va lues  6 X  and P- fol low the  pre- 

d i c t i o n  equat ions of a Kalman es t ima to r ,  
j j 

P +  t 
- 

j , k  + Q j , k  @ j , k  k @ 
P =  
j 

Qj ,k  
where, as always, Q, is  t h e  s t a t e  t r a n s i t i o n  matrix and 

is t h e  process n o i s e  matrix.  
j , k  

A t  t he  guidance event,  only t h r e e  of t h e  q u a n t i t i e s  are addi- 
t i o n a l l y  changed be fo re  r e t u r n i n g  t o  t h e  b a s i c  cycle .  Both X 
and X t h e  o r i g i n a l  and most r ecen t  nominal state vec to r s  re- 

spec t ive ly ,  are not  a l t e r e d  by t h e  remainder of t he  guidance event  
algorithm. 
ance event according t o  

- j 

j’ 

However, t h e  o the r  t h r e e  are operated on a t  t h e  guid- 
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- 
where Qj 

AV, i s  a 3 x 1 vec to r  of commanded co r rec t ion ,  and 6AV, is  t h e  

i s  t h e  3 x 3 covariance matr ix  of execut ion e r r o r s ,  

J J 

"actual" e r r o r  i n  t h e  co r rec t ion .  
as w e l l  as o the r  a u x i l i a r y  va lues ,  are computed w i t h i n  t h e  guid- 
ance event a lgori thm of  t h e  STEAP simulat ion mode. 

A l l  t h r e e  of t hese  q u a n t i t i e s ,  

Three guidance p o l i c i e s  are a l s o  permit ted i n  t h e  s imulat ion 
mode. They are t h e  same t h r e e  -- FTA, t h ree -va r i ab le  B-plane, and 
two-variable B-plane -- as i n  t h e  e r r o r  a n a l y s i s  mode. For what- 
ever guidance po l i cy  is s p e c i f i e d  a guidance matrix r i s  f i r s t  

c a l c u l a t e d  according t o  t h e  same equations given earlier i n  Chapter 
V, Sect ion E .  A s  p a r t  of t h e  de r iva t ion  of r t h e  v a r i a t i o n  

matr ix  n of dimensional i ty  e i t h e r  3 x 6 o r  2 x 6 according t o  

t h e  po l i cy ,  i s  computed t h a t  s a t i s f i e s  

j 

j '  

j' 

are l i n e a r  v a r i a t i o n s  i n  t h e  t a r g e t  cond i t ions  and 
6tC 

where 

6X are l i n e a r  v a r i a t i o n s  i n  t h e  state v e c t o r  a t  t h e  t i m e  of t h e  
j 

j th guidance co r rec t ion .  Within t h e  s imula t ion  mode, 

based on deviat ions around t h e  most r ecen t  nominal t o  ensure 
g r e a t e r  v a l i d i t y  of t h e  l i n e a r i z i n g  approximation. 

is Y 
* 

Once r has been computed, t h e  est imated dev ia t ion  6 X  
j j 

from the o r i g i n a l  nominal is determined from 
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Recal l  t h a t  t h e  o r i g i n a l  nominal t r a j e c t o r y  w a s  assumed t o  s a t i s f y  
c e r t a i n  s p e c i f i e d  t a r g e t  condi t ions  and thus  t h e  midcourse correc- 
t i o n  AV 

o r i g i n a l  nominal. Based on a l i n e a r ,  impulsive guidance scheme, 
t h e  commanded co r rec t ion  AV is simply 

is chosen t o  n u l l ,  t a r g e t  condi t ion  dev ia t ions  from t h e  
j 

j 
n 

AV = r 6x 
j j j  

For comparison purposes and t o  show t h e  s e n s i t i v i t y  of 

naviga t ion  e r r o r s  a t  t h e  t i m e  of t h e  

t h e  a c t u a l  s tate vec tor  dev ia t ion  dX, from t h e  o r i g i n a l  nominal. 

AV t o  
j 

jth co r rec t ion ,  an a u x i l i a r y  
c a l l e d  t h e  pe r fec t  co r rec t ion ,  is determined from 

vector ?I7  
- .., J - 

Since  dX = X + dX - X t h e  p e r f e c t  co r rec t ion  is given by 
j j  j j '  

AV = l' dX 
j j j  

The vec tor  AVe, c a l l e d  t h e  e r r o r  I n  

ga t ion  unce r t a in ty ,  may b e  w r i t t e n  as 

j 
AVe = AV - AV 

-j 

(139) 

t h e  co r rec t ion  due t o  navi-  

t o  determine the  

t h a t  i n  t h e  guid- 

The commanded co r rec t ion  A V  is now used 

execut ion e r r o r  covariance mat r ix  Q, . R e c a l l  
j -  

J 
ance event a lgor i thm f o r  t h e  e r r o r  a n a l y s i s  mode, t h e  execution 

e r r o r  matrix Q , in  t h e  absence of e s t ima t ion ,  w a s  computed from 

an  e f f e c t i v e  midcourse co r rec t ion  vec tor  "E p V j ] " .  The calcu- 

l a t i o n  of t h e  execut ion e r r o r  matrix Q i n  t h e  s imula t ion  mode, 

as would be  expected,  is exac t ly  t h e  same, except t h a t  now t h e  
components of AVj  , t h e  commanded co r rec t ion ,  are used t o  de- 

termine t h e  elements of t he  matrix Q 

I 

j 
- 
j 

* 

j' 

The p r o b a b i l i s t i c  u n c e r t a i n t i e s  i n  t h e  t a r g e t  condi t ions  be- - 
j 

b e f o r e  and after t h e  co r rec t ion ,  def ined  by t h e  matrices W 

and W.' and discussed i n  Chapter V ,  Sect ion E ,  are next  cal- 

cu la t ed  t o  show t h e  t a r g e t  condi t ion ga ins ,  o r  l i k e l y  ga ins ,  from 
making t h e  co r rec t ion .  

j 
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The only quan t i ty  remaining f o r  t h e  guidance event a lgori thm 
The same exe- t o  compute is t h e  "actual"  execut ion e r r o r  

cu t ion  e r r o r  model used i n  t h e  e r r o r  a n a l y s i s  mode is again as- 
sumed. I f  t h e r e  are a t o t a l  of n midcourse co r rec t ions ,  then 
a a r r a y  of a c t u a l  execut ion e r r o r s  are input  t o  the  pro- 

gram. For t h e  jth midcourse co r rec t ion ,  t hese  a c t u a l  e r r o r s ,  
which may or  may n o t  b e  c o n s i s t e n t  with t h e  input  var iances  on 

t h e  same q u a n t i t i e s  used f o r  t h e  ca l cu la t ion  of Q a r e  

s j  = a c t u a l  r e s o l u t i o n  e r r o r  a t  j co r rec t ion ;  

dAV 3 '  

4 x n 

-, 

j '  
t h  

k j  = a c t u a l  p ropor t iona l i t y  e r r o r  a t  jth co r rec t ion ;  

d a j ,  dBj - a c t u a l  angular  po in t ing  e r r o r s  a t  jth cor rec t ion .  

Following t h e  de r iva t ion  of  t h e  execution e r r o r  6AV given 
i n  Chapter V ,  Section E,  t h e  a c t u a l  execut ion e r r o r  a t  t h e  t i m e  

of the jth co r rec t ion  is found t o  be  

where 

1/2 
p = (AV; + AV: + AV:) 

A * A  

i, j ,  k are t h e  u n i t  vec to r s  i n  XYZ h e l i o c e n t r i c  e l i p t i c  
system and AVx, AVy, AVZ are t h e  h e l i o c e n t r i c  e l i p t i c  compo- 

nents of t h e  commanded c o r r e c t i o n  AV 
j' 
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Before r e tu rn ing  t o  t h e  b a s i c  cyc le  wi th  t h e  necessary com- 

The two most important are t h e  e r r o r  a t  t h e  t a r g e t  
puted information,  several a d d i t i o n a l  v e c t o r s  of i n t e r e s t  are 
ca l cu la t ed .  
due t o  naviga t ion  unce r t a in ty  and the e r r o r  a t  t h e  t a r g e t  due t o  
t h e  execut ion e r r o r .  L e t t i n g  rl again be  t h e  v a r i a t i o n  mat r ix ,  

t h e  e r r o r  a t  t a r g e t  due t o  naviga t ion  unce r t a in ty ,  def ined  by 
E i s  give  by 

j 

n '  

En = 9 [dxj - 41 
Simi la r ly ,  t h e  e r r o r  a t  t h e  t a r g e t  due t o  t h e  execut ion e r r o r  may 
b e  ca l cu la t ed  as 

(142) 

The "ac tua l"  e r r o r  a t  t h e  t a r g e t  a f t e r  t h e  co r rec t ion  is t h e  
vec to r  sum of t h e  two above q u a n t i t i e s .  

C .  Other Events 

Three o t h e r  events  are permiss ib le  when STEAP is opera t ing  
i n  a s imula t ion  mode. The f i r s t  two, e igenvector  events  and pre- 
d i c t i o n  events ,  are j u s t  t h e  same as they are i n  t h e  e r r o r  analy- 
sis mode except t h a t  a l l  f i v e  q u a n t i t i e s  must f i r s t  b e  propagated 
forward t o  t h e  event  t i m e .  This  i s  accomplished i n  t h e  same fash- 
ion as it is a t  t h e  beginning of a guidance event  and warran ts  no 
a d d i t i o n a l  comment. 

The t h i r d  event  i s  c a l l e d  a quas i - l inear  f i l t e r i n g  event .  
A t  a quas i - l inear  f i l t e r i n g  event  t h e  o r i g i n a l  nominal t r a j e c t o r y  
is updated by us ing  t h e  most r ecen t  estimate. The purpose of t h e  
update  is t o  combat divergence due t o  t h e  p o s s i b l e  i n v a l i d i t y  of 
t h e  l i n e a r i t y  assumption t h a t  is t h e  b a s i s  f o r  t h e  es t imat ion  
a lgor i thm be ing  used. S p e c i f i c a l l y ,  updating t h e  nominal t r a j e c -  
t o r y  r e s u l t s  in b e t t e r  computations of t h e  CP and H matrices 
be ing  used i n  t h e  weight ing at the t i m e  of processing each meas- 
urement. 

L e t  tE b e  t h e  t i m e  of a quas i - l inear  f i l t e r i n g  event  and - 
assume t h a t  5, &, 6 4 ,  dXE, and PE have a l l  r e s u l t e d  

from t h e  usua l  propagat ion of t h e  f i v e  q u a n t i t i e s  forward from 
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4 last  measurement. Defining by s, <, 
after t h e  quas i - l i nea r  f i l t e r i n g  event ,  t h e  computations a r e  

etc, t h e  new values  

" " +  .., A -  % = %- + 6XE 

From t h e  equat ions  above i t  i s  easy  t o  see t h a t  t h e  quas i - l inear  
f i l t e r i n g  event e f f e c t i v e l y  j u s t  updates t h e  most recent nominal 
by adding t o  i t  t h e  estimate of dev ia t ions  from t h e  previous most 
r ecen t  nominal. 

Due t o  i n t e r n a l  complexi t ies  of t h e  program, when augmented 
s t a t e s  are being t r e a t e d  i n  t h e  s imula t ion  mode, only t h e  posi- 
t i o n  and v e l o c i t y  components of t h e  s t a t e  vec to r  a r e  updated a t  
a quas i - l i nea r  f i l t e r i n g  event .  Since a l l  t h e  a d d i t i o n a l  param- 
eters i n  t h e  augmented state are cons tan t s  t h a t  are reasonably 
well-known i n i t i a l l y ,  t h i s  l i m i t a t i o n  does not  appear t o  b e  s ig-  
n i f  i c a n t  . 

D. Divergence and Other Problems 

One of t h e  purposes of c r e a t i n g  such a d e t a i l e d  and exten- 
s i v e  s imula t ion  mode was t o  s tudy  t h e  problem of f i l t e r  diver-  
gence, The problem of divergence i n  a r e c u r s i v e  naviga t ion  
process  and a companion d i f f i c u l t y ,  computational nonobserva- 
b i l i t y ,  are t h e  s u b j e c t s  of t h i s  s ec t ion .  

S t r i c t l y  speaking, when divergence occurs  in  a naviga t ion  
process ,  t h e  naviga t ion  is f a i l i n g  t o  nav iga te  proper ly .  The 
phenomenon of divergence never  appears  i n  an e r r o r  a n a l y s i s  
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mode because no a c t u a l  es t imat ion  i s  t ak ing  p l ace  and only covari-  
ance matrices are be ing  propagated. I n  a computer s imulat ion such 
as t h e  STEAP s imula t ion  mode, where an "actual"  t r a j e c t o r y  is  being 
'flown and concurren t ly  es t imated by a naviga t ion  algori thm, f i l t e r  
divergence r e f e r s  t o  t h e  f a i l u r e  of t h e  es t imated  t r a j e c t o r y  t o  
converge, w i t h i n  reasonable  bounds s p e c i f i e d  by t h e  covariance 
matrices, t o  t h e  "actualtr s imulated t r a j e c t o r y .  For real-world 
o r b i t  a p p l i c a t i o n s ,  where t h e  a c t u a l  t r a j e c t o r y  i s  never known, 
divergence i s  occurr ing  when t h e  r e s i d u a l  d i f f e r e n c e  between 
predic ted  and a c t u a l  observa t ion  v e c t o r s  becomes inc reas ing ly  
l a r g e  . 

In e i t h e r  computer s imula t ion  o r  a real o r b i t  determinat ion 
procedure, divergence i n  t h e  r e c u r s i v e  f i l t e r  manifests  i t s e l f  
as a s ta t is t ical  incons is tency  between t h e  measurement r e s i d u a l s  
and t h e  f i l t e r i n g  algori thm. 

r e c u r s i v e  process ,  t h e  matr ix  'k+l = Hk+l 'k+l $+1 + %+l i s  

computed. This  matrix d e f i n e s  t h e  a p r i o r i  s t a t i s t i c s  assoc ia ted  
wi th  t h e  measurement r e s i d u a l  E 

Recall t h a t  a t  each s t e p  of t h e  

The measurement r e s i d u a l  k+l * 
should r ep resen t  a sample from t h e  populat ion def ined by 

When divergence occurs ,  a group of success ive  r e s i d u a l s  
k+l 

'k+l' 
appear less and less l i k e l y ,  s t a t i s t i c a l l y ,  t o  have been sampled 
from t h e i r  covariances Sk+l. 

& 

To i l l u s t r a t e  t h e  divergence mani fes ta t ion  in  terms of measure- 
ment r e s i d u a l s  i n c o n s i s t e n t  w i t h  t h e i r  a p r i o r i  covariances,  assume 
t h a t  a scalar range-rate  measurement is being taken along an i n t e r -  
p l ane ta ry  o r b i t .  For s c a l a r  measurements, t h e  mat r ix  Sk+l is a 

2 scalar r e s i d u a l  var iance ,  c a l l  i t  crE . Suppose t h a t  f o r  t h e  f i r s t  

two hundred measurements, each measurement r e s i d u a l  w a s  compared t o  
i t s  s ta t i s t ica l  va r i ance  by so lv ing  

, j = 1, 2 ,  --- , 100 

f o r  t h e  va lue  K 
t h e  va lues  K produced 

Suppose f u r t h e r  t h a t  a frequency his togram of 
j '  

109 



No. Percent Theore t i ca l  Percent  I n t e r n a l  - 
- -  L K < -  79 39.5 2 -  2 

- -  2 -  3 < K < - T  55 27.5 

< K < - -  5 
2 -  2 

e -  4 . 5  

38.3 

24.17 

6.06 

K < - -  5 4  2.0 0 . 6 2  2 

- -  I < K < -  2 38 
2 -  

13 3 - < K < -  2 -  2 

19 .o 

6 . 5  

5 K < -  2 2 1.0 

24.17 

6 . 0 6  

0.62 

Without sub jec t ing  t h e  above d a t a  t o  a r igorous  chi-square 
test of hypothesis ,  i t  should b e  clear t h a t  t h e  measurement r e s id -  
u a l s ,  each of which is assumed t o  b e  an uncorre la ted ,  Gaussian, 
mean zero  random v a r i a b l e ,  are more o r  less cons i s t en t  wi th  t h e i r  
s ta t is t ics ;  t h a t  is ,  t h e  ensemble va lues  f o r  t h e  measurement res id-  
u a l s  look reasonable  i n  terms of t h e i r  a p r i o r i  va r i ances  used 
wi th in  t h e  es t imat ion  algori thm. 

Now suppose t h a t  t h e  next  n i n e  va lues  of K determined i n  
j ’  

t h e  same fash ion  from t h e  n ine  measurements following t h e  two 
hundredth, are g i v e  by t h e  sequence 

K~~~ = -2 .4  ~ ~ 0 4  = -4.7 ICzo7 = -6 .2 

KZo2 s= -3.7 Kzo5 - 5 . 1  KZo8 -7.1 

K203 -4.4 K~~~ = - 5 . 5  KZo9 = -7 8 

From t h e  underlying assumptions of t h e  naviga t ion  process ,  each 
of t h e s e  events ,  taken s ing ly ,  is extremely un l ike ly .  However, 
t h e  sequence of va lues  given is almost t o t a l l y  un l ike ly  and 
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should r ep resen t  a dead giveaway t h a t  divergence i s  occurr ing.  
Without pursuing t h e  mathematics t o o  f a r ,  it should b e  s t r e s s e d  
t h a t  i f  t h e  n i n e  va lues  given i n  equat ion (146) w e r e  supposedly 
chosen a t  random from a normal d i s t r i b u t i o n  with near  zero  and 
unit var iance ,  t h e  governing d i s t r i b u t i o n  would f a i l  every test 
of s tatist ical  hypothes is .  Such va lues  f o r  K i n d i c a t e  t h a t  
something in  t h e  es t imat ion  process  is d e f i n i t e l y  wrong: t h e  most 
l i k e l y  candidate  f o r  t h e  e r r o r  is t h e  assumed a p r i o r i  S matr ix  
used f o r  weighting by t h e  e s t ima t ion  algori thm. 

The hypo the t i ca l  example given above is t y p i c a l  of t h e  diver-  
gence phenomenon t h a t  r ecu r s  in complex o r b i t  determinat ion proc- 
esses. Often, t h e  process  converges i n i t i a l l y  and then, a f t e r  
many measurements have been taken ,  divergence begins .  A genera l  
explanat ion f o r  t h i s  is t h a t  t h e  covariance matrices as soc ia t ed  
wi th  t h e  est imated s ta te  vec to r  become over ly  o p t i m i s t i c  and, 
subsequently,  tend t o  d i s r ega rd  t h e  new measurement d a t a  i n  t h e  
weight ing process.  

The general  cause  of divergence i s  modeling in su f f i c i ency .  
For most real problems, everything about t h e  dynamical system 
and t h e  observat ions being t r e a t e d  by t h e  f i l t e r  is not  known 
exac t ly .  Unless t h e  es t imat ion  a lgor i thm acknowledges, i n  some 
fa sh ion ,  t h e  incomplete understanding of t h e  governing equat ions,  
divergency may r e s u l t .  A f a m i l i a r  source of i n s u f f i c i e n t  model- 
i n g  is t h e  dynamic equat ions themselves. A l l  t h e  f o r c e s  a c t i n g  
on an i n t e r p l a n e t a r y  spacec ra f t  are never  known exac t ly .  In addi-  
t i o n ,  t h e  f i l t e r i n g  a lgor i thm speaks an per tu rba t ion  equat ions 
r e s u l t i n g  from a l i n e a r i z a t i o n  about some r e f e r e n c e  dynamic s ta te .  
Thus t h e  procedure is working w i t h  appropr i a t e  equat ions and un le s s  
process  n o i s e  is added t o  t h e  computational a lgori thm, t h e  Kalman 
f i l t e r  "thinks" it knows t h e  exac t  equat ions of  motion, whereas 
i n  r e a l i t y  i t  does no t .  

Divergence can a l s o  r e s u l t  from o t h e r  model inadequacies.  
Among t h e  most f requent  causes  are f a i l u r e  t o  account f o r  measure- 
m e n t  n o n l i n e a r i t i e s  when t h e  measurements themselves are very ac- 
c u r a t e ,  neg lec t  of c o r r e l a t e d  e r r o r s  between sequences of measure- 
ments taken by t h e  same ins t ruments ,  and ove r ly  o p t i m i s t i c  a p r i o r i  
e r r o r  s tatist ics desc r ib ing  t h e  measurement no i se .  Within t h e  s i m -  
u l a t i o n  mode of STEAS, t h e  e f f e c t  of a l l  t h e s e  model inadequacies 
on a s p e c i f i c  r e fe rence  t r a j e c t o r y  can b e  t e s t e d .  

Many poss ib l e  s o l u t i o n s  t o  t h e  problem of divergency have been 
pos tu l a t ed  and inves t iga t ed .  Two of t h e  methods of divergence pre- 
vent ion  have been included i n  STEAP and, because they  are t h e  
s imples t ,  they  w i l l  b e  d iscussed  f i r s t .  
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In an earlier s e c t i o n  of t h i s  r e p o r t  t h e  modeling of a process  
n o i s e  mat r ix  Qk+l,k w a s  discussed.  Between measurements i n  t h e  

es t imat ion  algori thm of STEAP, t h e  s ta te  vec to r  a s soc ia t ed  covari-  
ance mat r ix  is  propagated according t o  t h e  equation 

- + T  - 
'k+l - 'k+l,k 'k 'k+l,k + Qk+l,k 

This  Q matrix, t h e  s i z e  of which is s p e c i f i e d  by input  t o  t h e  
program, inc reases  t h e  magnitude of t he  key d iagonal  elements in  
t h e  covariance matrix. Because divergence gene ra l ly  occurs when 
t h e  s ta te  vec to r  a s soc ia t ed  covariances become unduly o p t i m i s t i c  
and a d d i t i o n a l  measurements are weighted very s l i g h t l y ,  t h e  addi- 
t i o n  of Q r e p r e s e n t s  an attempt t o  sys t ema t i ca l ly  downgrade t h e  
dynamics information i n  favor  of t h e  measurements. 

Although t h e  add i t ion  of a proper Q mat r ix  w i l l  impede d i -  
vergence, u n l e s s  i ts  s i z e  i s  determined by phys ica l  cons idera t ions  
it can also slow convergence. Most o f t e n  t h e  Q mat r ix  is  some- 
what a r b i t r a r y  and i ts  exact in f luence  on t h e  es t imat ion  algori thm 
is  no t  c l e a r l y  understood. Thus at tempts  should b e  made, based 
on t h e  modeling f o r  a p a r t i c u l a r  problem, t o  ensure t h a t  t h e  ele- 
m e n t s  of Q are real is t ic .  

A second method of  divergence prevent ion included i n  STEAP 
involves  what is  known as quas i - l inear  f i l t e r i n g .  The fundamen- 
t a l  es t imat ion  process assumes t h a t  v a r i a t i o n s  about t h e  nominal 
t r a j e c t o r y  and nominal measurements are l i n e a r .  
h ighly  accu ra t e  measurements, which is usua l ly  t h e  case  of i n t e r -  
p l ane ta ry  spacec ra f t  t racked by t h e  DSIF, measurement nonl inear-  
i t ies  become s i g n i f i c a n t  model inadequacies  when t h e  a c t u a l  tra- 
j ec to ry  is only s l i g h t l y  d i f f e r e n t  from t h e  nominal. Quasi-l inear 
f i l t e r i n g  e s s e n t i a l l y  permits more accu ra t e  computation of t h e  
l i n e a r  pe r tu rba t ion  matrices Q and H. Th i s  is  accomplished by 
updating t h e  o r i g i n a l  nominal t r a j e c t o r y ,  based on t h e  est imated 
state vec to r s  coming from t h e  naviga t ion  algori thm, and then  com- 
pu t ing  both t h e  state t r a n s i t i o n  and observa t ion  matrices i n  
terms of l i n e a r  pe r tu rba t  ions about t h e  updated nominal. 

I n  t h e  case  of 

The i n c l u s i o n  of augmented state opt ions  i n  STEAP, which re- 
.suits in l a r g e r  covariance matrices as soc ia t ed  wi th  t h e  s ta te  
vec to r  because of u n c e r t a i n t i e s  i n  dynamic o r  measurement con- 
stants t h a t  are t r e a t e d  by t h e  process ,  i s  an i n d i r e c t  attempt 
t o  combat divergence i n  t h e  presence of known modeling insuf -  
f i c i e n c i e s .  However, w i th in  t h e  c u r r e n t  vers ion  of STEAP, the  
augmented state vec to r  op t ions  o p e r a t e  only i n  what is known as 
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a "solve for"  mode; that is, t h e  e r r o r  a n a l y s i s  mode systemat- 
i c a l l y  reduces t h e  u n c e r t a i n t i e s  i n  t h e  augmented parameters as 
i f  they  were be ing  es t imated  by t h e  underlying algori thm. 
l a r l y ,  t h e  s imulat ion mode a c t u a l l y  estimates t h e  augmented quan- 
t i t ies  i n  t h e  s ta te  vec to r .  

Simi- 

Treatment of e r r o r s  i n  dynamic o r  measurement parameters with- 

E s s e n t i a l l y  t h e  "consider" divergence 
out  a c t u a l l y  e s t ima t ing  them o r  augmenting t h e  s ta te  i s  gene ra l ly  
c a l l e d  t h e  "consider" mode. 
prevent ion  method a c t u a l l y  c a l c u l a t e s  t h e  process  n o i s e  mat r ix  
Q over each i n t e r v a l  based on phys ica l  assumptions on t h e  s i z e  
of t h e  parameter  u n c e r t a i n t i e s .  It is hoped t h a t  such a p r a c t i c a l  
approach t o  t h e  computation of Q w i l l  be  included i n  STEAP i n  
t h e  near  f u t u r e .  

Of t h e  o t h e r  methods f o r  handl ing f i l t e r  divergence t h a t  have 
been suggested i n  t h e  l i t e r a t u r e ,  t h e  s t r o n g e s t  appears  t o  b e  
adap t ive  f i l t e r i n g .  Reference 13  expla ins  t h e  t h e o r e t i c a l  b a s i s  
f o r  several k inds  of adap t ive  f i l t e r i n g  schemes. The e s s e n t i a l  
i d e a  of adap t ive  f i l t e r i n g  is  t h e  feedback of  a c t u a l  measurement 
r e s i d u a l s  i n t o  t h e  covariance matrix propagat ion process .  Earlier 
it w a s  pointed ou t  t h a t  a s ign  of f i l t e r  divergence i s  a statis- 

and t i ca l  incons is tency  between t h e  measurement r e s i d u a l s  E 

t h e i r  assumed a p r i o r i  covariance mat r ices  Sk+l used by t h e  es- 

t imat ion  algori thm. In  adapt ive  f i l t e r i n g ,  t h i s  s t a t i s t i c a l  i n -  
cons is tency  is used t o  change t h e  assumed a p r i o r i  s ta t is t ics ,  on 
both t h e  dynamics and t h e  measurements u n t i l  t h e  r e s i d u a l s  and 
t h e i r  updated covariances are more o r  less cons i s t en t .  Optimal 
implementation of adap t ive  f i l t e r i n g  is being pursued by s e v e r a l  
r e sea rche r s  i n  t h e  f i e l d .  

k+l  

Another problem as soc ia t ed  w i t h  i n t e r p l a n e t a r y  o r b i t  d e t e r -  
mination t h a t  can b e  s t u d i e d  w i t h  t h e  STEAP s imula t ion  mode is  
t h a t  of computational nonobservabi l i ty .  Because t h i s  problem 
t h r e a t e n s  t o  occur whenever s t r i c t l y  Earth-based t r ack ing  is be ing  
used t o  determine t h e  o r b i t  of a spacec ra f t  around t h e  Moon o r  
another  p l ane t ,  i t  war ran t s  a t t e n t i o n .  

I n  classical batch-processing algori thms , obse rvab i l i t y  does 
no t  exist when a key matrix inve r se  used t o  determine the  esti- 
mate does n o t  exist. I n  a r e c u r s i v e  algori thm, nonobservabi l i ty  
mani fes t s  i t s e l f  when one of t h e  c o r r e l a t i o n  c o e f f i c i e n t s  relat- 
b g  u n c e r t a i n t i e s  i n  d i f f e r e n t  elements of t h e  state vec to r  h a s  
u n i t  magnitude. Phys ica l ly  t h i s  means t h a t  t h e  nav iga t ion  proc- 
ess cannot observe o r  estimate t h e  two q u a n t i t i e s  t h a t  are e i t h e r  
p o s i t i v e l y  o r  nega t ive ly  c o r r e l a t e d  uniquely.  The o r b i t  de t e r -  
minat ion procedure h a s  no unique convergence i n  t h i s  case. 
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When t h e  c o r r e l a t i o n  c o e f f i c i e n t s  r e l a t i n g  u n c e r t a i n t i e s  in  
two elements of t h e  state vec to r  a r e  very c l o s e  to  un i ty  in mag- 
n i tude ,  then t h e  underlying es t imat ion  algori thm is very uns tab le .  
Although t h e o r e t i c a l l y  a unique so lu t ion  s t i l l  ex i s t s ,  any model 
inadequacies can produce wi ld  gyra t ions  i n  t h e  est imated solu-  
t i o n s .  
processes  us ing  Earth-based t r ack ing  f o r  spacec ra f t  in Moon o r  
Mars o r b i t s  i n d i c a t e  t h a t  t h e  above o r b i t  determinat ion i n s t a -  
bility, c a l l e d  computational nonobservab i l i t y ,  is very much a 
real problem. 

Prel iminary s t u d i e s  with STEAP of o r b i t  determinat ion 
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V I I .  NUMERICAL RESULTS 

This chapter  d e a l s  exc lus ive ly  wi th  r e s u l t s  obtained from 
us ing  t h e  Simulated T r a j e c t o r i e s  Error  Analysis  Program. The 
commentary i n  t h i s  chapter  should enhance t h e  u s e r ' s  knowledge 
and a p p r e c i a t i o n  of t h e  s t u d i e s  t h a t  can be conducted using t h e  
program. 

There are f o u r  separate s e c t i o n s  i n  t h i s  chap te r .  Each sec -  
t i o n  i s  concerned w i t h  example  runs obtained from one p a r t i c u l a r  
o p e r a t i o n a l  mode of t h e  program. The f i r s t  s e c t i o n  p resen t s  ex- 
ample r e s u 1 . t ~  from t h e  t r a j e c t o r y  mode. Sample runs with t h e  
t a r g e t i n g  mode are contained i n  t h e  second s e c t i o n .  The lengthy 
t h i r d  and f o u r t h  s e c t i o n s  d i s c u s s  example runs made with t h e  many 
op t ions  of t h e  e r r o r  a n a l y s i s  and s imula t ion  modes. 

A .  T r a j e c t o r y  Mode 

I n  t h i s  s e c t i o n  of t h e  r e p o r t ,  a d e t a i l e d  d e s c r i p t i o n  of t h e  
uses  of t h e  t r a j e c t o r y  mode w i l l  be presented.  It i s  assumed 
t h a t  t h e  a n a l y t i c  techniques used within t h e  program - -  t h e  
v i r t u a l  mass i n t e g r a t i o n  scheme, t h e  ephemeris employing mean 
conic  s e c t i o n  o r b i t a l  elements,  e t c  -- are now w e l l  known. Hence 
t h e  d e t a i l e d  d i s c u s s i o n  t o  fo l low w i l l  concen t r a t e  on t h e  uses  
of t h e  t r a j e c t o r y  mode and w i l l  a t t empt ,  i n s o f a r  as i s  p o s s i b l e ,  
t o  exp la in  how t h e  program may be used most e f f i c i e n t l y .  Many 
sample runs have been generated and i t  i s  hoped t h a t  t h e  knowledge 
gleaned from t h e s e  runs can be s u c c e s s f u l l y  passed on. 

One of t h e  most important v a r i a b l e s  t o  be understood when ac-  
t i v a t i n g  t h e  t r a j e c t o r y  mode i s  what i s  c a l l e d  t h e  accuracy l e v e l .  
A s  mentioned i n  a n  earlier s e c t i o n ,  t h e  accuracy l e v e l  i s  a v a r i -  
a b l e  developed when t h e  v i r t u a l  mass program w a s  used f o r  a n a l y s i s  
of Earth-Moon t r a j e c t o r i e s .  A t  t h a t  t i m e  i t  r e f e r r e d  t o  t h e  
l i k e l y  r a t i o  of t h e  e r r o r  i n  per icynthion passage d i s t a n c e  t o  t h e  
d i s t a n c e  i t s e l f .  Because of t h e  inner  l o g i c  of t h e  program i t s  
u s e  has  been r e t a i n e d  i n  t h e  program, a l though  i t  i s  now, s t r i c t l y  
speaking, a dummy v a r i a b l e  wi th  no i n t r i n s i c  meaning when a p p l i e d  
t o  i n t e r p l a n e t a r y  t r a j e c t o r i e s .  

For any se t  accuracy leve l ,  t h e  program au tomat i ca l ly  computes 
t h e  s t e p  s i z e  t o  be used i n  t h e  " in t eg ra t ion"  ( t h e  word " integra-  
t i o n "  i s  placed i n  quotes  because, as i s  known, t h e  v i r t u a l  mass 
program does no t  ever use  any quadra tu res ) .  The computational 
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s t e p  s i z e  i n  t h e  program i s  a f i x e d  t r u e  anomaly arc re la t ive  t o  
t h e  v i r t u a l  mass. As can be seen from t a b l e  1, an accuracy l e v e l  

of  1.25 x 10 corresponds t o  a t r u e  anomaly increment of 35 .946  
mrad. S i m i l a r l y ,  i f  t h e  e x t e r n a l  accuracy l e v e l  i s  set a t  2 x 10 , 
then each computational s t e p  w i t h i n  t h e  program al lows a time 
passage that is  commensurate with a t r u e  anomaly a r c  of 1.698 
mrad on a conic  s e c t i o n  a r c  about t h e  most r ecen t  v i r t u a l  mass. 
By determining t h e  s t e p  s i z e  from a f i x e d  t r u e  anomaly a r c  rela- 
t i v e  t o  t h e  e f f e c t i v e  f o r c e  c e n t e r ,  t h e  " integrat ion" au tomat i ca l ly  
t a k e s  smaller s t e p s  when t h e  spacec ra f t  i s  i n  a c r i t i c a l  region 
near  a p l ane t .  Conversely, l a r g e  steps are au tomat i ca l ly  taken 
du r ing  t h e  e s s e n t i a l l y  h e l i o c e n t r i c  phase of a n  i n t e r p l a n e t a r y  
o r b i t .  

-4 
-7 

The f i r s t  d e t a i l e d  study on t h e  c a p a b i l i t i e s  of t h e  t r a j e c t o r y  
mode was aimed a t  determining t h e  e f f e c t  of varying t h e  accuracy 
level  {and hence t h e  s t e p  s i z e  used i n  t h e  " integrat ion")  on t h e  
r e s u l t i n g  computed t r a j e c t o r y ,  The r e s u l t s  of t h i s  study are sum- 
marized i n  t a b l e s  1 and 2. Two sample t r a j e c t o r i e s  were chosen, 
one passing very c l o s e  t o  Mars and chosen i n  t h e  middle of t h e  
t e n t a t i v e  Viking launch window, and ano the r  d i r e c t  shot  from t h e  
Ea r th  t o  J u p i t e r  passing w i t h i n  four  J u p i t e r  r a d i i  of t h e  l a r g e  
p l ane t .  A s  would be expected, t h e  Mars-Viking run i s  extremely 
s e n s i t i v e  t o  any changes i n  t h e  computational procedure and t h e  
r e s u l t s  of i nc reas ing  t h e  accuracy level  f o r  t h a t  base t r a j e c t o r y  
do n o t  demonstrate t h e  r e l a t i v e l y  "clean convergence" shown by 
t a b l e  2 f o r  t h e  J u p i t e r  t r a j e c t o r y .  

Examining t a b l e  1 i n  some d e t a i l  g i v e s  a f a i r l y  d e f i n i t e  pic-  
t u r e  of t h e  e f f e c t  of t h e  accuracy l e v e l  on t h e  computations. 
Included i n  t h e  t a b l e  are t h e  r e s u l t s  of f i v e  separate computer 
runs. For each of t h e  runs ,  everything was e x a c t l y  t h e  same 
(that i s ,  same i n j e c t i o n  cond i t ions ,  same ephemeris computation, 
same p r i n t o u t  s p e c i f i c a t i o n s ,  e t c )  except f o r  t h e  accuracy l e v e l  
employed. Table 1 lists,  f o r  each run ,  t h e  t o t a l  CDC 6500 com- 
pu te r  t i m e  f o r  t h e  run ,  t h e  number of i n d i v i d u a l  computational 
s t e p s  w i t h i n  t h e  run,  t h e  computational time f o r  each increment 
w i t h i n  each of  t h e  runs ,  t h e  number of s t e p s  t o  t h e  Martian sphere 
of i n f l u e n c e ,  t h e  c a l c u l a t e d  t r a j e c t o r y  t i m e  t o  both t h e  Martian 
sphere of i n f luence  and t h e  po in t  of Martian c l o s e s t  approach, 
t h e  r a d i u s  and v e l o c i t y  a t  c l o s e s t  approach, and t h e  q u a n t i t i e s  

sphere of i n f luence .  It should be mentioned t h a t  runs a t  a higher  

accuracy level  than  2 x 
ences from t h e  va lues  l i s t e d  f o r  Run 5404; t hus  i t  can be assumed, 

B O T ,  B*R (defined i n  t h e  usua l  manner) a t  t h e  Martian vHE' 

d i d  n o t  produce s i g n i f i c a n t  d i f f e r -  
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-7 
f o r  t h i s  base t r a j e c t o r y  anyway, t h a t  an accuracy of 2 x 10 i s  
s u f f i c i e n t  f o r  generat ing a very accu ra t e  t r a j e c t o r y  computation 
(no equinox o r  e c l i p t i c  r o t a t i o n s ,  no ob la t eness  f o r  t h e  Ea r th ,  
no s o l a r  pressure,  e t c ) ,  t h e r e  w i l l  probably be very few t i m e s  
when such a high accuracy l e v e l  i s  needed. 

The key f a c t o r  governing t o t a l  computation t i m e  i s  t h e  number 
of increments used t o  generate  t h e  t r a j e c t o r y .  Bas i ca l ly ,  t h e  
t o t a l  t i m e  used by t h e  program t o  c a l c u l a t e  t h e  t r a j e c t o r y  i s  
seen t o  be between 0.02 and 0.03 sec per s t e p  used i n  t h e  ca l cu -  
l a t i o n .  Although t h e  d i sc repanc ie s  i n  terms of t a r g e t  condi t ions 
f o r  t h e  var ious accuracy l e v e l s  are q u i t e  high when viewed from 
a t o t a l l y  p r e c i s e  n-body t r a j e c t o r y  computation, it should be 
remembered t h a t  t h e  t r a j e c t o r y  i t s e l f  i s  tremendously s e n s i t i v e  
t o  any changes, a f a c t  t h a t  i s  demonstrated by t h e  d e t a i l e d  f i g -  
u r e s  t h a t  follow. 

Comparing two d i f f e r e n t  t r a j e c t o r i e s  on which t h e  accuracy 
s tudy w a s  made ( t a b l e s  1 and 2), a considerable  amount of agree-  
ment i s  found i n  e s s e n t i a l  q u a n t i t i e s .  For example, an accuracy 

l e v e l  of 1.25 x 10 produces a B O T  and B * R  b i a s  of roughly 

45 000 km when compared t o  t h e  highly a c c u r a t e  (2 x run f o r  
t h e  Martian t r a j e c t o r y .  The Jov ian  t r a j e c t o r y ,  admit tedly less 
s e n s i t i v e ,  shows a B - T ,  B.R change of l e s s  than 25 000 km when 

-4 

-4 -7 t h e  accuracy l e v e l  i s  increased from 1.25 x 10 t o  2 x L O  . 
-7 S i m i l a r l y ,  i nc reas ing  t h e  accuracy l e v e l  from 5 x t o  2 x 10 

makes a B - T ,  B - R  change of about 1500 km i n  both t h e  base 
Martian and t h e  base Jovian t r a j e c t o r i e s .  

Although t h e  t a r g e t  planet  changes may seem alarmingly l a r g e ,  
examination of t a b l e s  3 t h r u  5 and f i g u r e s  6 and 7 show t h a t  i t  
i s  t h e  high s e n s i t i v i t i e s  of t hese  t r a j e c t o r i e s  t h a t  are accounting 
f o r  t h e  d i f f e r e n c e s .  For example, consider t a b l e  3 .  That t a b l e  
g ives  t h e  a e r o c e n t r i c  e c l i p t i c  dev ia t ions  of each of t h e  accuracy 

l eve l  runs from t h e  most a c c u r a t e  run (2 x 
5404. S i x  days i n t o  t h e  t r a j e c t o r y ,  which i s  w e l l  p a s t  t h e  Ea r th  
sphere of i n f luence ,  t h e  least a c c u r a t e  t r a j e c t o r y  considered 

(accuracy level 1.25 x 
t r a j e c t o r y  by 500 km and 1 .8  m/sec. 
of t h e  t r a j e c t o r y ,  t h e s e  d i f f e r e n c e s  are  magnified t o  109 000 km 
and 15.366 m/sec a t  194 days,  which i s  near t h e  Martian sphere 
of i n f luence .  S i m i l a r l y ,  t h e  next most a c c u r a t e  t r a j e c t o r y  (Run 

which i s  Run 

only varies from t h e  most a c c u r a t e  
Because of t h e  s e n s i t i v i t y  
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TABLE 3 . -  MARS-VIKING RUN, DETAILED ACCURACY ANALYSIS 
FOR 6 ,  3 0 ,  AND 60 DAYS 

1 I 5400 540 1 540 2 540 3 

6 days 

QY, km -40 8 
QY 3 50 
Qz - 36 
QR 538.8 
&, m/sec -1.339 
Q? 4-1.199 
Qt -0.093 
Av 1.80 

Ax, km 
AY 
Az 
AR 
A?, m/sec 
A9 
A i  
Av 

Ax, km 
AY 
Az 
OR 
A$, m/sec 
Ajr 
A i  
Av 

-69 
84 
-5 

108.8 
- .251 
+.277 ' 
- .015 

3 74 

30 days 

- 8  360 -1 771 

2 341 
-3.681 

2.765 
- .144 - .026 
4.606 1.003 

- 2 1  200 
13  500 

-778 
25 200 
-6.056 

2.208 
- .201 
6.449 

60 days 

-4 520 
3 110 
- 143 

5 488 
-1.288 

.498 
- .039 
1.382 

1 11 
25 10 
1 2 

25.04 1 5  
- .022 I f . 0 1 7 '  
+.O 74 +.025 

.007 

-302 
366 

0 
475 

- .136 
.147 

- .001 
,200 

- 786 
726 

- 7  
1 070 
- .266 

.113 
- .004 

.253 - 

1 
94  

9 
94.4 

- .002 
.035 
.003 
.035 

15 
1 7 4  

1 5  
175.3 
- .006 

.025 

.002 

.026 

Note: 1. A l l  A values  are re ferenced  t o  components of 

2 .  Coordinates  are  areocentric ecliptic. 

- 
Run 5404 a t  t h a t  t i m e .  
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TABLE 4.- MARS-VIKING RUN, DETAILED ACCURACY ANALYSIS 
FOR 90 ,  120, AND 150 DAYS 

I 5408 540 1 5402 540 3 

90  days 

Ax, km -40 100 
AY 16 500 
Az -1.410 
AR 43 380 
h j r ,  m/sec - 8.044 
A i  -.236 
Ai -. 282 
Av 8.052 

-8  500 
3 780 

- 2 7 2  
9 307 

-1.696 
- ,030 
- ,058 
1.697 

120 days  

-1470 - 2 1  
89 8 225 
- 2 5  19 

227 
- .284 

-2220 
7 83 - 50 

2355 
-.275 
- . l o 1  - .010 

.293 

- Ir~ -0 2 2  

.020 - ,001 
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TABLE 5.  - MARS-VIKING RUN, DETAILED ACCURACY ANALYSIS 
FOR 180, 194, AND 199 DAYS 

I 5400 I 5401 5402 5403 

Ax, km 
AY 
AZ 
AR 
LG, m/sec 

Ai 
Av 

A9 

181 

-99 300 
-20 700 
-3 950 

2 1  030 I -1.055 -5.205 
500 

-9.552 -1.981 
- .299 - .063 

10.882 2.245 

194 days 

Ax, km 

AZ 
AR 
Ak, m/sec 
A? 
ai 
Av 

AY 

days 

-20 700 
-3 630 

- 792 

-104 300 
-31 000 

-4 040 
108 900 

-5.102 
-14.473 

.779 
15.366 

19  

Ax, km 
AY 
AZ 
AR 
A?, rn/sec 

A2 
AV 

247 500 
-184 800 

-13 700 
309 200 

2962.6 
-1182.4 

-24.51 
3189.9 

-3 310 
-65 

-102 
3 312 -. 135 -. 2 7 1  
- .009 

.303 

193 
49 7 

29 
534 

.039 

.059 

.001 

.071 

- 2 1  700 
-5 800 

-811 
2 2  480 
-1.016 
-2.857 

.187 
3.038 

days 

-3 450 
-358 
-105 

3 470 
-. 1 2 1  
- .409 

.026 

.427 

.062 
- -007 

.078 

289 000 
-170 100 
308 900 
455 900 

2421.9 
-1324.8 
2573.5 
3774.1 

-55 400 
-4 450 
75 400 
93 700 
-422.8 

-37.471 
599.526 

734.6 

-10 900 
-3 530 
-6 030 
1 2  950 
-82.95 
-35.13 

-475.01 
483.5 
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Figure 6.- Accuracy Analysis i n  Detail,  P l o t  o f A R  vs Trajec tory  T i m e  
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15.366 nlsec  

0 
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5 
4 
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1 

3.038 m/sec f 
-427 mfsec 
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Figure 7.- Accuracy Analysis in D e t a i l ,  P l o t  of AV v s  Trajectory T i m e  
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5403 a t  an accuracy l e v e l  of 1 x i s  d i f f e r e n t  from t h e  most 
a c c u r a t e  t r a j e c t o r y  by only 15 km and 3 cm/sec a f t e r  s i x  days. 
This d i f f e r e n c e  becomes 650 km and almost 8 cm/sec near t h e  Martian 
sphere of i n f luence .  

Another s t r i k i n g  f e a t u r e  of t h e s e  t r a j e c t o r i e s  i s  shown i n  
t a b l e  5 .  It has long been a n  e s t ab l i shed  f a c t  i n  i n t e r p l a n e t a r y  
t r a j e c t o r y  a n a l y s i s  t h a t  swingby t r a j e c t o r i e s  are inc red ib ly  
d e l i c a t e  and h igh ly  s e n s i t i v e .  Readings from t h e s e  accuracy 
s t u d i e s  were taken a t  199 days,  when t h e  hypo the t i ca l  spacec ra f t  
w a s  about t o  leave t h e  Martian sphere of i n f luence  and e n t e r  an 
o r b i t  about t h e  sun. The d a t a  shown comparing t h e  var ious ac -  
curacy l e v e l  runs wi th  Run 5404 a t  199 days confirms t h e  almost 
amazing s e n s i t i v i t y  of t h e  swingby t r a j e c t o r y .  Most important 
are  t h e  v e l o c i t y  d i sc repanc ie s .  Although Run 5403 ( a t  accuracy 

l e v e l  only d i f f e r e d  from Run 5404 ( a t  accuracy l eve l  2 x 
by 8 cm/sec going i n t o  Mars, i t s  v e l o c i t y  d i f f e r e n c e  coming out 
of Mars i s  an i n c r e d i b l e  483 m/sec! 

Figures  6 and 7 ,  which were compiled using t h e  d a t a  i n  t a b l e s  
3 ,  4 ,  and 5 ,  demonstrate c l e a r l y  t h e  computational procession 
from t h e  l e a s t  a c c u r a t e  t o  t h e  most a c c u r a t e  t r a j e c t o r y  i n  t h e  
accuracy l e v e l  study. These graphs do not include t h e  r ap id  A V  
i nc reases  near t h e  p l ane t  Mars; t h e  inc reases  were too l a r g e  f o r  
t h e  s c a l e .  

The second kind of major study t h a t  w a s  performed using t h e  
t r a j e c t o r y  mode w a s  a n  ephemeris a n a l y s i s .  The r e s u l t s  of t h i s  
study are  summarized i n  t a b l e  6 and t h e  l o c a t i o n s  o f  t h e  var ious 
p l ane t s  involved are shown i n  f i g u r e s  8(a) and 8 ( b ) .  For t h e  b e s t  
t r a j e c t o r y ,  a l s o  from t h e  Mars-Viking launch window, t h e  E a r t h ' s  
Moon w a s  i n  a moderately favorable  pos i t i on ;  t h a t  i s ,  t h e  t r a j e c -  
t o r y ' s  c l o s e s t  approach t o  t h e  E a r t h ' s  Moon w a s  a t  i n j e c t i o n .  

The purpose of t h e  ephemeris a n a l y s i s  w a s  t o  i s o l a t e  t h e  e f -  
f e c t  of each ind iv idua l  body i n  t h e  s o l a r  system on a t y p i c a l  
Viking t r a j e c t o r y .  The r e s u l t s  were s t a r t l i n g .  An a d d i t i o n a l  
purpose of t h e  study w a s  t o  a s c e r t a i n  t h e  a d d i t i o n a l  computer 
t i m e  r equ i r ed  i n  using a d d i t i o n a l  bodies f o r  t h e  ephemeris com- 
pu ta t ion .  The ground r u l e s  of t h e  study should probably be ex- 
plained before  t h e  r e s u l t s  are  i n t e r p r e t e d .  F i r s t ,  t h e  same 
accuracy l e v e l ,  and hence t h e  same s t e p  s i z e ,  w a s  used f o r  a l l  
t h e  runs.  Second, e x a c t l y  t h e  same i n j e c t i o n  cond i t ions ,  p r i n t  
ou t  schemes, and i n t e r i o r  l o g i c  were used f o r  a l l  t h e  runs.  I n  
sum, t h e  only d i f f e r e n c e  between a l l  t h e  runs i n  t h e  ephemeris 
a n a l y s i s  were t h e  bodies included i n  t h e  t r a j e c t o r y  computations. 
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7 
SCALE: 1 cm = 2 x 10 km 

LEGEND: Shading of bodies indicates 
portion of trajectory com- I pleted a t  niven point. 

“T 
v 

0 

/ 
/ 

(a) Inner Planets 

Figure 8 . -  Position of Planets during Test Trajectory 
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SCALE: 4 mm = 10 8 km 
Saturn 
.--c-. 

/ Jupiter 

44 Neptune 

(b) Outer Planets 

Figure 8 . -  Concluded 
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A base run w a s  made including,  i n  t h e  ephemeris, t h e  Earth,  
t h e  Sun, Mars, and J u p i t e r .  
Moon toge the r  with t h e  base bodies.  
J u p i t e r ,  and considered only t h e  Ea r th ,  t h e  Sun, and Mars. The 
remainder of t h e  runs included t h e  Ea r th ,  t h e  Sun, Mars, J u p i t e r ,  
and one o the r  planet  ( l i s t e d  i n  t a b l e  6 under ephemeris desc r ip -  
t i o n ) ,  except f o r  Run 5902 which w i l l  be discussed i n  more de- 
t a i l  l a te r .  The last  four  columns of t h e  c h a r t  show t h e  changes 
i n  key t a r g e t - r e l a t e d  q u a n t i t i e s  due t o  t h e  i n c l u s i o n  o r  exclu- 
s i o n  of each of t h e  bodies.  
s e n s i t i v i t y  of i n t e r p l a n e t a r y  t r a j e c t o r i e s .  

The next run included t h e  E a r t h ' s  
A second run dropped out 

The r e s u l t s  aga in  v e r i f y  t h e  extreme 

Outside of t h e  Earth,  Mars, and t h e  Sun, t a b l e  6 demonstrates 
t h a t  t h e  most important body on a Mars-Viking f l i g h t  i s  t h e  E a r t h ' s  
Moon. I ts  pe r tu rba t ion  on t h e  t r a j e c t o r y  amounts t o  almost 400 000 
km i n  B - R  and over t h r e e  and a ha l f  days i n  t h e  t r a j e c t o r y  time 
of f l i g h t  t o  t h e  Martian sphere of i n f luence .  It i s  important t o  
no te  t h a t  f o r  t h i s  study t h e  Moon w a s  on t h e  oppos i t e  s i d e  of t h e  
E a r t h  from t h e  escape t r a j e c t o r y .  One can immediately con jec tu re  
what a tremendous in f luence  t h e  Moon would have on a Martian f l i g h t  
passing even reasonably c l o s e  t o  the  Moon during escape. 

I n  o rde r  of t h e i r  magnitudes, t h e  next  most important bodies 
were shown t o  be J u p i t e r ,  Saturn,  Venus, Uranus, Neptune, and 
Mercury. This order  might w e l l  have been p red ic t ed ,  but t h e  s i z e  
of t h e  pe r tu rba t ions  w a s  considered l a r g e .  For example, both 
Saturn and Venus cause pe r tu rba t ions  of over 1000 km i n  t h e  B- 
plane q u a n t i t i e s  gene ra l ly  used f o r  guidance. The t h r e e  p l ane t s  
Uranus, Neptune, and Mercury, when t h e i r  e f f e c t s  are  combined, 
make over 100 km d i f f e r e n c e  i n  B.R. 

The ques t ion  w a s  r a i s e d ,  following t h e  ephemeris a n a l y s i s ,  
whether o r  no t  t h e  pe r tu rba t ions  due t o  Uranus, Neptune, and 
Mercury could be regarded as computer noise .  I n  a n  a t t e m p t  t o  
answer t h a t  ques t ion ,  Run 5902 w a s  made wit-h t h e  base ephemeris 
plus  t h e  f i v e  e x t r a  p l ane t s  t h a t  had previously been considered 
s e p a r a t e l y .  The agreement between t h e  r e s u l t i n g  dev ia t ion  from 
base Run 5402 and t h e  sum of t h e  dev ia t ions  noted during each of 
t h e  ind iv idua l  runs l e d  t o  t h e  conclusion that t h e  pe r tu rba t ions  
on t h e  t r a j e c t o r y  accorded t o  each of t h e  p l a n e t s  i n  t h e  c h a r t  
w a s  a c c u r a t e  t o  wi th in  10%. The cross-coupling between t h e  e f -  
f e c t s  of Saturn and Venus could a l s o  exp la in  why t h e  sums d i d  not 
e x a c t l y  a g r e e  w i t h  t h e  r e s u l t s  of Run 5902. The conclusions of 
t h e  ephemeris a n a l y s i s  are ,  t h e r e f o r e ,  that t h e  pe r tu rba t ions  on 
a t y p i c a l  Mars-Viking run due t o  var ious o the r  p l ane t s  and bodies 
are e s s e n t i a l l y  as given. 
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The computer t i m e  l i s t e d  f o r  each run should be c l a r i f i e d .  
For example ,  it took less computational t i m e  t o  c a l c u l a t e  t h e  
t r a j e c t o r y  w i t h  t h e  E a r t h ' s  Moon i n  t h e  ephemeris than it did 
without i t .  On c l o s e r  a n a l y s i s ,  i t  i s  seen t h a t  t h e  t r a j e c t o r y  
c a l c u l a t e d  w i t h  t h e  Moon i n  t h e  ephemeris d i d  no t  pass very c l o s e  
t o  t h e  s u r f a c e  of Mars, and hence no t  many small increments were 
needed t o  compute i t .  S i m i l a r l y ,  Runs 5602 (with Saturn)  and 
5902 (with a l l  t h e  a d d i t i o n a l  bodies)  impacted Mars, t hus  stopping 
t h e  i n t e g r a t i o n .  The most reasonable  conclusion from t h e  computer 
t i m e  column of t a b l e  6 i s  t h a t  a r e s t r i c t e d  five-body t r a j e c t o r y  
l eav ing  Earth parking o r b i t  and passing about 500 km above t h e  

s u r f a c e  of Mars, computed a t  a n  accuracy l e v e l  of 5 x 10 and 
s topping a t  t h e  outgoing Mars sphere of i n f l u e n c e ,  r e q u i r e s  about 
93 sec of CDC 6500 computer t i m e .  The a d d i t i o n  of an e x t r a  body 
adds approximately 16 sec  t o  t h e  t i m e  r equ i r ed  f o r  t h e  computa- 
t ion .  

-6 

Tables 7 and 8 g ive  more d e t a i l e d  information about t h e  ephem- 
er is  a n a l y s i s .  A l l  t h e  A q u a n t i t i e s  shown are  referenced t o  t h e  
base Run 5402 w i t h  Ea r th ,  Sun, Mars and J u p i t e r  i n  t h e  ephemeris. 
The c h a r t s  show t h e  pe r tu rba t ions  due t o  each p l ane t  a t  s e l e c t e d  
t r a j e c t o r y  epochs. The v a r i a t i o n s  due t o  Uranus, Neptune, and 
Mercury, f o r  example ,  are less than 1 km and about 1 mm/sec a f t e r  
s i x  days of f l i g h t .  These pe r tu rba t ions  a re  magnified consider-  
a b l y  by t h e  state t r a n s i t i o n  m a t r i x  over t h e  f l i g h t .  Figures 9 
and 10 show t h e  AR and A V  per tu rba t ions  due t o  each of t h e  
p l a n e t s  throughout t h e  t r a j e c t o r y .  The r e s u l t s  appear t o  be more 
o r  less as expected except f o r  t h e  magnitude of t h e  p e r t u r b a t i o n s ,  
as mentioned earlier . 

A f i n a l  comment from t h e  ephemeris a n a l y s i s  i s  d i r e c t e d  a t  t h e  
last  s e t ' o f  numbers i n  t a b l e  8. Again a l l  numbers are referenced 
t o  base Run 5402 except t h a t  now t h e  t r a j e c t o r y  t i m e  i s  199 days,  
o r  roughly a day and a ha l f  a f t e r  c l o s e s t  approach. 
of t h e  dev ia t ions  are q u i t e  l a r g e  and s e r v e  as a d d i t i o n a l  proof of 
t h e  i n o r d i n a t e  s e n s i t i v i t y  of a l l  b a l l i s t i c  swingby t r a j e c t o r i e s .  
Imagine, f o r  example, t h a t  t h e  t r a j e c t o r y  was designed b a l l i s t i c a l l y  
t o  cont inue on t o  J u p i t e r .  The t o t a l  i n t e g r a t e d  e f f e c t s  of even 
Uranus, Neptune, and Mercury on such a swingby t r a j e c t o r y  would 
a l s o  be l a r g e .  

The magnitudes 

The f i n a l  t r a j e c t o r y  mode s tudy ,  which i s  summarized i n  t a b l e  
9 and given in  d e t a i l  i n  t a b l e  10, w a s  a t a r g e t e d  accuracy analy-  
s is  study. The purpose of t h i s  s tudy w a s  t o  t r y  t o  o b t a i n  t h e  
same t a r g e t  cond i t ions  f o r  runs a t  a d i f f e r e n t  accuracy l e v e l  and 
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then observe t h e  changes o r  dev ia t ions  i n  t h e  i n j  
A proposed t a r g e t e d  ephemeris a n a l y s i s  s tudy was 
t h e  expense of ob ta in ing ,  from t h e  t a r g e t i n g  mode of t h e  program, 
proper r e s u l t s  t o  conduct t h e  a n a l y s i s .  Recall t h a t  t h e  earlier 
accuracy a n a l y s i s  s tudy used t h e  same i n j e c t i o n  condi t ions and 
then looked a t  t a r g e t  cond i t ion  v a r i a t i o n s ;  t h e  t a r g e t e d  s tudy 
cons ide r s ,  f o r  t h e  d i f f e r e n t  accuracy l e v e l s ,  t h e  d i f f e r e n c e s  i n  
i n j e c t i o n  cond i t ions  r equ i r ed  t o  m e e t  more o r  less  t h e  same t a r g e t  
condi t ions.  

The t a r g e t  cond i t ions  se t  up were B*T = 9215, B * R  = -990, 
-6 and tSI = 90,12497. Target ing runs a t  accu rac i e s  of 5 x 10 

and 2.5 x l om5  were considered accep tab le  when AB-T and A B - R  
were less  than 75 km and 

t o l e r a n c e s  were considered accep tab le  f o r  t h e  less accura t e  

1.25 x LO-4 run.  
pared wi th  t a b l e  1 f o r  complete understanding. It i s  c l e a r  from 
t h i s  comparison t h a t  each of t h e  so-cal led " targeted" runs i s  
c l o s e  enough t o  permit i n t e r p r e t a t i o n  of t h e  i n j e c t i o n  cond i t ion  
d i f f e r e n c e  as  being due t o  t h e  accuracy l e v e l  d i f f e r e n c e .  

w a s  less than 0.0005 days. Greater %I 

The numbers of t a b l e  9 should t h e r e f o r e  be com- 

The most i n t e r e s t i n g  r e s u l t s  from t h e  t a r g e t e d  study are con- 
t a i n e d  i n  t h e  columns of t a b l e  9 ,  which g ives  t h e  A- in j ec t ion  
v e l o c i t i e s  compared t o  t h e  most a c c u r a t e  run.  For example, t h e  

i n j e c t i o n  v e l o c i t i e s  f o r  a t a r g e t e d  run a t  5 x 10 vary from 

those  a t  1 x 10 Even t h e  worst accuracy 

l e v e l ,  1.25 x 10 , shows a n  i n j e c t i o n  v e l o c i t y  v a r i a t i o n  of about 
5 m/sec f o r  t h e  worst components -- va lues  t h a t  are less than 0.1% 
of t h e  needed, geocen t r i c  e c l i p t i c  i n j e c t i o n  v e l o c i t i e s .  Table 10 
shows d e t a i l e d  v a r i a t i o n s  of t h e  va r ious  t a r g e t e d  runs from t h e  
most a c c u r a t e  run .  

-6 

-6  by less than 1/4 m/sec. 
-4 

The use r  of t h e  t r a j e c t o r y  mode must somehow analyze d a t a  
similar t o  t h o s e  presented and, f o r  each u s e  of t h e  t r a j e c t o r y  
mode, determine i t s  most e f f i c i e n t  u se .  From t h e  tar t e d  accuracy 
a n a l y s i s  s t u d i e s ,  i t  would seem t h a t  t a r g e t e d  run a t  low accuracy 
l e v e l  w i l l  produce a t r a j e c t o r y  w i t h  t h e  necessary c h a r a c t e r i s t i c s  
f o r  a d e t a i l e d  mission a n a l y s i s .  There i s  some ques t ion  a l s o  
whether o r  not  u s ing  t h e  t r a j e c t o r y  mode i n  a n  extremely high a c -  

curacy 2 x 10 o r  even 1 x 10 makes much sense because of 
a l l  t h e  f a c t o r s  c u r r e n t l y  neglected i n  t h e  n-body computation. 

-7 -6 
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TABLE 10. - MARS-VIKING RUN, DETAILED TARGETED 
ACCURACY ANALYSIS FOR 20, 100, AND 
197 DAYS 

4 75 
-689 

152 
85 1 

.111 
- ,173 

,086 
.223 

I I 5451 I 5452 5450 

93 
-136 

21 
166 

.023 
- .033 

.012 

.042 

6 davs 

Ax, km 199 
AY -1170 
AZ 4 70 
AR 1276 
A&, m/sec .038 
A? - ,069 
A i  .014 
Av .080 

Ax, km 
AY 
AZ 
AK 
Ax m/sec 

A i  
Av 

A? 

18 37 
-223 -38 

62 2 
232 53 

.005 - .007 
- .015 - ,005 

.002 .001 

.016 .OO 87 

141.3 
-711.7 

308.6 
788.5 
212.84 

-199.66 
-21.67 
292.63 

_______.I 

-0.4 
-129.9 

49.6 
139 .O 
42.58 

-25.98 
-2.91 
49.96 

.0064 

Ax, km 
AY 
AZ 
AR 
AG, m/sec 
A? 
Ai 
Av 

-69.1 
-164.8 

185.1 
56.11 
-7.69 

56.82 

- N o t e :  1. A l l A  values are referenced t o  com- 
ponents of Run 5453 at same time. 

2. Coordinates are a r e o c e n t r i c  e c l i p t i c .  
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B. Target ing Mode 

1. In t roduc t ion . -  Numerous t a r g e t i n g  problems were i n v e s t i -  
gated during t h e  design and cons t ruc t ion  of t h e  t a r g e t i n g  scheme. 
Typical  e x a m p l e s  w i l l  be given i n  t h i s  s e c t i o n  t o  demonstrate 
both t h e  scope and ope ra t ion  of t h e  developed program. 

A b r i e f  survey of t h e  inpu t  d a t a  r e v e a l s  t h e  gene ra l  range 
of a p p l i c a b i l i t y  of t h e  program. The r equ i r ed  d a t a  includes t h e  
i n i t i a l  d a t e ,  t h e  t a r g e t  d a t e ,  t h e  g r a v i t a t i o n a l  bodies t o  be con- 
s i d e r e d  i n  t h e  i n t e g r a t i o n  ( including the  launch and t a r g e t  p l a n e t s ) ,  
and t h e  numerical d i f f e r e n c i n g  increment by which t h e  v e l o c i t y  com- 
ponents are perturbed i n  computing t h e  s t a t e  t r a n s i t i o n  ma t r ix .  
The d e s i r e d  f i n a l  accuracy l e v e l  a long with t h e  in t e rmed ia t e  accu r -  
acy l e v e l s  t o  be used by t h e  n-body subrout ine are  a l s o  s p e c i f i e d  
by t h e  u s e r .  The remaining o p t i o n s ,  which d e f i n e  t h e  i n j e c t i o n  and 
t a r g e t  c o n d i t i o n s ,  provide t h e  c a p a b i l i t y  f o r  so lv ing  a wide range 
of problems. 

Two op t ions  were allowed i n  t h e  s p e c i f i c a t i o n  of t h e  in -  
j e c t i o n  Conditions.  General ly ,  t h e  i n j e c t i o n  p o s i t i o n  and zero-  
i terate i n j e c t i o n  v e l o c i t y  are computed i n t e r n a l l y  from t h e  mission 
c o n s t r a i n t s  a s  desc r ibed  ear l ier .  For t h i s  case t h e  exact  t i m e  of 
i n j e c t i o n  on t h e  s p e c i f i e d  i n i t i a l  d a t e  i s  computed and t h e  posi-  
t i o n  and v e l o c i t y  a re  based on t h i s  co r rec t ed  t ime. 

A second i n j e c t i o n  cond i t ion  opt ion p e r m i t s  e x t e r n a l  spec i -  
f i c a t i o n  of t h e  exact i n j e c t i o n  t i m e ,  p o s i t i o n ,  and ze ro  i t e r a t e  
v e l o c i t y .  I n  t h i s  o p t i o n ,  t h e  i n i t i a l  t i m e  i s  s p e c i f i e d  t o  thou- 
sandths  of seconds,  while  i n  t h e  f i r s t  opt ion i t  i s  gene ra l ly  p r e -  
s c r ibed  only t o  a given day. The second op t ion  extends t h e  a n a l y t i -  
c a l  c a p a b i l i t y  of t h e  program. Midcourse c o r r e c t i o n s  may be s tud ied  
by spec i fy ing  v e h i c l e  p o s i t i o n  and v e l o c i t y  a t  va r ious  t i m e s  a long 
a previously t a r g e t e d  t r a j e c t o r y  and computing t h e  v e l o c i t y  r equ i r ed  
t o  m e e t  perturbed t a r g e t  cond i t ions .  I n  t h e  same way one may com- 
pute t h e  d e f l e c t i o n  v e l o c i t y  r equ i r ed  by a n  e n t r y  v e h i c l e  e j e c t e d  
from a probe moving on a previously t a r g e t e d  swingby t r a j e c t o r y .  
This a p t i o n  a l s o  permits  t h e  e f f i c i e n t  completion of p a r t i a l l y  
t a r g e t e d  problems, P a r t i a l l y  t a r g e t e d  problems may a r i s e  when t h e  
t a r g e t i n g  a lgo r i thm gene ra t e s  a set  of reasonably a c c u r a t e  i n j e c -  
t i o n  cond i t ions  before  encountering a region of s t r o n g  n o n l i n e a r i t y  
where t h e  previously computed state t r a n s i t i o n  ma t r ix  i s  i n v a l i d .  
To t a r g e t  t o  w i t h i n  s t r i n g e n t  t o l e rances  on t h e  t a r g e t  cond i t ions  
i n  such a r eg ion ,  i t  may be necessary t o  reduce t h e  v e l o c i t y  inc re -  
ment used i n  computing t h e  state t r a n s i t i o n  ma t r ix .  
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There are four  bas i c  op t ions  pe rmis s ib l e  f o r  t h e  t a r g e t  
cond i t ions  as w e l l  as two a u x i l i a r y  op t ions .  The a u x i l i a r y  op- 
t i o n s  are q u i t e  similar.  I n  t h e  f i r s t  a u x i l i a r y  o p t i o n ,  i n j e c -  
t i o n  cond i t ions  are computed from a crude patched conic  t r a j e c t o r y  
based on t h e  launch d a t e  and p l ane t  and t h e  t a r g e t  d a t e  and p l a n e t .  
These c o n d i t i o n s ,  termed t h e  point- to-point  cond i t ions ,  are gen- 
e r a t e d  w i t h  a b i a s  which, while  improving t h e i r  e f f e c t i v e n e s s  as 
i n i t i a l  va lues  f o r  n-body t r a j e c t o r i e s ,  degrades t h e i r  v a l i d i t y  
i n  a patched conic  propagation. For t h i s  reason a second a u x i l -  
i a r y  opt ion i s  provided t h a t  c a l c u l a t e s  t h e  unbiased patched 
conic i n j e c t i o n  cond i t ions .  These cond i t ions  would be a s u i t a b l e  
zero i t e r a t e  f o r  determining t a r g e t e d  patched conics .  Current ly  
these  patched con ic  cond i t ions  are never used i n t e r n a l l y  by the  
program. Nevertheless t h e  op t ion  is  included i n  a n t i c i p a t i o n  of 
t h e  t i m e  t h a t  a patched conic  propagation c a p a b i l i t y  may be pro- 
vided i n  t h e  program. 

Under t h e  f o u r  bas i c  t a r g e t i n g  o p t i o n s ,  i n j e c t i o n  condi- 
t i o n s  r e s u l t  t h a t  are c o n s i s t e n t  w i t h  s p e c i f i c  t a r g e t  cond i t ions  
based on n-body t r a j e c t o r i e s .  Option 3 i nc ludes  t h e  impact plane 
parameters B * T  and B.R ( t a r g e t e d  t o  s e l e c t e d  to l e rances )  and 
a n  approximate t i m e  a t  sphere of i n f luence  The f o u r t h  op- 

t i o n  t a r g e t s  t o  all t h r e e  sphere of i n f luence  parameters. I n  
op t ion  5 ,  t h e  r a d i u s  of c l o s e s t  approach r t h e  i n c l i n a t i o n  a t  

c l o s e s t  approach iCA, and t i m e  a t  c l o s e s t  approach 

m e t  approximately.  I n  t h e  s i x t h  and f i n a l  op t ion  of t h e  t a r g e t i n g  
mode, a l l  t h r e e  c l o s e s t  approach cond i t ions  are s a t i s f i e d  t o  input  
t o l e r a n c e s .  An a n a l y t i c a l  d i scuss ion  of a11 t h e s e  t a r g e t  condi- 
t i o n s  i s  provided i n  Chapter I V .  The t a r g e t  condi t ions are sum- 
marized i n  t a b l e  11 f o r  easy r e fe rence .  Note t h a t  i n  opt ion 5 t h e  
t o l e r a n c e s  are given i n  terms of BOT, B - R ,  and tSI w h i l e a t h e  

r and tCA. I n  t h i s  opt ion t h e  t a r g e t  cond i t ions  are i 

c l o s e s t  approach cond i t ions  are f i r s t  converted t o  sphere of i n -  
f l uence  cond i t ions  B - T ,  B*R,  and tSI and t h e  i t e r a t i v e  pro- 

cedure i s  continued u n t i l  t h e s e  va lues  a re  m e t  t o  the to l e rances  
& - T ,  & * R ,  and AtSI. I n  opt ion 6 t h e  process proceeds i n  a 

similar manner but  adds a s t e p  a t  t h e  end t o  t a r g e t  t o  t h e  spec i -  
f i e d  c l o s e s t  approach t o l e r a n c e s  AiCA ’ ArCA ’ and AtcA. 

tSI. 

CA ’ 
are tCA 

CA’ CAP 
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TABLE 11.- SUMMARY OF TARGET OPTIONS 

Opt ion 

1 

2 

3 

4 

5 

6 

T i t  l e  

Point -to- point 

Patched conic 

2-variable S O 1  

3 -variable S O 1  

Approximate CA 

S t r i c t  CA 

Required input 

2 .  Targe t ing  t o  c l o s e s t  approach condi t ions  ( target opt ions  
5 and 61.-  S ince  a t a r g e t  op t ion  6 problem e s s e n t i a l l y  demonstrates 
t h e  f e a t u r e s  of a l l  t h e  t a r g e t i n g  op t ions  and completely inc ludes  
a t a r g e t  op t ion  5 problem t h i s  example w i l l  be d iscussed  i n  d e t a i l .  
Tables 12 and 13, which supply t h e  a c t u a l  computer output  f o r  t h e  
example problem, w i l l  be used as r e fe rences .  

Table 12  summarizes t h e  prel iminary work of t h e  t a r g e t i n g  
a lgor i thm.  The genera l  mission c o n s t r a i n t s  are:  

Launch da te :  7/24/73; 

Target  da te :  2/16/74; 

G r a v i t a t i o n a l  bodies  ( 5 ) :  Sun, Ear th  (launch p l a n e t ) ,  
Mars ( t a r g e t  p l a n e t ) ,  J u p i t e r ,  Moon. 

The i n j e c t i o n  opt ion  i s  set so  t h a t  t h e  i n j e c t i o n  pos i t i on  and 
z e r o - i t e r a t e  v e l o c i t y  are  computed i n t e r n a l l y  i n  t h e  program us ing  
t h e  poin t - to-poin t  condi t ions .  The t a r g e t  condi t ions  and t o l e r -  
ances  are s p e c i f i e d  (opt ion 6) as:  

i = 38” AiGA = 0.25O CA 

CA 

CA 

r = 4800 km ArCA = 25 km 

t = 2/16/74 AtGA = 0.001 day 
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TABLE 1 3 . -  ACm& TARGETING P R O C E D m  

NUMERICAL [)IFFEREN~~MG DROCE~URE 

L I S  A X Y 2 TRAJECTORY fRAJECTORY TRAJE6TORY TARGET ?ARGbT TARGE? TIME TOTAL H!, 
V T T  C 0 n D 8.1 8.R 151 R+T/!NCL B.RIRcA TSx/TCa PFR CP OF 
E E F  C n n n OR OR ne INTSG TIME lNiF13 
L O P  Y T T T INEL RCA TCA STAfE TRANSITTON MATRIX tSFC1 lSEC1 INCR 

TARGFTING PND CONSTRUCTiON OF SPHERE-OF-INFLUENCE STATE ?RANSITION MATRIX 

I n o 5.00E-04 34.3866i4 12.5189~6 6.164171 -160137.77 122307.69 27072.827 5074.68 6910.76 27072.348 5.86 6.1 553 

1 0 1 5.OOE-04 34.386hS4 12.5i8986 6,164151 -159992.04 121656.42 27072.822 -1.25E-07 5.31F-07 -7.92~-02 
1 0 2 5.006-04 36.316674 12.5!8996 6.164171 -160251.97 122573.48 27072.829 -1.87E-07 8.06Pn9 -6.88E-03 
1 0 15.00€-04 34.3866i4 12.518986 6.1614141 -160046.14 121883.85 27072.024 T.48F-08 -8.35E-7l7 1.17E-01 

1 1 0 5.00F-04 34.3426i4 12.490438 6.216694 -20272.15 148999.45 27073.464 5112.11 6945.06 27071.270 5.97 29.7 258 

1 1 P 5.00E-04 34.342674 12.490448 6.216694 -20382.10 149259.00 27073.466 -1.76E-07 3 . 0 h P n 9  -5.55E-03 
1 1 3 5.00E-04 34.3426i4 12.490438 6.216704 '20186.61 148574.29 27073.461 -5.6OF-08 -R.59E-nT I.19E-01 

I I 1 S.QOE-O* 34.342654 12.490438 6.216694 -20132.54 148326.10 zioi7.459 -3.23E-08 5.29~07 -7.74E-02 

1 2 0 5.OOF-04 34.358787 12.492152 6.19546R 10751.43 744.36 2j072.307 5099.R7 6929.7fi ?7072.256 6-20 53.9 571 

1 z I 5.00E-04 34.35879i 12.492152 6.395461 10917.11 92.12 27072.303 -1.58~-08 o.ie~-ni -7.34~~02 
1 2 ? 5.00E-04 34.358787 12.492142 6.195468 10631.94 994.84 27072.308 -1.74F-07 -3.27r-n9 -6.84E-03 
1 ? f 5.00E-04 34.358787 12.491152 6.1954?8 10851.15 337.37 27072.704 -8.I9E-OR -7.00E-07 5.13E-Ol 

1 4 0 5.OOF-04 34.3649f4 12r493387 6,106248 5076.69 6968.35 27072.260 5098.90 6910.74 27078.250 6.27 104.3 571 
TARGETING TO SDHERF-OF-iNFLUENCF CONDITIONS 

2 0 0 2 .50E45  34.3649i4 12.493387 6.156248 122071.78 -187536.25 270il.Zf2 4897.54 bRb7.20 2?072*439 23.90 120.2 1035 

3 n n S.00E-06 34.362602 12@504879 6.192522 28737.57 -0840.80 27072.152 4947.03 hR95.41 27072.282 50.51 178.7 2\93 

3 1 0 5.00~-06 34.360244 12~508034 6.19794R 8416.10 3707.69 27072.259 4950.82 6R96.29 27n72.300 50.54 229.3 2j93 

3 ? 0 s,OO~-n6 34.3586i6 12.508351 6.200676 5686.19 6244.80 27072.296 4952.16 6R96.57 27n72.301 50.53 279.5 2193 

3 3 0 ~ * O O E - O ~  34.348536 12.508440 6.200861 5067.57 6829.07 27072.300 4952.34 6896.64 27072.301 50.57 330.4 2i93 

3 4 o 5.00~-06 34.358546 12.~nu457 6.200855 4962.R5 6893.56 27072.301 4952.35 6196.64 27072.301 50.57 301.0 2793 

CONSTRIJCTION OF CLOSEST-PPPROLCH STATE TRLNSI~TON MATRIX 

1 0 0 5.00E-04 34.364914 12.493387 6.1R62i0 37.05 4R87.46 27074.501 38.00 4 8 0 0 . 0 0  27074.500 9.28 390.3 i o 2  

1 0 1 5*00E-d4 34.364915 12.493387 6.186248 36.74 4862.01 270i4 .500 6.16E-06 9.31E'M -1.17F-02 
1 0 2 f.00E-Ob 36.364914 12.403388 6alR624R 37.21 4898.07 27074.501. 2.34F-05 -1.blE-08 '1.56E-02 
1 0 1 5.00E-04 34.364914 12.493317 6.186249 36.81 4860.25 27074.501 3.3%-06 -1.2RE-07 4.R5E-03 

TARGfTlNG TO CLOSEST-APDROACH CONDITIONS 

I o p S.OOE-D~ 34.358546 iZ.si8457 6.2008$5 37.02 4817.95 27074,500 38.00 48o0.00 27074.500 78.33 496.5 3399 

1 1 o S.OOF-O~ 34.358566 1 2 . ~ ~ 4 7 5  ~.~noufii? 38.11 4846.91 ~7074.500 3u.00 08oo.00 27071).500 78.31 514.9 3398 

1 2 0 5.00~46 34.3985i7 12.508480 6.200865 37.94 4788.42 27074.500 38.00 4800.00 27074+500 78.30 653.8 3 i00  
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A t y p i c a l  t a r g e t i n g  schedule i s  used. Thus. t h e  i n i t i a l  t a r g e t i n g  
and cons t ruc t ion  of t h e  s ta te  t r a n s i t i o n  matr ices  i s  done a t  an 

i n t e g r a t i o n  accuracy l e v e l  of 5 x 10 , one i t e r a t i o n  i s  included 

a t  2.5 x LOm5 t o  e f f i c i e n t l y  reduce t h e  e r r o r  between the  f i r s t  
and t h i r d  accuracy levels  and t h e  f i n a l  accuracy l e v e l  of 

-4 

-6 5 x 10 i s  t h e  l e v e l  a t  which t h e  t r a j e c t o r y  i s  t o  be u l t i m a t e l y  
t a r g e t e d .  N o  more than f i v e  i t e r a t i o n s  are t o  be made a t  t h i s  
f i n a l  ( c o s t l y )  accuracy l e v e l .  The basic  v e l o c i t y  increment used 

-5 

The t a r g e t e d  t r a j e c t o r y  pos i t i on  and v e l o c i t y  w i l l  be 
i n  t h e  cons t ruc t ion  of t h e  state t r a n s i t i o n  ma t r ix  i s  1 x 10 
km/sec. 
p r in t ed  a t  i n t e r v a l s  of every 100 i n t e g r a t i o n  increments and 500 
f l i g h t  days.  

The point- to-point  condi t ions (opt ion 1) are generated t o  
compute t h e  i n j e c t i o n  cond i t ions .  The i n j e c t i o n  t i m e  of 9 h r  25 min 
47.639 sec  i s  based on a launch from Cape Kennedy on 7/24/73 a t  
8 h r  16 min 16 sec  (when Cape Kennedy i s  a t  a required pos i t i on )  
t o  an intermediate  parking o r b i t  of 100 n .  m i .  The i n j e c t i o n  posi-  
t i o n  and z e r o - i t e r a t e  v e l o c i t y  corresponding t o  t h i s  i n j e c t i o n  

C A Y  CAY CA t i m e  i s  then computed. The t a r g e t  condi t ions i 

are then converted t o  equivalent  condi t ions B * T ,  8 - R ,  and tSI 

a t  t h e  Mars sphere o f  inf luence using t h e  point- to-point  condi- 
t i o n s  t o  approximate the  approach asymptote. 

r t 

CA ' r 

B - R ,  

from 
and 

t h i s  
This 

The a c t u a l  t a r g e t i n g  procedure, depicted i n  t a b l e  13, may 
now be i n i t i a t e d .  The i n t e g r a t i o n  of t h e  point- to-point  condi- 
t i o n s  a t  t h e  f i r s t  accuracy l e v e l  y i e l d s  a t r a j e c t o r y  i n t e r s e c t i n g  
t h e  Martian sphere of i n f luence ;  hence no "outer t a rge t ing"  i s  
r equ i r ed .  The approach asymptote of t h a t  t r a j e c t o r y  i s  used i n  
conjunction w i t h  t h e  d e s i r e d  c l o s e s t  approach condi t ions CA ' i 

and tCA t o  recompute t h e  a u x i l i a r y  t a r g e t  condi t ions B * T ,  

and tSI. The a c t u a l  t r a j e c t o r y  parameter values  d i f f e r e d  

The s ta te  t r a n s i t i o n  ma t r ix  computed about 
t hese  t a r g e t  values  by AB-T = -165 000 km, A B - R  = 115 000 km, 
A t S I  = 0.5  day. 

nominal i s  then  used t o  p r e d i c t  an improved i n j e c t i o n  v e l o c i t y .  
v e l o c i t y  is  subsequently t h e  b a s i s  f o r  t h e  generat ion of a 

new t r a j e c t o r y ,  t h e  a u x i l i a r y  t a r g e t  condi t ions are recomputed 
using t h e  new approach asymptote, and t h e  a c t u a l  t r a j e c t o r y  param- 
e ter  values are ca l cu la t ed .  The process i s  repeated u n t i l ,  a f t e r  
four  i t e r a t i o n s ,  a t a r g e t e d  t r a j e c t o r y  i s  determined a t  t h e  l o w  
accuracy l e v e l  with t a r g e t  e r r o r s  of A B * T  = 22 km, A B - R  = 38 km, 
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= 0.001 day. The i n j e c t i o n  v e l o c i t y  used i n  gene ra t ing  t h i s  AtSI 
t r a j e c t o r y  i s  then used a t  t h e  second i n t e g r a t i o n  accuracy l e v e l ,  
t h e  a u x i l i a r y  t a r g e t  va lues  computed, and t h e  a c t u a l  t r a j e c t o r y  
values  recorded. The f i n a l  s ta te  t r a n s i t i o n  m a t r i x  generated a t  
t h e  f i r s t  accuracy l e v e l  i s  then used t o  p r e d i c t  a co r rec t ed  in -  
j e c t i o n  v e l o c i t y  v e c t o r .  This v e l o c i t y  i s  then s e n t  t o  t h e  t h i r d  
accuracy l e v e l  and t h e  e n t i r e  t a r g e t i n g  process i s  r epea ted ,  a l -  
ways us ing  t h e  same s t a t e  t r a n s i t i o n  ma t r ix  constructed on t h e  
l a s t  s t e p  a t  t h e  f i r s t  accuracy l e v e l .  The f o u r t h  i terate  of t h a t  
process has e r r o r s  of A B * T  = 10 km, A B - R  = 3 km, and A t S I  < 
0.001 day. I f  op t ion  5 had been chosen, t h e  t a r g e t i n g  would be 
f i n i s h e d .  The r e s u l t i n g  t r a j e c t o r y  i n t e g r a t e d  forward t o  c l o s e s t  
approach would have t a r g e t  e r r o r s  of 
and A t C A  < 0.002 day. 

= 0 . 9 8 " ,  A r  = 18 km, 
CA A i C A  

Since t h i s  i s  an opt ion 6 t a r g e t i n g  problem, t h e  program 
now t akes  t h e  f i n a l  i n j e c t i o n  v e l o c i t y  generated a t  the  f i r s t  ac -  
curacy l e v e l  and i n t e g r a t e s  t h i s  t o  c l o s e s t  approach, computing 
t h e  t r a j e c t o r y  parameter va lues  a t  t h a t  po in t .  A state  t r a n s i -  
t i o n  ma t r ix  i s  cons t ruc t ed  about t h i s  t r a j e c t o r y ,  now r e l a t i n g  
changes i n  t h e  c l o s e s t  approach t a r g e t  cond i t ions  t o  changes i n  
t h e  i n j e c t i o n  v e l o c i t y .  The r e t u r n  i s  then made t o  the  t h i r d  
accuracy l e v e l  where t h e  f i n a l  i n j e c t i o n  v e l o c i t y  generated a t  
t h a t  l e v e l  i s  i n t e g r a t e d  t o  c l o s e s t  approach. The closest-approach 
s ta te  t r a n s i t i o n  ma t r ix  j u s t  cons t ruc t ed  i s  now used r epea ted ly  t o  
t a r g e t  t h e  t r a j e c t o r y .  I n  two i t e r a t i o n s  t a r g e t  e r r o r s  of only 
A t C A  = O.O6O, A r C A  = 12 km, and A t C A  < 0.001 a r e  a t t a i n e d .  

It i s  i n t e r e s t i n g  t o  compare t h e  computer t i m e s  r equ i r ed  
by each of t h e  d i f f e r e n t  types of i n t e g r a t i o n s  used i n  t h i s  prob- 
l e m .  The d a t a  are summarized i n  t a b l e  14. The type 1 i n t e g r a -  
t i o n s  are r equ i r ed  most o f t e n  ( 1 7  i n t e g r a t i o n s ) ,  but they are  t h e  
cheapest i n  computer t i m e .  The number of t h e  most t i m e  consuming 
i n t e g r a t i o n s  ( type  5) i s  held t o  a minimum. The advantage of 
u s ing  t h e  lower accuracy i n t e g r a t i o n s  i s  obvious. A b r u t e  f o r c e  
numerical d i f f e r e h c i n g  technique using only type 5 i n t e g r a t i o n s  
would r e q u i r e  1576 s e c  of i n t e g r a t i o n  computer t i m e  i f  but f i v e  
i t e r a t i o n s  were needed f o r  t h e  t a r g e t i n g ;  t h e  modified approach 
using many more i t e r a t i o n s  r e q u i r e s  655 sec. 

145 



TABLE 14.- DISTRIBUTION OF CDC 6500 COMPUTER TIME 
I N  TYPES OF INTEGRATIONS 

Fina 1 
boundary 

Sphere of 
i n f luence  

Sphere of 
i n f l u e n c e  

Sphere of  
i n f luence  

Closest  
approach 

Closest  
approach 

Accuracy 

5 

2.5 

5 x 

5 x 

I n t e g r a t i o n  
steps 

271 

103 5 

2193 

402 

3400 

Number of 
i n t e g r a t i o n s  

r equ i r ed  

17 

1 

5 

4 

3 

Computer 
t i m e  per 

sec 
i n t e g r a t i o n ,  

6.28 

23.90 

50.55 

9.28 

78.30 

T o t a l  
computer 
t i m e ,  s e e  

106.76 

23.90 

252.75 

37.12 

234.90 

F i n a l l y ,  t h e  r e s u l t s  of t h e  f i f t h  and s i x t h  t a r g e t i n g  
op t ions  as a p p l i e d  t o  t h i s  problem may be compared. The op t ion  5 
i n j e c t i o n  cond i t ions  were generated i n  383 sec of CDC 6500 computer 
t i m e  ( r e q u i r i n g  only t h e  f i r s t  t h r e e  i n t e g r a t i o n  types ) .  An ad- 
d i t i o n a l  272 sec is  needed t o  t a r g e t  t o  t h e  op t ion  6 cond i t ions .  
This  g r e a t  expense i n  computer t i m e  r equ i r ed  by t h e  s t r i c t  c l o s e s t  
approach t a r g e t i n g  prompted t h e  inc lus ion  of t h e  relaxed condi t ions 
a v a i l a b l e  under o p t i o n  5. 
i n  t a b l e  15. 

A summary of t h e  two op t ions  i s  given 

TABLE 15.- COMPARISON OF TARGET OPTIONS 5 AND 6 

As noted i n  Chapter I V ,  t h e r e  are f o u r  d i s t i n c t  trajec- 
t o r i e s  t h a t  have i d e n t i c a l  i n c l i n a t i o n s ,  r a d i i ,  and times a t  
c l o s e s t  approach f o r  a given mission. The example d i scussed  i m -  
mediately above i s  t h e r e f o r e  only one of fou r  poss ib l e  s o l u t i o n s  
t o  t h e  problem. A second posigrade o r b i t  having a n  i n c l i n a t i o n  
of 38' is  s p e c i f i e d  by s e t t i n g  t h e  t a r g e t  i n c l i n a t i o n  equal  t o  
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-38 ' ;  two r e t r o g r a d e  o r b i t s  are determined by t h e  i n c l i n a t i o n  
va lues  t 1 4 2 "  (p lus  o r  minus t h e  supplement of t h e  d e s i r e d  i n c l i n a -  
t i o n ) .  The c h a r a c t e r i s t i c s  of t h i s  family of s o l u t i o n s  are sum- 
marized i n  t a b l e  1 6 .  The r e s u l t s  given are  from t r a j e c t o r i e s  

t a r g e t e d  a t  op t ion  5 a t  an accuracy l e v e l  of 1 .25  x 10 using 
t h e  Sun, Ea r th ,  and Mars as g r a v i t a t i o n a l  bodies .  The t r a j e c t o r -  
ies  aga in  demonstrate t h e  v a l i d i t y  of t h e  t a r g e t  op t ion  5 approx- 
i m a t  i ons .  

-4  

TABLE 16. -  FAMILY OF SOLUTIONS TO CLOSEST APPROACH PROBLEM 

I n j e c t i o n  v e l o c i t y ,  km/sec Input  
I 

+38 34.366621 12.508799 6.187236 

-38 34.362456 12.508296 6.193847 

+142 34.365151 12.51.1210 6.191176 

-142 34.360912 12.510700 6.197898 

+142 34.365151 12.51.1210 6.191176 -7994 2873 2 / 1 3 / 7 4  -0.38 -163 +O,OOO I I  -142 34.360912 I 12.510700 I 6.197898 I l l  -4955 -6897 2 / 1 3 / 7 4  I l l  -0.77 -122 +O.OOO I 
3 .  TarPet ina t o  sphere of i n f luence  c o n d i t i o n s . -  A Venus probe 

w i l l  be used t o  i l l u s t r a t e  t h e  d i f f e r e n c e s  between t a r g e t  op t ions  
3 and 4 .  The gene ra l  problem parameters a re  given below: 

I n j e c t i o n  d a t e :  1 1 / 3 / 7 3 ;  

Target d a t e :  2 / 2 0 / 7 4  (at sphere of i n f l u e n c e ) ;  

G r a v i t a t i o n a l  bodies:  Sun, Earth (launch p l a n e t ) ,  Venus 
( t a r g e t  p l a n e t ) ,  J u p i t e r ,  Moon; 

F i n a l  accuracy l eve l :  2.5 x 10 ; 

-4 Intermediate  l e v e l :  5.0 x 10 ; 

Target cond i t ions :  B - T  = 3349,  

B * R  = 1689 ,  

tSI = 2 / 2 0 / 7 4 .  

-5 

is SI o r  t a r g e t i n g  i n  op t ion  3 ,  t h e  above t i m e  c o n s t r a i n t  on t 

no t  r i g i d l y  enforced.  This t i m e  is used, however, t o  gene ra t e  
t h e  i n j e c t i o n  c o n d i t i o n s ,  which r e s u l t s  i n  t h e  f i n a l  t i m e  being 
s a t i s f i e d  approximately.  The t a r g e t i n g  f o r  both problems begins 
w i t h  t h e  i n t e r n a l l y  generated point- to-point  i n j e c t i o n  condi t ions.  
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The progressive t a r g e t i n g  under t h e  two op t ions  i s  sum- 
marized i n  t a b l e  1 7 .  I n  op t ion  3 ,  166 s e c  are r equ i r ed  t o  t a r g e t  
t o  B - T  and B.R. I n  adding t h e  t i m e  c o n s t r a i n t  i n  opt ion 4 ,  
t h e  r equ i r ed  computer t i m e  i s  increased t o  251 sec. This t i m e  
d i f f e r e n t i a l  i s  produced by two e f f e c t s .  F i r s t ,  i n  opt ion 3 t h e  
cons t ruc t ion  of t h e  2 x 2 state t r a n s i t i o n  ma t r ix  computed a t  
each i t e r a t i o n  i n  t h e  f i r s t  accuracy l e v e l  r e q u i r e s  two i n t e g r a -  
t i o n s ,  while  i n  op t ion  4 t h a t  ma t r ix  i s  3 x 3 and so n e c e s s i t a t e s  
t h r e e  i n t e g r a t i o n s .  Secondly, more i t e r a t i o n s  are used i n  t a r g e t -  
ing op t ion  4 .  

TABLE 17.-  COMPARISON OF TARGET OPTIONS 3 AND 4 

ion 3 t i o n  4 Target 01 Target c 

B - R ,  km B O T ,  km’ B * T ,  km 
:omput ex 

t i m e  , 
sec  

6 . 1  

23.7 

41.2 

Computer 
t i m e  , 

s e c  

6.1 

29.9  

53.8 

77 .6  

101.4 

B * R ,  km 

399 966 

-8  017 

3 971 

-99 684 

10 468  

1 315 

77 745 

78.114 

78.068 

399 966 

213 802 

55 072 

25 805 

3 942 

-99 684 

-119 630 

-29 862 

-10 289 

1 378 

77.745 

78.342 

78.453 

78.445 

78.499 

78.832 

78.300 

78.552 

78.493 

78.502 

78.500 

vz , 
km/ sec 

-165 080 

-18 070 

3 050 

3 323 

3 367 

36 985 

13 508 

1 845 

1 704 

1 678 

78 .394 

78.164 

78.100 

78.099 

78.099 

75.3 

98.0 

120.7 

143.3 

165.9 

-164 867 

43 304 

-12 807 

4 656 

2 794 

3 445 

38 542 

-23 782 

11 030 

87 8 

2 019 

1 638 

136.1  

158.8 

181.5 

204.2 

227 .O 

250.8 

vX’ 

km/ s ec 

v 
km/sec 

Y ’  vZ 

km/sec 
vX 

km/sec 

V 

km/ s e c  
Y ’  

-22.35441 L1.50466 b2.  76032 11.54728 2.85894 -22.43800 

Las t  f i g u r e s  of J u l i a n  d a t e  r e fe renced  t o  1900.  Target d a t e  = 27078.500.  a 

bZ-component of i n j e c t i o n  v e l o c i t y  i s  cons t r a ined  t o  t h i s  va lue  under opt ion 
3 s t r a t e g y .  
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I f  t h e  f i n a l  t i m e  c o n s t r a i n t  does not need t o  be m e t  ex- 
a c t l y ,  t a r g e t i n g  op t ion  3 obviously o f f e r s  a more e f f i c i e n t  so lu -  
t i o n  than  does op t ion  4 .  However, i f  t h e  t i m e  c o n s t r a i n t  must be 
s a t i s f i e d ,  op t ion  4 can be  used. 

4 .  Computational procedures f o r  d i f f i c u l t  problems.- There 
are two procedures added t o  t h e  b a s i c  numerical d i f f e r e n c i n g  a lgo -  
r i thm t o  handle c e r t a i n  i r r e g u l a r i t i e s .  It i s  poss ib l e  t h a t ,  t h e  
point- to-point  i n j e c t i o n  cond i t ions  generated by t h e  program w i l l  
lead t o  a t r a j e c t o r y  which does not i n t e r s e c t  t h e  t a r g e t  p l ane t  
sphere of i n f l u e n c e .  The o u t e r  t a r g e t i n g  scheme discussed i n  
Chapter IV is  a c t i v a t e d  au tomat i ca l ly  when t h i s  contingency occurs .  
A t y p i c a l  example of o u t e r  t a r g e t i n g  i s  dep ic t ed  i n  t a b l e  18. The 
b a s i c  mission under i n v e s t i g a t i o n  i s  a n  Earth-Mars probe leaving 
on 7/31/73 and a r r i v i n g  a t  t h e  sphere of i n f luence  of Mars on 
2/11/74. Addit ional  g r a v i t a t i o n a l  bodies  included i n  t h e  n-body 
t r a j e c t o r y  gene ra t ion  a r e  t h e  Sun, Moon, and J u p i t e r .  The f i r s t  

accuracy l e v e l  f o r  t h i s  problem w a s  1 . 2 5  x 10 . Upon i n t e g r a t i o n  
of a s e t  of erroneous i n j e c t i o n  c o n d i t i o n s ,  t h e  t r a j e c t o r y  had a 
c l o s e s t  approach t o  Mars of 2 .5  m i l l i o n  km and a r r i v e d  t en  days 
ear l ier  than d e s i r e d .  An " a r t i f i c i a l "  sphere of i n f luence  w a s  
cons t ruc t ed  about Mars having a r a d i u s  of 3 m i l l i o n  km. " A r t i -  
f i c i a l "  t a r g e t  cond i t ions  of B * T  = B - R  = 0 and a biased t i m e  
were used as c o n s t r a i n t s  i n  an opt ion 4 t a r g e t i n g  process .  I n  
f i v e  i t e r a t i o n s  i n j e c t i o n  cond i t ions  were generated which led t o  
a t r a j e c t o r y  i n t e r s e c t i n g  t h e  Mart ian sphere of i n f luence  with a 
t i m e  e r r o r  of one day. These cond i t ions  w e r e  then subsequently 
t a r g e t e d  t o  t h e  d e s i r e d  c o n s t r a i n t s .  

-4 

The second p r o t e c t i v e  measure i s  c a l l e d  a bad-step check. 
I n  t h i s  procedure each i t e r a t e  i s  compared with i t s  predecessor 
before  being accepted.  I f  t h e  new i te ra te  i s  considered i n f e r i o r  
t o  t h e  o l d ,  t h e  v e l o c i t y  c o r r e c t i o n  i s  reduced by one-fourth and 
a new i te ra te  computed. The process i s  then continued u n t i l  a n  
improved i terate  i s  determined. There a re  two c r i t e r i a  f o r  deem- 
ing  a n  iterate i n f e r i o r .  The f i r s t  occurs  when a new i t e r a t e  
misses t h e  t a r g e t  p l ane t  sphere of i n f luence  while  t h e  preceding 
i t e r a t e  i n t e r s e c t e d  i t .  The second c r i t e r i o n  involves  a s c a l a r  
measure of t h e  e r r o r  t h a t  i s  assigned t o  each i t e r a t e .  The e r r o r  
measure i s  a r b i t r a r i l y  de f ined  as 

t a r g e t  cond i t ions .  When t h e  e r r o r  measure i s  increased by any 
i terate ,  t h a t  i t e r a t e  i s  termed i n f e r i o r .  

E = 1B.TI + I B - R I  f 100000 
o r  E = 100 1 '  iCA I + lrcAl + IOOOO I tCA I depending on t h e  

ltSIl 
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TABLE 18.- DEMONSTRATION OF OUTER TARGETING 

It era t ion  

Outer t a r g e t i n g  
loop : 

0 

4 

5 

Outer t a r g e t i n g  
condi t ions  

Return t o  r egu la r  
t a r g e t i n g :  

Regular t a r g e t  
condi  t ions 

B - T ,  km 

L 033 217 

997 753 

423 538 

100 219 

-20 417 

1 079 

0 

10 402 

8 000 

B - R ,  km 

-1 906 363 

-41 205 

-1 1 3 1  272 

257 898 

125 533 

2 955 

0 

6 630 

1 000 

- las t  f i g u r e s  of -SI’ 
J u l i a n  d a t e  

72.707 

88.591 

77.353 

85 825 

83.896 

83.047 

83.015 

91.378 

90.125 

The need f o r  a bad-step check i s  demonstrated i n  the  ex- 
ample i l l u s t r a t e d  i n  t a b l e  1 9 .  The mission c o n s t r a i n t s  included 
depa r tu re  from Ear th  on 3 / 9 / 7 2  and a r r i v a l  a t  t h e  sphere of i n -  
f l uence  of Venus on 9 / 5 / 7 2 .  The g r a v i t a t i o n a l  e f f e c t s  of t h e  Sun, 
Ea r th ,  Venus, J u p i t e r ,  and the  Moon were t o  be  considered i n  the  
i n t e g r a t i o n .  Table 19 i n d i c a t e s  t h e  ou te r  t a r g e t i n g  ( a t  t h e  5.0 x 

10 accuracy l e v e l )  f o r  t h e  problem. The t r a j e c t o r y  i s  obviously 
i n  an  extremely nonl inear  reg ion  i n  terms of t h e  t a r g e t i n g  pro- 
cedure,  and i n  f a c t  i s  t h e  worst  case  encountered t o  da te .  Each 
of the f i r s t  two c o r r e c t i o n s  lead  t o  t r a j e c t o r i e s  missing t h e  
a r t i f i c i a l  sphere of i n f l u e n c e  (having a r a d i u s  of 1 0 6 5  496 km). 
Subsequently t h r e e  sets of  v e l o c i t x  c o r r e c t i o n s  lead  t o  t a r g e t  
cond i t ions  t h a t  i nc rease  t h e  e r r o r  measure ass igned  t o  the  pre-  
v ious  iterate. This example emphasizes t h e  n e c e s s i t y  f o r  in -  
c lud ing  t h e  bad-step check; i f  i t  were not  present  t h e  t a r g e t i n g  
would f a i l .  It fur thermore po in t s  up t h e  advantage of performing 
t h e  e a r l y  t a r g e t i n g  a t  a l o w  accuracy level. I n  s p i t e  of t he  
pa thologica l  n a t u r e  of t h i s  problem, t h e  o u t e r  t a r g e t i n g  requi red  
only  220 s e c  of computer t i m e  t o  gene ra t e  i n j e c t i o n  cond i t ions  

-4 
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r I t e r a t e  

0 

al 

a2 

1 

2 

3 

b4 

b5 

4 

t h a t  i n t e r s e c t e d  t h e  t a r g e t  p lane t  sphere of in f luence  wi th  
B-T = -6173,  B - R  = -3706 and a n  e r r o r  i n  t i m e  of 0.008 days.  
The e n t i r e  problem w a s  t a r g e t e d  ( to  e r r o r s  of B*T = 1000, B * R  = 

2 0 0 ,  tSI = 0 . 0 0 4 )  a t  a f i n a l  accuracy l e v e l  of 5.0 x 10 i n  

416  sec inc luding  t h e  220 sec spent  i n  ou te r  t a r g e t i n g .  

-6 

TABLE 19.- DEMONSTRATION OF BAD-STEP CHECK 

vx’ I vY’ 
km/sec I km/sec 

1.575340 -20.817502 

1.412716 -20.606402 

1.534684 -20.764727 

1.397888 -20.597383 

1.500485 -20.722891 

1.424208 -20.636389 

1.497700 -20.726740 

1.442581 -20.658977 

1.504156 -20.736292 

1.457975 -20.678305 

1.470842 -20.694737 

1.513802 -20.750422 

1.523054 -20.763977 

vz , 
km/ s ec 

5 

b6 

7 

8 

Target  condi t ions  (ou te r  t a r g e t i n g ) :  

1.571208 

1.128612 

1.460559 

1.123011 

1.376172 

1.215709 

1.434823 

1.270487 

1.454002 

1.3 16366 

1.355106 

1.484726 

1.513422 

~ 

-765 199 -469 501 43.933 

Error  
measure 

1 281 800 

(Missed a r t i f i c i a l  sphere of in f luence)  

-682 864 ] -415 132 1 4 4 . 0 2 4  I 1 135  996 

(Missed a r t i f i c i a l  sphere of inf luence:  

-576 213 

-224 998 

-412 104 

-193 589 

-282 006 

-160 072 

-132 022 

-137 682 

-18 519 

0 

-345 480 

-130 729 

-190 780 

-110 660 

-130 178 

- 9 1  281 

-74 950 

-63 263 

-11 118 

0 

44.134 

44.702 

44.182 

44.637 

44.227 

44.592 

44.556 

44.319 

44.412 

44.404 

948 693 

385 527 

625 084 

327  549 

429 884 

270 153 

222 172 

209,445 

30 437 

I te ra te  misses a r t i f i c i a l  sphere of in f luence .  Veloc i ty  c o r r e c t i o n  i s  
reduced by one-quarter  t o  genera te  new iterate. 

I terate increases e r r o r  of previous i t e ra te .  Veloc i ty  c o r r e c t i o n  is  reduced 
by one-quarter  t o  gene ra t e  new i te ra te .  

a 

b 
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5. Other a p p l i c a t i o n s . -  The t a r g e t i n g  program i s  a p p l i c a b l e  
t o  many o t h e r  problems than  j u s t  t h e  simple probe problems d i s -  
cussed above. One a p p l i c a t i o n  handled e a s i l y  by t h e  program in -  
volved midcourse c o r r e c t i o n s .  A nominal t r a j e c t o r y  w a s  f i r s t  

t a r g e t e d  a t  t h e  2 .5  x accuracy l e v e l  depa r t ing  from Earth 
on 7/24/73 and a r r i v i n g  a t  Mars on 2/7/74. 
o the r  g r a v i t a t i o n a l  body included i n  t h e  i n t e g r a t i o n .  It w a s  
d e s i r e d  t o  analyze t h e  e f f e c t  of using midcourse co r rec t ions  t o  
delay t h e  f i n a l  a r r i v a l  a t  Mars by f i v e  days.  The t imes f o r  t h e  
c o r r e c t i o n s  were set  a t  f i v e ,  25, and 50 days a f t e r  i n j e c t i o n .  
The p o s i t i o n  and v e l o c i t y  of t h e  nominal t r a j e c t o r y  were recorded 
a t  these  t i m e s  and read i n t o  t h e  t a r g e t i n g  program as i n j e c t i d n  
cond i t ions .  The t a r g e t  cond i t ions  were i d e n t i c a l  f o r  each of t he  

2/12/74). 
t h e  v e l o c i t i e s  a t  t h e  r e s p e c t i v e  t imes along t h e  o r i g i n a l  t r a j e c -  
t o r y  then c o n s t i t u t e d  t h e  s i z e  of t h e  midcourse c o r r e c t i o n  needed 
a t  each cand ida te  t i m e  of midcourse c o r r e c t i o n .  The r e s u l t s  of 
t h i s  s tudy are  summarized i n  t a b l e  20. A s  can be  seen the  minimum 
c o r r e c t i o n  occurs a t  t h e  t h i r d  candidate  t i m e .  

The sun w a s  t h e  only 

- t h r e e  problems (ITARG = 5,  iCA = 38", rCA = 4800 km, tCA - 
The d i f f e r e n c e s  between t h e s e  t a r g e t e d  v e l o c i t i e s  and 

TABLE 20.- ANALYSIS OF MINIMUM VELOCITY MIDCOURSE CORRECTION 

Tra j ec to ry  I km/ s ec 

Nominal a t  5 days 

Targeted c o r r e c t  ion 

Nominal a t  25 days 

Targeted c o r r e c t i o n  

Nominal a t  50 days 

Targeted c o r r e c t i o n  

26.51898 

26.49243 

19 .287 83 

19.25626 

8.52058 

8.47260 

bV S I  
vY , vz , B - T ,  B * R ,  t 

km/sec km/sec km km 

A second a p p l i c a t i o n  of t h e  t a r g e t i n g  program has been 
i n  t h e  extremely s e n s i t i v e  problem of gene ra t ing  swingby t r a j e c -  
t o r i e s .  A nominal set of t a r g e t  cond i t ions  based on a patched 
conic  t r a j e c t o r y  o r i g i n a t i n g  from Ear th  and passing near  J u p i t e r ,  
Saturn,  and P lu to  w a s  used as a p r o f i l e  f o r  t h e  run. The d a t a  
of t h a t  patched conic are summarized below: 

Launch d a t e :  8/27/77; 
A r r i v a l  a t  J u p i t e r :  + 509 days,  B - T  = 715 906, B.R = 26 876; 
A r r i v a l  a t  Saturn:  f 1087 days,  B - T  = 139 232, B - T  = 594 928; 
A r r i v a l  a t  P lu to :  f 3021 days.  
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The i n t e g r a t i o n  model f o r  t h e  t r a j e c t o r y  used an accuracy l e v e l  

of 1.25 x l om4  wi th  t h e  Sun, Earth,  J u p i t e r ,  Saturn,  and Pluto 
as g r a v i t a t i o n a l  bodies .  The t r a j e c t o r y  w a s  f i r s t  t a r g e t e d  t o  
t h e  given patched conic condi t ions a t  J u p i t e r .  The i n j e c t i o n  
condi t ions thus generated y i e l d  a t r a j e c t o r y  missing t h e  sphere 
of i n f luence  of Saturn.  Four i t e r a t i o n s  of outer  t a r g e t i n g  
yielded a t r a j e c t o r y  i n t e r s e c t i n g  t h e  sphere of i n f luence  of 
Saturn.  Four i t e r a t i o n s  of ou te r  t a r g e t i n g  y i e lded  a t r a j e c t o r y  
i n t e r s e c t i n g  t h e  sphere of i n f luence  of Saturn.  However, s i x  
i t e r a t i o n s  were then r equ i r ed  t o  t a r g e t  t o  t h e  given t a r g e t  con- 
d i t i o n s  a t  Saturn.  These new i n j e c t i o n  condi t ions gene ra t e  a 
t r a j e c t o r y  t h a t  misses Pluto by 121 m i l l i o n  km. The e n t i r e  process 
could be repeated t o  t a r g e t  t o  given condi t ions a t  Pluto i f  de- 
s i r e d .  The t a r g e t i n g  f o r  t h i s  swingby mission i s  summarized i n  
t a b l e  21 .  

Vx 

19.959364 

20.082143 

20.079305 

Experience has ind ica t ed  t h a t  t h e s e  swingby t r a j e c t o r i e s  
are  extremely s e n s i t i v e  problems. Se lec t ion  of a n  appropr i a t e  
v e l o c i t y  increment t o  use i n  cons t ruc t ing  t h e  s ta te  t r a n s i t i o n  
ma t r ix  i s  of c r u c i a l  importance. Undoubtedly major r e v i s i o n s  
should be made i n  the  t a r g e t i n g  scheme before  it  can be used e f -  
f i c i e n t l y  f o r  t a r g e t i n g  swingby t r a j e c t o r i e s .  

V 
Y 

00.225501 

40.037109 

40.041451 

TABLE 21.- TARGETING OF SWINGBY M I S S I O N  

Ear th-Jupi te r  

Earth-Saturn 
(outer  
t a rge t ing )  

Earth-Saturn 
( inner  
t a rge t ing )  

* 

I t e r a t i o n s  time I required I requi red ,  Computer 
sec  

6 104 

4 40 5 

6 627 

715 875 

Target i n j e c t i o n  v e l o c i t y ,  

26 876 1 2 / 7 / 7 8  

km/sec 

"z 

0.630516 

0.6897 13 

0.688398 

Target condi t ions  
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C .  Error  Analysis Mode 

This s e c t i o n  demonstrates t he  uses  of t he  e r r o r  a n a l y s i s  
mode, Many a c t u a l  runs have been made and the  r e s u l t s  a r e  i n -  
d i c a t i v e  of t he  kind of  information t h a t  can be obtained from 
the e r r o r  a n a l y s i s  mode of STEAP. A b a s i c  Mars-Viking run w i l l  
be analyzed f i r s t  i n  d e t a i l .  Several  a d d i t i o n a l  runs w i l l  be 
presented t o  show how key t r a j e c t o r y  parameters vary under d i f -  
f e r i n g  assumptions. The las t  se t  of d a t a  con ta ins  a midcourse 
c o r r e c t i o n  schedule a n a l y s i s  f o r  a Venus mission from the pro- 
posed Planetary Explorer launch window. 

1. Base Mars-Viking run.- Table 22 p resen t s  the input  used 
f o r  an example run of t he  e r r o r  a n a l y s i s  mode, The nominal t r a j e  
t o r y  was chosen from the  Mars-Viking launch window and was tar-  
geted,  t o  s a t i s f y  mission c o n s t r a i n t s ,  by the  t a r g e t i n g  mode of 
STEAP. The launch d a t e  f o r  the base run was J u l y  24, 1973, and 
the time of c l o s e s t  approach t o  Mars was February 16, 1974. The 
i n j e c t i o n  condi t ions given i n  the  t a b l e  a r e  c o n s i s t e n t  w i t h  a 
launch p r o f i l e  t h a t  assumes a C a p e  Kennedy launch and subsequent 
i n j e c t i o n  from a nominal, c i r c u l a r  parking o r b i t  about t h e  Earth.  

The t a r g e t i n g  condi t ions i n  the Mars i m p a c t  parameter plane 
were given by B.T = 4938.86 km, B * R  = 7179.34 km, and 

February 13, 19 h r ,  14 min, 33.885 sec,  1974. Five bodies were 
used i n  the t r a j e c t o r y  computation and the i n t e g r a t i o n  accuracy 
l e v e l  corresponded t o  a f ixed  t r u e  anomaly increment of 7.696 
mrad. No dynamic noise  was included i n  the base run and s t a t e  
t r a n s i t i o n  matr ices  were computed from the a n a l y t i c a l  patched 
con ic  formulas. 

- 
- 

The measurement schedule used f o r  the a n a l y s i s  i s  given i n  
d e t a i l  i n  t a b l e  22. A l l  range measuremefits were assumed t o  have 

a var iance of 9 m ( l o  = 3 m) and a l l  range r a t e  measurements 
2 

had var iances  of  9 mm2/sec2 ( l a  = 3 mm/sec>. Three guidance 
co r rec t ions ,  a l l  u s i n i  the 3-var iable  B-plane pol icy,  were made 
a t  5, 30, and 197 days a f t e r  i n j e c t i o n .  Execution e r r o r  v a r i -  
ances a t  the  times of midcourse c o r r e c t i o n  a r e  included i n  the 
t a b l e  and they correspond t o  l o  e r r o r s  of 0.002 f o r  the pro- 
p o r t i o n a l i t y  e r r o r ,  2 cm/sec f o r  the r e s o l u t i o n  e r r o r ,  and 7 . 1  
mrad f o r  each of t he  po in t ing  e r r o r s .  
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TABLE 22.- CONDITIONS FOR BASE ERROR ANALYSIS RUN 

I n j e c t i o n  da te :  J u l y  2 4 ,  9 h r ,  25 min, 47.639 sec, 1973 

Closes t  approach date:  Feb. 1 6 ,  0 h r ,  1 min, 49.377 s e c ,  1974 

I n j e c t i o n  conditions:  (geocent r ic  e c l i p t i c  coordinates) 

X = -1090.0529 km 

Y = -6550.0511 km 

X = 9.401527 kmlsec 

Y = -2.876404 km/sec 

Z = 75.6015 km Z = 6.200795 km/sec 

rE = 6640.5648 km VE = 11.623781 kmlsec 

Mars sphere  of i n f luence  condi t ions :  

B = 8714.08 km B R = 7179.34 km 

B T = 4938.86 km tSI = Feb. 13, 19 hr, 1 4  min, 33.885 sec, 1974 

Ephemeris included Ear th ,  Mars , Sun , J u p i t e r ,  Moon 

Accuracy l e v e l :  5 x True anomaly: 7.696 mrad 

No dynamic n o i s e  

S t a r  t r a n s i t i o n  mat r ices  from patched conic  

Measurement schedule - Goldstone measured range and range rate 5 times a t  0.2, 1 . 2 ,  2.2, 3 . 2 ,  4.2 
Goldstone measured range rate 19 t i m e s  at 5.3, 9 .3,  13 .3 ,  17 .3 ,  21.3,  25.3, 

29 .3 ,  34.1,  64.1,  94.1, 124.1,  154.1,  184.1,  187 .3 ,  190 .3 ,  193.3, 196.3, 
199.3,  202.3 

6 . 7 ,  10.7,  14 .7 ,  18.7,  22 .7 ,  26.7, 30.7 

203.5, 204.5, 205.5,  206.5, 207.5 

8.0, 1 2 . 0 ,  16.0, 20.0,  24.0,  28.0,  32.0 

204.8 

Madrid measured range and range rate 1 2  t i m e s  a t  0.6, 1.6, 2 .6 ,  3 .6 ,  4 .6,  

Madrid measured range rate 11 t i m e s  a t  44.5,  74.5,  104.5,  134.5,  164.5,  194.5, 

Canberra measured range and range rate 1 2  times at 0.9, 1 . 9 ,  2 .9 ,  3.9, 4 .9,  

Canberra measured range rate 6 t i m e s  a t  54 .8 ,  84.8,  114.8,  144.8,  174.8, 

Tota l  of 65 measurement t i m e s  

Measurement accurac ies :  u2 = 9 m2 f o r  a l l  ranges 

02 = 9 mm2/sec2 f o r  a l l  range rates 
D 

D 

I n j e c t i o n  covariance diagonal:  ug = 1 km2 f o r  a l l  pos i t i ons  

06 = 9 m2/sec2 f o r  a l l  v e l o c i t i e s  

Guidance co r rec t ions  a t  5, 30 ,  197 days; t h r e e  v a r i a b l e  B-plane po l i cy  

Execution e r r o r s :  o2 = 4 x u2 = 4 cm2/sec2 Pro res 
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Recal l  t h a t  t h e r e  are t h r e e  major outputs  of t he  e r r o r  
a n a l y s i s  mode. The f i r s t  of t hese  i s  the nav iga t ion  u n c e r t a i n t y  
covariance ma t r ix  a t  s e l e c t e d  epochs along t h e  o r b i t .  A second 
i s  t a r g e t  cond i t ion  v a r i a t i o n s  about t he  nominal, which i n d i c a t e  
how c l o s e l y  the  co r rec t ed  t r a j e c t o r y  i s  l i k e l y  t o  meet the 
s p e c i f i e d  t a r g e t  condi t ions.  The t h i r d  s i g n i f i c a n t  output  i s  
r e l a t e d  t o  the l i k e l y  s i z e  of t he  midcourse c o r r e c t i o n s  and i s  
important f o r  f u e l  loading purposes. 

Table 23 p resen t s  a d e t a i l e d  t a b u l a t i o n  of t he  diagonal  e l e -  
ments of t he  s t a t e  vector  a s soc ia t ed  covariance matr ices  f o r  the 
base run. The symbols + and - i n  the t r a j e c t o r y  time column 
i n d i c a t e  values before  and a f t e r  processing the measurement made 
a t  the s p e c i f i e d  time. The measurement kind column r e f e r s  t o  the 
type of measurement being processed; thus a t  0.9 days a f t e r  i n -  
j e c t i o n  a measurement of range and range ra te  (D3 and Is3) was 

taken from Canberra. The i n i t i a l  p o s i t i o n  var iances  were a l l  1 

km and the i n i t i a l  v e l o c i t y  var iances ,  a l s o  uncor re l a t ed ,  were 2 

2 2 assumed t o  be 9 m /sec . The symbols G1, G 2 ,  and G3 i n  the 

measurement number column i n d i c a t e  t h e  times of t h e  t h r e e  guidance 
c o r r e c t i o n s .  

The p o s i t i o n  u n c e r t a i n t i e s  displayed i n  the  t a b l e ,  two of 
which a r e  p l o t t e d  i n  standard dev ia t ion  form (30) i n  f i g u r e  11, 
are  f a i r l y  t y p i c a l  o f  s i m i l a r  runs.  Due t o  the s e n s i t i v i t y  of 
t he  outgoing hyperbola, which produces l a r g e  s t a t e  t r a n s i t i o n  
ma t r i ces ,  t he  p o s i t i o n  u n c e r t a i n t y  var iances  inc rease  i n i t i a l l y .  
Af t e r  one day and t h r e e  measurements of range and range r a t e ,  
the p o s i t i o n  navigat ion u n c e r t a i n t i e s  have approximately r e -  
turned t o  t h e i r  i n i t i a l  va lues .  Subsequent t r ack ing  and d a t a  
processing reduces the  p o s i t i o n  e r r o r s  t o  about 0.75 km (30) 
a f t e r  t h ree  days and the va r i ances  s t a y  more o r  l e s s  t he  same 
u n t i l  the f i r s t  guidance c o r r e c t i o n  f i v e  days a f t e r  i n j e c t i o n .  
It i s  i n t e r e s t i n g  t o  note  from t a b l e  23 the a f f e c t  of each i n -  
d i v i d u a l  measurement on the processed covariance ma t r i ces .  The 
s i x t h  measurement, f o r  example, which was a range and range r a t e  

measurement from Canberra, only reduced a2 from 0.531 t o  0.423. 

By c o n t r a s t ,  t h e  seventh measurement, range and range r a t e  from 
Goldstone, reduced the same q u a n t i t y  by more than one order  of 
magnitude. The geometry of the t r ack ing  s t a t i o n - t r a j e c t o r y  r e l a -  
t i onsh ip  plus  o the r  f a c t o r s  r e l a t e d  t o  previous measurements 
doubt less  exp la in  why one measurement reduces u n c e r t a i n t i e s  more 
than another .  

Z 
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Y T r a j e c t o r y  
t ime,  days 

0 

0.2- + 0.2 

0.6- 

0.6' 

0 .9-  

0.9' 

1.2- 

1.2' 

1.6- 

1.6' 

1.9- 

1.9' 

2.2- 

2.2' 

2.6- 

2.6+ 

2.9' 

3.2' 

3.6' 

3.9' 

4.2' 

4.6' 

4.9' 

5.0- 

5.0' 

5.3- 

5.3+ 

6.7- 

6.7' 

8.0- 

8.0' 

9.3+ 

12.0+ 

10.7' 

13.3' 

- 

$a  
NO 

0 

0 

1 

1 

2 

2 

3 

3 

4 

4 

5 

5 

6 

6 

7 

7 

8 

9 

10 

11 

12 

13 

14 

15 

- 

G1 

15 

16 

16 

17 

1 7  

18 

19 

20 

21 

22 - 

TABLE 23.- NAVIGATION UNCERTAINTIES FOR BASE ERROR Ah'&YSIS RUN - 

Kind 

Pos i t ion  u n c e r t a i n t i e s ,  km2 

a; 

1.000 

1.035 x lo4 
1.130 x lo2 
1.804 x lo1 
2.014 x lo1 
5.055 x lo1 
1.586 

2.884 

5.380 x 
2.144 x 10-1 

1.533 x 10-1 

3.499 x 10-1 

2.399 x 10-1 

4.492 x 10-1 

4.624 x 
7.354 x 10-2 
5.965 x 
6.695 x 
5.931 x 
6.854 x l o m 2  
7.242 x 
7.276 x loe2 
8.047 x 10+ 

8.336 x l o m 2  
8.732 x 

9.744 x 10-1 

4.788 x 10-1 

1.243 x lo1 
1.203 x lo1 
3.727 x lo1 
2.942 x 101 

5.553 x 101 

3.232 

4.079 

5.685 

U2 Y 

1 .ooo 
2.410 x 10' 

1.626 x 10" 

1.003 x lo4 

2.753 x lo1 
5.415 x lo1 

8.322 x lo1 
1.562 

9.757 x 10-1 

1.828 

7.853 x IO-; 

1.495 x 10-1 

1.031 x lo-' 
1.784 x lo-' 
9.503 x lo-' 
1.357 x IO-' 
8.581 x IO-' 

9.505 x lo-' 
1.143 x 10-1 
1.106 x lo-' 
1.196 x 10-I 

1.383 x lo-]  
1.365 x lo-' 
1.457 x lo-' 
1.516 x lo-' 

2.656 

1.738 

5.089 x lo1 
4.386 x 10' 

1.363 x 10' 

9.008 x lo1 
1.699 x loz 
1.917 x lo1 
1.922 x 101 

2.664 x 10' 

a2 z 
1.000 

5.885 103 

1.856 x lo2 

1.409 x lo' 
5.618 

1.522 x lo1 
3.220 

5.025 

7.406 x 10-1 

1.667 

2.556 x 10-1 

5.310 x 10-1 

4.227 x 10-1 

7.272 x 10-1 

5.225 x lo-' 
8.216 x lo-' 
7.701 x lo-' 
1.005 x 10-1 

6.436 x lo-' 
8.265 x lo-' 
9.802 x l o m 2  
7.722 x l o +  

9.274 x lo-' 

1.051 x 
1.102 x 10-1 

2.210 

1.239 

3.615 x 10' 

3.211 x LO1 

9.968 x lo1 
1.650 x lo1 
3.252 x lo1 
3.227 x lo1 
1.558 x lo1 
2.183 x 10' 

Velocit  

a; 

9.000 

5.115 x lo1 
7.575 x 10-1 

5.967 x 10-1 

1.063 x lo-, 
1.022 x 10-2 

3.631 x 10" 

3.551 x lo4  
5.743 x 10-5 

6.706 x lo5 
6.421 x 10" 

6.394 x 10" 

5.024 x 10- 

5.005 x lo9 
3.252 x lo-" 
3.236 x 
2.600 x l o 4  
2.398 x 
1.305 x 10" 

1.124 x 10" 

1.041 x lo* 
7.847 x lo-' 
7.006 x 
6.531 x lo-' 
6.533 x lo-' 
1.311 x lo-' 
1.311 x 10' 

5.695 x l o 4  
5.706 x l o 4  
5.521 x loA 
5.545 x 10-4 

4.393 x 10-4 

4.062 x loA 
1.295 x lo-: 
1.098 x 10" 

1.111 x 10" 

i n c e r t a i n t i e  

G 
9.000 

5, 199 

3.504 

2.755 

j.948 x lo-' 
5.554 x 
2.113 x l o 4  
2.073 x lo-' 
1.331 x lo4 
1.309 x l o 4  
2.617 x 10- 

2.608 x 10" 

2.038 x lo* 
2.032 x lo6 
3.451 x 
3.428 x 10" 

1.982 x lo6 
1.838 x lo-" 
1.608 x 

1.166 x l o 4  
1.102 x 10" 

1.072 x 10' 
8.572 x lo-' 
8.189 x lo-' 
8.193 x lo-' 
3.727 x lo-' 
3.727 x lo-' 
2.349 x lo-' 
2.352 x lo-' 
2,028 x IO-' 
2.033 x lo-' 
1.338 x lo-' 
1.234 x lo-' 
7.452 x lo1 
4.939 x 10' 

4.948 x 10" 

m2/sec2 

U2 i 
9.000 

2.177 x lo1 
5.639 x 10-1 

4.420 x 10-1 
4.943 10-3 

4.837 x 
7.289 y 

7.138 x LOA 

1.846 10-4 

1.822 x 
7.670 x 10" 

7.633 x 10" 

6.248 x lo6 
6.221 x 10" 

3.410 x 
3.394 x 10-6 
3.382 x I O a  

3.297 x l o 4  
1.453 x l o d  
1.443 x IOa 

1.415 x 
8.780 x lo-' 
8.698 x 
8.546 10-7 

8.544 x 
3.124 x 
3.124 x 
1.669 x 
1.668 x 
1.481 x 
1.479 x lo5 
2.471 x 
2.364 x 
1.332 x lo-' 
4.222 x 10" 

4.195 x 10" 
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\ Trajectory 
time, days 

14.7' 

16.0' 

20.0' 

24. 0' 

28.0' 

29.3' 

30.0- 

30. 0' 

30.7' 

32.0' 

34.1+ 

64.1' 

94.1' 

124.1' 

154.1' 

184.1' 

194.5' 

197.0- 

197 .O' 

199.3' 

202.3' 

a203. 5- 

203.5' 

b204. 5- 

204.5' 

'205.5- 

205.5' 

d206 .5- 

206.5' 

e207. 5- 

207.5' 

leas 
No. - 
23 

24 

27 

30 

33 

34 

GZ 

35 

36 

37 

40 

43 

46 

49 

52 

56 

G3 

58 

59 

59 

60 

60 

6 1  

62 

63  

63  

6 4  

6 4  

65  - 

TABLE 23. - NAVIGATION UNCERTAINTIES FOR BASE ERROR ANALYSIS RUN - Concluded 
Position uncertainties, km2 

0: 

, .571 

1.779 

3.600 x 10-I 

3.385 x 10-1 

3.737 x 10-1 

3.733 x 10-1 

1.029 

1.086 

1.109 

1.296 

7.584 

1.891 x 101 

3.179 x lo1 
1.762 x 101 

5.474 x 101 

j.687 x lo1 
5.764 x 101 

7.352 x lo1 

9.893 x IO1 
1.147 x lo2 

1.146 x lo2 
1.301 x lo2 
1.292 x lo2 
1.459 x l o2  
1.457 x lo2 
1.619 x l o2  
1.078 x lo2 
5.081 104 

6.577 x 104 

o2 Y 

1.995 x 10' 

1.511 x lo1 
2.608 

1.659 

1.529 

1.701 

1.797 

1.896 

1.698 

1.970 

8.034 

1.501 x 101 

2.041 x 101 

2.471 x 101 
3.106 x 101 

2.494 x 101 

2.422 x 101 

2.897 x 101 

4.504 x 101 

5.488 x lo1 
5.322 x lo1 
6.238 x lo1 
5.997 x 101 

6.703 x lo1 
6.095 x 101 

6.952 x 101 

5.073 x 101 

2.532 x lo4 
2.441 x lo4 

1.726 x lo1 
2.202 x 101 

1.304 x lo1 
1.209 x 101 

1.167 x lo1 

1.295 x lo1 
1.368 x lo1 

1.441 x 101 

1.386 x lo1 
1.597 x 101 

5.489 x 101 

6.561 x lo1 
4.370 x lo1 
2.381 x 101 

1.330 x 101 

9.694 

9.231 

1.329 x 101 

2.998 x 101 

4.024 x 101 

3.997 x 101 

5.000 x 101 
4.927 x 101 

5.940 x 101 

5.505 x 101 

6.362 x 101 

4.567 x 101 

4.378 x 104 
4.214 x lo4 

Velocity uncertainties, m2/sec2 

of 

9.869 x l o6  
2.318 x lo4  
6.712 x loe7 
3.817 x 
2.264 x 
2.249 x 
2.242 x 
2.747 x l o 4  
4.746 x 

4.240 x 
4.255 x 
6.877 x lop7 
9.946 x 
9.274 x 
6.620 x 
3.628 x 
2.161 x loq7 
1.916 x 
2.495 x 
1.502 x 
1.496 x 1 0 4  

1.495 x l o 4  
1.489 x 
1.487 x 
1.463 x l o 4  
1.313 x l o 4  
1.285 x 
6.377 x 
2.393 x lo5 
9.772 

7.422 

Uf 

2.872 x 10" 

1.713 x 
1.695 x lo6 
6.418 x 
3.839 x 
3.771 x 
3.732 x 
4.450 x 10" 

6.183 x 
5.104 x 10-7 

4.997 x 10-7 

3.045 x 

1.864 x 

2.852 x 
5.388 x loa7 

8.445 x 
7.347 x 10-7 
7.226 x 10-7 

8.849 x 
8.802 x lo" 
8.531 x 
8.552 x 10" 
8.185 x lo5 
8.204 x lo5 
7.753 x 10" 

6.948 x lo3 
6.421 x 10" 

8.296 x 
1.480 x 
4.128 

4.040 

2.450 x lo5 
2.414 x 10" 

7.609 x l o d  
4.294 x 10" 

2.743 x l od  

2.696 x l oa  
2.670 x 10" 

8.468 x 

3.337 x 10-6 

2.873 x 10" 

2.798 x 10" 

1.426 x l o 4  
3.177 x 

7.270 x lo-" 
9.391 x 
1.160 x lo-' 
9.824 x 10-8 
9.543 x 10-8 

1.206 x 10" 

9.572 10-5 

9.551 x 10" 

9.541 x 

9.478 x lop5 
9.467 x 10" 

9.317 x lom5 
8.637 x 10" 

8.231 x 10" 

2.630 x 

1.452 10-3 

6.736 

6.563 

aDistance from Mars at 203.5 = 793 000 km. 

bDistance from Mars at 204.5 = 543 000 km. 

'Distance from Mars at 205.5 = 291 000 km. 

dDistance from Mars at 206.5 = 33 000 km. 

eDistance from Mars at 207.5 = 236 000 km. 
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Figure 11.- Processed Navigation Uncertainties from Base Error Analysis Run 
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A t  t he  time of t n e  f i r s t  guidance c o r r e c t i o n  (“3 , t h e  30 

p o s i t i o n  u n c e r t a i n t i e s  are approximately 0.87 km, 1.17 km, and 
0.98 km, r e s p e c t i v e l y .  Although the  execut ion e r r o r  covariance 
ma t r ix  adds immediately only t o  the  v e l o c i t y  u n c e r t a i n t i e s ,  
t h e  p o s i t i o n  e r r o r s  i nc rease  b r i e f l y  while  the executi’bn e r r o r s  
are being f i l t e r e d  by the algorithm. Af t e r  processing t h e  range 
and range r a t e  measurements from Goldstone 9.3 days a f t e r  i n -  
j e c t i o n ,  t h e  30 p o s i t i o n  u n c e r t a i n t i e s  have reached magnitudes 
of 22.5 km, 39 kn, and 16.8 km. The X and Y navigat ion 
e r r o r s  then drop r a p i d l y  and l e v e l  o f f  around a 30 value of 
3 km p r i o r  t o  the second midcourse c o r r e c t i o n .  The u n c e r t a i n t y  
i n  the  Z component of p o s i t i o n  i s  no t  s i g n i f i c a n t l y  reduced 
during t h i s  same period and i s  s t i l l  11.1 km (3a) a t  the time 
of t he  second c o r r e c t i o n .  A s  was mentioned ear l ie r ,  t r ack ing  
s t a t i o n - o r b i t  geometry probably accounts f o r  some u n c e r t a i n t i e s  
being reduced more than o t h e r s  by the  t r ack ing .  

Af t e r  t he  second guidance c o r r e c t i o n ,  s e v e r a l  f a c t o r s  con- 
t r i b u t e  t o  the  r i s i n g  navigat ion u n c e r t a i n t i e s .  F i r s t ,  execution 
e r r o r s  a r e  made a t  the  second c o r r e c t i o n  and a r e  n a t u r a l l y  quickly 
r e f l e c t e d  i n  the  navigat ion unce r t a in ty  covariance matr ix .  Second, 
t r ack ing  measurements a r e  taken a t  wider i n t e r v a l s  and w i t h  l e s s  
frequency. Third,  t he  most important,  only range r a t e  measure- 
ments a r e  made a f t e r  t he  f i r s t  two observat ions following t h e  
second midcourse c o r r e c t i o n .  

The p a t t e r n  displayed by the p o s i t i o n  va r i ances  between the  

c o n t r o l l e d .  Each measurement more o r  l e s s  counteracts  t he  uncer- 
second and t h i r d  midcourse c o r r e c t i o n s  might be c a l l e d  b a r e l y  

t a i n t y  inc rease  between observat ions.  A t  t he  t i m e  of t he  t h i r d  
midcourse c o r r e c t i o n ,  which i s  roughly t e n  days before  c l o s e s t  
approach t o  Mars, the  p o s i t i o n  u n c e r t a i n t i e s  are (30) 24.7 km, 
14.6 km, and 9.1 km. Af t e r  t h e  f i n a l  c o r r e c t i o n  i n  the example 
e r r o r  a n a l y s i s  run, as the hypo the t i ca l  s p a c e c r a f t  nears  Mars, 
measurements a r e  taken more f r equen t ly .  The p o s i t i o n  unce r t a in -  
t i e s  f i r s t  i nc rease  due t o  the  execution e r r o r s  from the  t h i r d  
c o r r e c t i o n .  However, as per iapsis  i s  neared, t he  p o s i t i o n  un- 
c e r t a i n t i e s  decrease,  although no t  markedly, because t h e  in f luence  
of t he  t h i r d  c o r r e c t i o n  execut ion e r r o r s  has no t  been t o t a l l y  
e l iminated.  The p o s i t i o n  u n c e r t a i n t i e s  a t  p e r i a p s i s  a r e  shown 
i n  t a b l e  24 and t h e i r  3a l e v e l s  of 17.504, 18.836, and 13.190 
km are less than those a t  206.5 days shown on t a b l e  23. 
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TABLE 24.- NAVIGATION UNCERTAINTIES AT CLOSEST APPROACH FOR BASE RUN 

C l o s e s t  approach 
condi t ions  

:in a r e o c e n t r i c  coord ina tes )  

X = 2010.7 km 

Y = -1576.43 km 

2 s -4302.37 km 

k = 2.79597 kmlsec 

= 4.18806 

2 -0.24596 

R = 5003.87 
P 

V = 5.04160 
P 

Covariance mat r ix  information 

a2 = 34.0458 km2 X 
3aX = 17.504 km 

a2 = 39.4216 km2 Y 
3uy = 18.836 km 

a2 = 19.3314 km2 2 
3az = 13.190 km 

a! = 10.2129 m 2 / s e c 2  
X 

3uj[ = 9.587 m/sec 

a: = 6.4610 m2/sec2 
Y 

3 9  = 7.625 m/sec 

0: = 8.69352m /see2 
Z 

3ai = 8.846 m/sec 

pxy = -0.39337 

= 0.83573 P X Z  

pyz = 0.16975 

pjri, = -0.71155 

p~ = 0.72032 

P+i = -0.26447 

p x i r  = -0.48982 

p y i  = 0.22906 

p z i  = 0.86551 

= 0.96696 

- = 0.99791 

pYZ 

p z Y  
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Afte r  Mars p e r i a p s i s  passage, t h e  p o s i t i o n  u n c e r t a i n t i e s  r i s e  
a t  a f a n t a s t i c  rate. This phenomenon was no t i ced  i n  a l l  t h e  t e s t  
runs .  Coming i n t o  t h e  t a r g e t  p l ane t  on a hyperbola, t he  p o s i t i o n  
u n c e r t a i n t i e s  decreased as t h e  t r a j e c t o r y  came c l o s e r  and c l o s e r  
t o  p e r i a p s i s .  Phys i ca l ly  t h i s  means t h a t  t h e  t a r g e t  p l ane t  i s  
in f luenc ing  f a m i l i e s  of neighboring t r a j e c t o r i e s  i n  much the  same 
way and, t o  cont inue the  analogy, i s  p u l l i n g  them together  during 
t h e  approach per iod.  Conversely, a f t e r  p e r i a p s i s  passage, f a m i l i e s  
o f  neighboring t r a j e c t o r i e s  are s c a t t e r e d  w i l d l y  and s l i g h t  un- 
c e r t a i n t i e s  a t  c l o s e s t  approach become quickly magnified. One 
can immediately con jec tu re  t h a t  a similar a n a l y s i s  of a m u l t i -  
p l a n e t  swingby mission would demonstrate a cons ide rab le  loss  of 
nav iga t ion  accuracy a f t e r  passing the  in t e rmed ia t e  p l ane t .  

Table 23 a l s o  con ta ins  a c h a r t  of the v e l o c i t y  nav iga t ion  
u n c e r t a i n t i e s  f o r  t h e  same example run. Figure 1 2  shows t h e  gen- 
e r a l  behavior of t h e  k v e l o c i t y  u n c e r t a i n t i e s  throughout t h e  
example mission. Unlike t h e  p o s i t i o n  u n c e r t a i n t i e s ,  t h e  ve loc -  
t i y  e r r o r s  show no i n i t i a l  p rec ip i tous  r i s e  on the outgoing Earth 
hyperbola,  After one complete cyc le  of measurements, a t  0.9 days 
a f t e r  i n j e c t i o n ,  t h e  i n i t i a l  v e l o c i t y  e r r o r s  of 9 m/sec ( 3 0 )  i n  
a l l  components have been reduced by the nav iga t ion  process t o  
0.057, 0.043, 0.069 m/sec, aga in  using 30 numbers. Subsequent 
measurements be fo re  t h e  f i r s t  midcourse c o r r e c t i o n  r e g u l a r l y  r e -  
duce the  v e l o c i t y  u n c e r t a i n t i e s ,  which a r e  n o t  growing measurably 
between observat ions,  u n t i l ,  a t  the time of t he  f i r s t  c o r r e c t i o n ,  
t h e i r  3a l e v e l s  are 2.43,  2.71 ,  and 2.76 mm/sec. The s p a c e c r a f t  
v e l o c i t i e s  f o r  t he  h y p o t h e t i c a l  example run a r e  very w e l l  known 
a t  the  time of t he  f i r s t  c o r r e c t i o n .  

A midcourse c o r r e c t i o n  introduces a d i s c o n t i n u i t y  i n t o  the  
nav iga t ion  v e l o c i t y  u n c e r t a i n t i e s .  
are assumed by the  process ,  and thus t h e  execut ion e r r o r  ma t r ix  

t i e s  a t  t h e  s p e c i f i c  time. Pr imari ly  because of the execut ion 
e r r o r s ,  t h e  3a v e l o c i t y  u n c e r t a i n t i e s  a f t e r  the f i r s t  midcourse 
c o r r e c t i o n  have r i s e n  t o  108, 186, and 168 mm/sec. Figure 1 2  
shows t h e  d i s c o n t i n u i t i e s  i n  t h e  v e l o c i t y  u n c e r t a i n t i e s  a t  t h e  
t i m e s  of midcourse c o r r e c t i o n .  

Impulsive v e l o c i t y  maneuvers 

discussed ear l ie r  i s  added t o  the ear l ier  v e l o c i t y  unce r t a in -  

16 2 
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Again the t racking-navigat ion process reduces the  v e l o c i t y  
u n c e r t a i n t i e s  i n  a r e g u l a r  fashion before  the  second assumed 
midcourse c o r r e c t i o n  30 days a f t e r  i n j e c t i o n .  However, j u s t  
as the Z component of p o s i t i o n  unce r t a in ty  f a i l e d  t o  come down 
as much as the  o the r  p o s i t i o n  u n c e r t a i n t i e s  (probably because of  
t h e  geometrical  r e l a t i o n s h i p  between the t r ack ing  s t a t i o n s  and 
the  t r a j e c t o r y  over the i n t e r v a l  between c o r r e c t i o n s ) ,  so  the i 
v e l o c i t y  unce r t a in ty  i s  no t  as small as the  o t h e r  two a t  the  time 
of t h e  second midcourse c o r r e c t i o n .  Before the second co r rec -  
t i o n ,  t he  30 v e l o c i t y  e r r o r s  a r e  given by 1.38, 1.83, and 15.6 
mm/ s e c  , 

Over t h e  long h e l i o c e n t r i c  phase of t h e  t r a j e c t o r y ,  be fo re  
the  f i n a l  midcourse c o r r e c t i o n ,  the navigat ion algorithm f i l t e r s  
o u t  t he  second maneuver execution e r r o r s  d e s p i t e  the infrequency 
of t he  measurements. A t  t he  time of the t h i r d  c o r r e c t i o n ,  t he  
30 l e v e l s  of v e l o c i t y  unce r t a in ty  a r e  down t o  1.32, 2.55, and 
0.93 mm/sec. Notice t h a t  now the 2 component i s  b e s t  known, 
and t h a t  t he  e r r o r  i n  the 
th ree .  The execution e r r o r s  a t  the t h i r d  c o r r e c t i o n  a r e  never 
reduced considerably during the approach t o  Mars. This i s  because 
of t he  r a p i d l y  inc reas ing  v e l o c i t y  of the v e h i c l e  as it draws near 
t o  t h e  t a r g e t  p l ane t  and the  concomitant magnif icat ion,  i n  terms 
of e r r o r s ,  of the v e l o c i t y  u n c e r t a i n t i e s .  A t  c l o s e s t  approach 
(see t a b l e  24),  t h e  v e l o c i t y  u n c e r t a i n t i e s  have r i s e n  t o  30 
l e v e l s  o f  9.587, 7.625, and 8.846 m/sec, f a r  above t h e i r  va lues  
during most of the t r a j e c t o r y .  

2 component i s  the l a r g e s t  of  the 

It should be s t r e s s e d  again t h a t  a l l  t e s t  runs demonstrated 
the  same navigat ion unce r t a in ty  behavior upon passing c l o s e  t o  
t h e  t a r g e t  p l ane t .  During the  approach, t h e  p o s i t i o n  unce r t a in -  
t i e s  decreased and t h e  v e l o c i t y  u n c e r t a i n t i e s  increased r a p i d l y  
as the  p l ane t  speeded up the  incoming v e h i c l e .  J u s t  a f t e r  p e r i -  
apsis,  the p o s i t i o n  u n c e r t a i n t i e s  were considerably magnified 
and the  v e l o c i t y  e r r o r s  diminished slowly wi th  the  processing of 
t h e  t r ack ing  d a t a .  From the po in t  of view of an assumed o r b i t  
i n s e r t i o n  maneuver a t  p e r i a p s i s ,  i t  i s  apparent  t h a t  the p o s i t i o n  
of  t h e  spacec ra f t  a t  the time of i n s e r t i o n  should be w e l l  known, 
b u t  t h a t  considerable  e r r o r s  may be present  i n  the estimated ve loc -  
i t y .  
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Table 2 4  also p r e s e n t s  t h e  c l o s e s t  approach cond i t ions  f o r  
t h e  nominal t r a j e c t o r y  of t h e  example run  and s e v e r a l  of t h e  key 
c o r r e l a t i o n  c o e f f i c i e n t s  r e l a t i n g  u n c e r t a i n t i e s  i n  the  va r ious  
elements of t h e  s ta te  vec to r .  The p e r i a p s i s  he igh t  above the 
assumed s p h e r i c a l  Martian s u r f a c e  was 1610.47 km. Three of t h e  
c o r r e l a t i o n  c o e f f i c i e n t s  were l a r g e  enough t o  create some con- 
c e r n  about o b s e r v a b i l i t y .  However, experience i n d i c a t e s  t h a t  
u n t i l  one of  t h e  p va lues  reaches a t  l e a s t  0.999 the  estima- 
t i o n  algori thm can o p e r a t e  wi thou t  undue d i f f i c u l t y .  

Table 25 g ives  t h e  AV information f o r  t he  base e r r o r  analy-  
s i s  run. The most l i k e l y  magnitude of  t he  f i r s t  c o r r e c t i o n ,  
whose computation method was d i scussed  i n  an earlier s e c t i o n  of 
t h i s  a n a l y t i c  manual, i s  8.638 m/sec. The s tandard d e v i a t i o n  u 
about  t h i s  mean va lue  was c a l c u l a t e d  as 6.287 m/sec. The under- 
l y i n g  p r o b a b i l i t y  d i s t r i b u t i o n  i s  no t  normal o r  Gaussian, because 
c l e a r l y  no nega t ive  va lues  can be permit ted and the  mean minus 
25  would g ive  a nega t ive  midcourse v e l o c i t y .  A more d e t a i l e d  
d e s c r i p t i o n  of t h e  p r o b a b i l i s t i c  i n t e r p r e t a t i o n  of t hese  two num- 
b e r s  i s  given by Hoffman and Young i n  r e fe rence  12. 

Recall t h a t  t he  most l i k e l y  magnitude f o r  t he  midcourse c o r -  
r e c t i o n s  are computed from nav iga t ion  u n c e r t a i n t i e s  a f t e r  t h e  
l a s t  c o r r e c t i o n .  The s ta te  t r a n s i t i o n  ma t r i ces  are computed be -  
tween c o r r e c t i o n s ,  as w e l l  as t h e  guidance ma t r ix  J? t h a t  i s  
computed from the  s p e c i f i e d  guidance l a w .  What the value 8.638 
m/sec r e p r e s e n t s ,  t h e r e f o r e ,  i s  a most l i k e l y  c o r r e c t i o n  t h a t  
would r e s u l t  i f  t he  s e t  of a11 t r a j e c t o r i e s  whose e r r o r s  a t  i n -  
j e c t i o n  a r e  given by P were a c t u a l l y  flown i n  a Monte Carlo 
sense.  0 

Given t h a t  a c o r r e c t i o n  of some magnitude t akes  place,  one 
can  determine from the  same information ( t h e  i n j e c t i o n  covariance,  
t he  s t a t e  t r a n s i t i o n  ma t r ix  from i n j e c t i o n  t o  t h e  f i r s t  midcourse, 
and t h e  guidance matrix) the most l i k e l y  d i r e c t i o n  of the c o r r e c -  
t i o n .  The e f f e c t i v e  most l i k e l y  c o r r e c t i o n ,  given by "E [AVl", 
i s  given i n  t a b l e  25 and i s  used t o  compute the execut ion e r r o r  
matrix q. Hotice t h a t  f o r  t he  f i r s t  c o r r e c t i o n  t h e  most l i k e l y  
d i r e c t i o n  i s  i n  t h e  plane,  b u t  the maximum diagonal  of  t he  
execut ion e r r o r  covariance ma t r ix  i s  the  t e r m  It! assoc ia t ed  

e r r o r  model and the  e r r o r  va r i ances  used f o r  t he  p a r t i c u l a r  run. 
For t h e  s p e c i f i e d  q u a n t i t i e s ,  t he  po in t ing  e r r o r s  a r e  a c t u a l l y  
more severe than the  t o t a l  of  t h e  p r o p o r t i o n a l i t y  and r e s o l u t i o n  
e r r o r s .  For small angu la r  p o i n t i n g  e r r o r s ,  t h e  execu t ion  e r r o r  

22 
' w i t h  u n c e r t a i n t i e s  i n  2, This i s  explained by the  execut ion 
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TABLE 25.- GUIDANCE CORRECTION IWORMATION FOR BASE ERROR 
ANALYSIS RUN 

C o r r e c t i o n  \ 

n25  

n26 

A t  5 days 

1 

8.638 

6.287 

i = 7,716 
f =: -0.342 
i -3.866 

1 .311 x 

3.725 x l o m 3  

3.123 x 

6.184 x lo6 

-8.658 x l o 6  

6 .051  x l o 3  

-2.478 x l o 7  

-6.089 x lo6 

-4.695 x l o6  

A t  30 days 

2 

0.079 

0.037 

2 = 0.066 
9 = 0.026 
i = -0,036 

2.745 x 10-4 

4.413 x 

8.201 x lom5 

3.358 x lo6 

-9.124 x lo6 

-1.248 x lo5 

-1.630 x lo7 

-9.002 x 106 

-6.329 x lo6 

A t  197 days 

3 

0.744 

0.562 

= 0.572 
P -0.298 
i = 0.370 

2.492 x ,io-4 

8.776 x los5 

1.205 x l om4  

5.286 i o 5  

-6.544 x I O 5  

1.299 x 102 

-3.142 x io5  

-2.543 x lo5 

-7.351 x lo5 
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due t o  po in t ing  i s  e s s e n t i a l l y  or thogonal  t o  the  d i r e c t i o n  of t he  
c o r r e c t i o n .  Thus, t h e  assumption of  t he  f i r s t  e f f e c t i v e  midcourse 
given by and t h e  s p e c i f i e d  va r i ances  given f o r  t he  ex-  
e c u t i o n  e r r o r s  l eads  t o  a maximum execut ion u n c e r t a i n t y  i n  a 
d i r e c t i o n  or thogonal  t o  t h e  maneuver. The 3a va lues  f o r  the 
execut ion e r r o r  a t  t he  f i r s t  c o r r e c t i o n  are  given by 

304 = 186, and 3 u i  = 168 mm/sec. These q u a n t i t i e s  a r e  subse- 

quen t ly  added t o  the navigat ion u n c e r t a i n t y  covariance matr ix  f o r  
f u r t h e r  propagat ion,  

"E [AV]" 

30); = 108, 

The bottom of t a b l e  25 g ives  the  more important terms of the 
v a r i a t i o n  matrix q ,  which r e l a t e s  u n c e r t a i n t i e s  i n  t h e  impact 
parameter plane t a r g e t i n g  cond i t ions  t o  u n c e r t a i n t i e s  i n  the  
s t a t e  vec to r  a t  the  time of  t h e  midcourse c o r r e c t i o n .  A t  f i v e  

days,  t h e  l a r g e s t  t e r m  i s  q24 = -2.478 x LO7, which means t h a t  

a 1 m/sec e r r o r  i n  a t  the  time of the f i r s t  c o r r e c t i o n  m a p s  
i n t o  a n  e r r o r  of 24,780 km i n  B * R  when the  Martian sphere of 

k 

6 = -8.658 x 10 , '15 in f luence  i s  encountered. S imi l a r ly ,  s i n c e  

a 1 m/sec e r r o r  i n  
e r r o r  of  8658 km i n  B - T  a t  the t a r g e t .  The s i z e  of t hese  
s e n s i t i v i t i e s  a long the  t r a j e c t o r y  should be important f o r  de -  
termining an optimum midcourse c o r r e c t i o n  schedule.  They a r e  
used, as would be expected, i n  determining t a r g e t  cond i t ion  un- 
c e r t a i n t i e s  a f t e r  midcourse c o r r e c t i o n s .  

k a t  the  f i r s t  c o r r e c t i o n  time maps i n t o  an 

The expected value of t h e  second c o r r e c t i o n  magnitude i s  79 
mm/sec. The s tandard d e v i a t i o n  u of t h i s  magnitude i s  37  mm/ 
sec. It should be s t r e s s e d  t h a t  t hese  s t a t i s t i c a l  computations 
f o r  the second (and subsequent) midcourse c o r r e c t i o n s  a r e  condi- 
t ioned on t h e  preceding maneuvers. The execut ion e r r o r  ma t r ix  
f o r  t h e  f i r s t  maneuver, which i s  t h e  p r i m e  c o n t r i b u t o r  i n  de-  
termining t h e  most l i k e l y  magnitude of  t h e  second c o r r e c t i o n ,  i s  
based on the  f i r s t  e f f e c t i v e  midcourse maneuver "E [AV1]". Thus, 

t h e  magnitudes f o r  t h e  second and t h i r d  c o r r e c t i o n s  should be 
i n t e r p r e t e d  as c o n d i t i o n a l  d i s t r i b u t i o n s ,  given t h a t  preceding c o r -  
r e c t i o n s  are descr ibed by t h e  e f f e c t i v e  c o r r e c t i o n  vectors: 
"E [AV]". A de te rmina t ion  of  t he  s ta t is t ical  p r o p e r t i e s  of sub: 
sequent midcourse maneuvers independent of any assumptions about  
correc*tions would r e q u i r e  t h e  s imula t ion  mode and a Monte Car lo  
s e t  of runs.  
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Both t h e  second and t h i r d  maneuvers i n  the  example run were 
r e l a t i v e l y  s m a l l .  For small AV's, t h e  most s i g n i f i c a n t  execu- 
t i o n  e r r o r ,  a t  least f o r  t h e  execut ion e r r o r  s t a t i s t i c s  def ined 
i n  t h e  example run,  i s  t h e  r e s o l u t i o n  e r r o r .  Since t h i s  e r r o r  
i s  along t h e  d i r e c t i o n  of  t he  commanded AV, t he  terms 
(which are t h e  d i agona l s  of t h e  execution e r r o r  ma t r ix )  f o r  t he  
las t  two c o r r e c t i o n s  show t h a t  t he  maximum execut ion u n c e r t a i n t y  
i s  along t h e  v e c t o r  of t h e  e f f e c t i v e  midcourse c o r r e c t i o n  lQ(nv)'l 
Since t h e  p r o p o r t i o n a l i t y  and po in t ing  e r r o r s ,  both of which a r e  
a func t ion  of t he  magnitude of t he  maneuver, are ve,ry small f o r  
each of t he  las t  two c o r r e c t i o n s ,  t h e r e  i s  n o t  a s i g n i f i c a n t  d i f -  
ference between the s i z e s  of t he  las t  two execut ion e r r o r s .  

Table 26 g ives  t h e  t a r g e t  cond i t ion  u n c e r t a i n t i e s  f o r  t he  base 
e r r o r  a n a l y s i s  run. Recall t h a t  t hese  numbers answer the mission 
a n a l y s i s  quest ion,  "how close w i l l  t h e  t r a j e c t o r y  s a t i s f y  the  
nominal t a r g e t  cond i t ions?"  The f i r s t  column d i s p l a y s  the pro- 
pagat ion of t h e  i n j e c t i o n  covariance i n t o  t h e  impac t  parameter 
plane.  The i n i t i a l  t a r g e t  cond i t ion  u n c e r t a i n t i e s ,  based on the  
i n j e c t i o n  e r r o r s ,  are 

The next  two rows d e f i n e  t h e  major and minor axes of  the 3a 
e l l i p s e  i n  t h e  B-plane. The last  row d e f i n e s  t h e  o r i e n t a t i o n  of 
t h e  major a x i s  of the 3u e l l i p s e  i n  t h e  B-plane, where the  
ang le  i s  measured counterclockwise from the  T-axis. 

3aBeT = 163 463 km and 3aBeR = 778 078 km, 

The numbers given i n  t a b l e  26 are se l f - exp lana to ry  and i n -  
d i c a t e  how each successive midcourse maneuver reduces the  l i k e l y  
a c t u a l  t r a j e c t o r y  d e v i a t i o n s  from t h e  s p e c i f i e d  nominal t a r g e t  
cond i t ions .  Notice t h a t  a f t e r  the second c o r r e c t i o n ,  t he  un- 
c e r t a i n t y  i n  B.R i s  almost f o r t y  times as g r e a t  as the l i k e l y  
u n c e r t a i n t y  i n  BOT. A c l o s e r  i n spec t ion  of  t h e  process ex- 
plains  why. From t h e  preceding t a b l e  i t  can be seen t h a t  t he  
30- 
19.8, and 27.3 mm/sec f o r  t h e  X, Y, and Z components re- 
s p e c t i v e l y .  These numbers r e s u l t  from us ing  t h e  e f f e c t i v e  mid- 
course c o r r e c t i o n  "E [AV2]" t o  compute t h e  matrix q. Assume 

f i r s t  t h a t  t he  on ly  e r r o r , a t  t h e  second c o r r e c t i o n  was a 
o r  49.5 mm/sec e r r o r  i n  X. 

' 14 ,  
would be approximately 170 km i n  B O T  and 800 km i n  B.R. A 
f u l l  detailed a n a l y s i s ,  i nc lud ing  the  c o r r e l a t i o n  e r r o r s  i n  t h e  
execut ion process,  would demonstrate t h a t  f o r  t h e  given example 
problem, c o r r e c t i o n s  a t  5 days and 30 days would r e s u l t  i n  B * R  
e r r o r s  roughly f o r t y  times as l a r g e  as the  e r r o r s  i n  B.T. 

va lues  f o r  t he  execut ion erTor ?t 3 0  days are given by 49.5 ,  

+30 
Using the v a r i a t i o n  matrix components 

and q24, t h e  r e s u l t i n g  i m p a c t  parameter plane e r r o r  
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TABLE 26 .- TARGET CONDITION UNCERTAINTIES FOR BASE 

4-78.6 

Correct ion 1, 

+88.7 , 

30 maximum 
eigenvalue,  
km 

30 minimum 
eigenvalue,  
k m  

Orien t a t i o n a  
of e l l i p s e  
i n  B-plane, 
deg 

ERROR ANALYSIS RUN 

Af te r  Af t e r  1st 
i n j e c t i o n  midcourse 

163 463 169 2 

778 078 3451 

793 710 3452 

46 361 I 1691 

Af te r  2nd 
midcourse 

22.2 

818 

818 

1 9 . 1  

+90.8 

Af t e r  3rd 
midcourse 

43.7 

33.4 

52.6 

16.2 

+35.7 

Angle measured is t o  major axis from T-axis ( p o s i t i v e  is  a 

counterclockwise)  . 
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From t a b l e  26 i t  i s  apparent  t h a t  t h e  t h i r d  midcourse c o r r e c -  
t i o n ,  which occurs  197 days a f t e r  i n j e c t i o n ,  s i g n i f i c a n t l y  s h i f t s  
t h e  o r i e n t a t i o n  of t he  3a u n c e r t a i n t y  e l l i p s e  i n  t h e  impac t  
parameter plane. Also, even though the  B - T  u n c e r t a i n t y  i s  
a c t u a l l y  increased by t h e  t h i r d  c o r r e c t i o n ,  t h i s  f i n a l  midcourse 
reduces t h e  B - R  e r r o r s  t o  an accep tab le  l e v e l .  

2. Other Mars runs.-  A number of a d d i t i o n a l  e r r o r  a n a l y s i s  
runs based on t h e  same nominal t r a j e c t o r y  t o  Mars were made t o  
demonstrate changes i n  key va lues .  The f i r s t  a d d i t i o n a l  run 
v a r i e d  only the  execut ion e r r o r  model and the  number of guidance 
c o r r e c t i o n s .  The t h i r d  c o r r e c t i o n  was omitted a l t o g e t h e r  t o  
show what happens t o  the  p l ane ta ry  approach nav iga t ion  u n c e r t a i n -  
t i e s  when they are uninfluenced by a r e c e n t  midcourse co r rec t ion .  

The change i n  t h e  execut ion e r r o r  model d id  n o t  r e s u l t  i n  any 
s i g n i f i c a n t  nav iga t ion  o r  t a r g e t  c o n d i t i o n  u n c e r t a i n t y  s h i f t s .  
However, as was expected, t h e  nav iga t ion  u n c e r t a i n t i e s  i n  the  
neighborhood of Mars d i d  e x h i b i t  measureable change. Table 27 
shows the  l a t e  nav iga t ion  u n c e r t a i n t i e s  f o r  t he  e r r o r  a n a l y s i s  
mode r u n  wi thou t  t he  t h i r d  midcourse c o r r e c t i o n  and f i g u r e  13 
compares a s p e c i f i c  p o s i t i o n  component u n c e r t a i n t y  during p l a n e t -  
a r y  approach, w i t h  and without  a t h i r d  midcourse c o r r e c t i o n  1 4 7  
days a f t e r  i n j e c t i o n ,  The s l i g h t  e a r l y  d i f f e r e n c e  between the 
two i s  due t o  using t h e  a u x i l i a r y  execut ion e r r o r  model discussed 
i n  a previous s e c t i o n .  

Table 27 shows even more d rama t i ca l ly  t h e  t y p i c a l  p o s i t i o n  
and v e l o c i t y  u n c e r t a i n t y  behavior t h a t  occurs as the  v e h i c l e  
passes through c l o s e s t  approach t o  t h e  t a r g e t  p l ane t .  Before 
e n t e r i n g  t h e  sphere of i n f luence  of Mars, t h e  o r b i t  determina- 
t i o n  u n c e r t a i n t i e s  are more o r  less cons t an t  as a r e s u l t  of 
nav iga t ion  t h a t  has taken place over t h e  long period of t i m e  
s i n c e  t h e  second midcourse c o r r e c t i o n ,  About 500 000 km from 
Mars and approximately 204.8 days a f t e r  i n j e c t i o n ,  t he  v e l o c i t y  
u n c e r t a i n t i e s  begin t o  change. 
Mars, t h e  3a v e l o c i t y  u n c e r t a i n t i e s  have increased s i g n i f i c a n t l y  
t o  2.58, 4.05, and 1.17 mm/sec. Another measurement i s  made when 
t h e  s p a c e c r a f t  i s  33 000 km from Mars, and a f t e r  t h i s  range r a t e  
measurement has been f i l t e r e d ,  t he  30 v e l o c i t y  u n c e r t a i n t i e s  
a r e  s t i l l  60.3, 46.5, and 40.5 mm/sec. The v e h i c l e  i s  r a p i d l y  
a c c e l e r a t i n g  and, w i t h  no more measurements being processed, 
t h e s e  v e l o c i t y  u n c e r t a i n t i e s  i nc rease  t o  about 3 m/sec a t  per i -  
apsis. A measurement taken when t h e  hypo the t i ca l  v e h i c l e  i s  
236 000 km from Mars on an outgoing hyperbola only reduces t h e  
30 v e l o c i t y  u n c e r t a i n t i e s  t o  2.13, 1.59, and 1.98 m/sec. 

A t  a d i s t a n c e  of 291 000 km from 
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The p o s i t i o n  u n c e r t a i n t i e s ,  on the  o the r  hand, drop dramati-  
c a l l y  as Mars i s  approached. A t  p e r i a p s i s  t he  3a p o s i t i o n  un- 
c e r t a i n t i e s  a r e  given by 4.35, 10.8, and 4.9 km, considerably 
less than they were during the h e l i o c e n t r i c  phase of t he  t r a j e c -  
tory.  J u s t  a f t e r  p e r i a p s i s ,  however, t he  v e l o c i t y  u n c e r t a i n t i e s  
t h a t  were b u i l d i n g  up on t h e  incoming hyperbola cause the  p o s i t i o n  
u n c e r t a i n t i e s  t o  skyrocket.  After  processing the  range r a t e  
measurement made when the v e h i c l e  i s  almost a day pas t  p e r i a p s i s ,  
the 3a p o s i t i o n  u n c e r t a i n t i e s  a r e  165, 123, and 160 km. 

The next  e r r o r  a n a l y s i s  run involved inc reas ing  the  assumed 
measurement accu rac i e s  f o r  both range and range r a t e  by a f a c t o r  
of three.  The 3a measurement inaccuracies  were 3 mm/sec f o r  
range ra te  and 3 m f o r  range. Tables 28 and 29 present  the 
nav iga t ion  u n c e r t a i n t i e s  f o r  the higher accuracy run. Figure 14 
i s  a graph comparing the e a r l y  navigat ion u n c e r t a i n t i e s  f o r  the 
base run and the higher accuracy run. It shows, i n  general ,  how 
higher  accuracy measurements improve the convergence of the o r b i t  
determinat ion process.  Some i n t e r e s t i n g  f e a t u r e s  of  t h i s  compari- 
son a r e  worth not ing.  After  one measurement, f o r  example, t he  
navigat ion u n c e r t a i n t i e s  a r e  v i r t u a l l y  equal.  The higher ac- 
curacy measurements only pay o f f  when s e v e r a l  measurements have 
been processed. By the time of the f i r s t  guidance c o r r e c t i o n ,  
t he  30 navigat ion u n c e r t a i n t i e s  f o r  t h e  high accuracy run  a r e  
roughly one-third those f o r  t he  base run. Studies s imilar  t o  
t h i s  one i n d i c a t e  t h a t  i f  a system i s  completely observable,  t he  
increased nav iga t ion  accuracy due t o  increased measurement ac- 
curacy is roughly one t o  one. With a p a r t i a l l y  observable sys -  
tem the above statement i s  n o t  t rue .  

Another e r r o r  a n a l y s i s  mode run was made w i t h  an i n j e c t i o n  
covariance ma t r ix  t h a t  was s t i l l  diagonal ,  but  whose terms were 
four  times as l a r g e  as those i n  the  base run. The 30 i n j e c t i o n  
e r r o r s  were thus twice as l a r g e .  A s  was expected, t he  expected 
magnitude of the f i r s t  midcourse almost exac t ly  doubled; i t  was 
17.275 m/sec. The remaining midcourse magnitudes were a l s o  a p -  
proximately twice as l a r g e .  
accuracy measurements assumed. Table 30, which p resen t s  s c a t t e r e d  
navigat ion u n c e r t a i n t i e s  f o r  t h e  poor i n j e c t i o n  run,  should be 
compared w i t h  t a b l e s  28 and 29 t o  o b t a i n  the  inf luence of a poorer 
i n j e c t i o n  covariance on the  processed o r b i t  determinat ion un- 
c e r t a i n t i e s .  P o s i t i o n  and v e l o c i t y  u n c e r t a i n t i e s ,  although 
i n i t i a l l y  l a r g e r ,  are f i l t e r e d  t o  approximately the same l e v e l  
d e s p i t e  the poorer i n j e c t i o n .  

The run was made w i t h  the higher 
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Two e r r o r  a n a l y s i s  mode runs were a l s o  made under t h e  assump- 
t i o n  t h a t  some dynamic o r  process no i se  e x i s t e d .  For the  f i r s t  
run, c a l l e d  the  low dynamic no i se  run i n  t a b l e  31, the  diagonal 
process no i se  ma t r ix  was computed over each time i n t e r v a l  w i t h  

a k value of km2/sec i n  a l l  t h ree  a c c e l e r a t i o n  compo- 
nen t s .  This roughly corresponds t o  an unmodelled a c c e l e r a t i o n  

(3a) of 3 x mm/sec . The next run, c a l l e d  the high dynamic 

no i se  run,  used a k v a l u e  of 

a 3a unmodelled a c c e l e r a t i o n  of 3 x 10 mm/sec . 

4 

2 

2 km /sec4; which r e p r e s e n t s  
-3 2 

The purpose of t he  two runs was t o  determine the increased 
magnitude of t he  v e l o c i t y  co r rec t ions  when some random and b i a s  
a c c e l e r a t i o n s  were p re sen t  along the t r a j e c t o r y .  From t a b l e  31 
i t  i s  obvious t h a t  t he  f i r s t  l e v e l  of  dynamic no i se  does n o t  
s i g n i f i c a n t l y  change the l i k e l y  magnitudes of t he  midcourse maneu- 
v e r s  except f o r  t he  t h i r d  co r rec t ion .  The most l i k e l y  value f o r  
t he  t h i r d  c o r r e c t i o n  magnitude i s  now 2.418 m/sec, which r e f l e c t s  
t h e  modeling of the unknown a c c e l e r a t i o n s  over the long h e l i o -  
c e n t r i c  phase between t h e  two co r rec t ions .  

For the  high dynamic no i se  run ( t a b l e  32) t h e  l i k e l y  magni- 
tude of the f i r s t  c o r r e c t i o n  remains more o r  l e s s  the same. 
However, t he  second c o r r e c t i o n  r e q u i r e s  s i g n i f i c a n t l y  more f u e l  
(3.521 m/sec f o r  IAVl) and the  t h i r d  c o r r e c t i o n ,  of l i k e l y  
magnitude 223.17 m/sec, i s  horrendous. I n  some general  sense,  
then,  these two runs i n d i c a f e  t h a t  f u e l  requirements remain a p -  
proximately t h e  same i f  t he  unmodelled a c c e l e r a t i o n s  a r e  of t he  

o rde r  of  mm/sec However, i f  t h e r e  are unmodelled acce le ra -  

t i o n s  as high as 10 mm/sec a c t i n g  along the t r a j e c t o r y  -- 
p a r t i c u l a r l y  i f  these a c c e l e r a t i o n s  a r e  cons t an t  b i a ses  -- then 
the f u e l  requirements f o r  the midcourse maneuvers a r e  much higher.  

2 

-3 2 

No  t a r g e t  cond i t ion  u n c e r t a i n t i e s  a r e  shown f o r  t h e  dynamic 
no i se  runs because t h e i r  meaning i s  obscure. The a r t i f i c i a l  ad- 
d i t i o n  of diagonal  dynamic noise ,  although i t  can r e s u l t  i n  a 
f e e l  f o r  l i k e l y  c o r r e c t i o n  magnitudes due t o  unmodelled a c c e l e r a -  
t i o n s ,  changes the  geometry of the processed covariance matrices 
i n  a n  a r b i t r a r y  fashion.  This, i n  t u rn ,  r e s u l t s  i n  impact  param- 
e te r  plane d i s p e r s i o n s  t h a t  r e f l e c t  t he  a r b i t r a r y  a d d i t i o n  of t he  
dynamic noise.  
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TABLE 31.- GUIDANCE CORRECTION INFORMATION FOR LOW D Y W I C  
NOISE RUN 

C o r r e c t i o n  

E lAVl , m / s e c  

'[AVI 2 m/sec 

"E[  VI", m / s e c  

Q l l ,  m 2 / s e c 2  

A t  5 days A t  30 days A t  1 9 7  days 

1 2 3 

3.671 3.521 223.172 

6.285 1.408 92.664 

X = 7.747 X = 3.519 X = 152.997 

Y = -0.343 Y = 0.047 Y = -75.765 
z = -3.882 z = -0.125 z = 143.727 

1.318~10-~ 4.498~10-~ 1.414 

6 2 2 ,  m 2 / s e c 2  I 3.755~10-~ I 6.199~10-~ I 2.226 

Q33, m 2 / s e c 2  

q15 

q24 

1.540 3.147~10-~ 6.198~10-~ 

-8.658~10~ -9.124~10~ -6.544~10~ 

-2 .478x107 -1.630~10~ -3.142~10~ 

17 9 



The next  example run, c a l l e d  the a u x i l i a r y  e r r o r  a n a l y s i s  run 
on the  t a b l e s ,  aga in  used 65 measurements. Now, however, 61 of  
t hese  measurements were from t h e  same Earth-based s t a t i o n  
(Goldstone) and four  of the observat ions,  taken near the p l ane t  
Mars, were assumed t o  come f ron  onboard sensors .  Table 33 gives  
the  d e t a i l e d  inpu t s  f o r  the a u x i l i a r y  e r r o r  a n a l y s i s  run. The 
nominal i n t e r p l a n e t a r y  t r a j e c t o r y  was s t i l l  the same as given i n  
t a b l e  22. 

Table 34 t a b u l a t e s  the e a r l y  navigat ion u n c e r t a i n t i e s  along 
the  a u x i l i a r y  run and can be compared w i t h  t a b l e  23 t o  e s t a b l i s h  
whether o r  not  t h r e e  d i f f e r e n t  t r ack ing  s t a t i o n s  ope ra t ing  one- 
t h i r d  as o f t e n  a r e  b e t t e r  than one s t a t i o n  i n  reducing navigat ion 
u n c e r t a i n t i e s .  Table 35 f e a t u r e s  the processing of hypo the t i ca l  
onboard measurements when the v e h i c l e  was near  Mars, 

For both the  base run and the  a u x i l i a r y  example run of t he  
e r r o r  a n a l y s i s  mode, 15 sepa ra t e  measurements of range and range 
r a t e  s e r e  made before  th& f i r s t  midcourse co r rec t ion .  
f i v e  measurements each from Goldstone, Madrid, and Canberra, the 
3a navigat ion e r r o r s  f i v e  days a f t e r  i n j e c t i o n  were 0.87, 1 . 1 7 ,  
and 0.98 km f o r  t he  p o s i t i o n  u n c e r t a i n t i e s ,  and 2.43, 2.71, and 
2.76 mm/sec f o r  the v e l o c i t y  u n c e r t a i n t i e s .  When a l l  15 observa- 
t i o n s  were assumed t o  have been made by Goldstone, the comparable 
p o s i t i o n  u n c e r t a i n t i e s  were 1.91, 2.52, and 2.40 km, while  t he  
30 v e l o c i t y  e r r o r s  were 4.95, 5.79, and 5.85 mm/sec. Thus, even 
though the same number of measurements of t h e  same accuracy were 
taken f o r  both runs,  when the observat ions came from t h r e e  d i f -  
f e r e n t  s t a t i o n s  the  3a u n c e r t a i n t i e s  a t  the  f i r s t  midcourse 
were l e s s  than ha l f  as l a rge .  This phenomenon was not iced r e -  
peatedly during t h e  t e s t  runs and i s  doubt less  r e l a t e d  t o  the 
concept of o b s e r v a b i l i t y  as w e l l  as the  geometry of t h e  s p e c i f i c  
problem involved. 

Taking 

The f i n a l  e r r o r  a n a l y s i s  example run f o r  an i n t e r p l a n e t a r y  
f l i g h t  from Earth t o  Mars used an augmented s t a t e  vec to r .  The 
program was exercised i n  the e r r o r  a n a l y s i s  mode w i t h  IAUG = 11, 
meaning the s t a t e  vec to r  had 1 7  components including th ree  
Goldstone s t a t i o n  l o c a t i o n  b i a s e s ,  b i a s e s  i n  p f o r  t he  Sun and 
Mars, range and range r a t e  b i a s e s  from Goldstone, and b i a s e s  i n  
a l l  four  onboard measurements. Except f o r  the i n c l u s i o n  of  t he  
augmented s t a t e  vec to r ,  a l l  i npu t  condi t ions were the  same as 
f o r  t he  a u x i l i a r y  e r r o r  a n a l y s i s  run j u s t  discussed.  
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Table 36 contrasts the target condition uncertainties after 
injection and the two corrections for the augmented and non- 
augmented runs. The uncertainties in the various augmented 
parameters were quite small initially and their contribution to 
increasing the overall navigation uncertainty, as reflected in 
target condition dispersions, were slight as shown in the table. 
The discrepancy between the numbers presented in tables 36 and 
23 is partially due to the higher navigation uncertainties, but 
is mostly the result of an extremely simple execution error model 
used early in the development of STEAF' and subsequently discarded. 
The main point of table 36 is to confirm that reasonable un- 
certainty values for the augmented parameters result in only small 
changes in the target condition uncertainties. The specific hypo- 
thetical uncertainties for the 11 augmented biases, all of which 
were assumed to have mean zero, are given in the first line of 
table 39. 

Tables 34, 35, 37, and 38 contrast the position and velocity 
navigation uncertainties resulting from the augmented and non- 
augmented runs. Figure 15 presents the contrast between them 
for a particular component of the navigation uncertainty. Ex- 
amining tables 34 and 37, the effect of the augmented state is 
clear. After the processing of only a few measurements, when 
comparatively large navigation uncertainties are being reduced 
by the estimation algorithm, there is not a significant difference 
between the two. However, the non augmented state error analysis 
run assumes that the values for all the biases are known to be 
exactly zero, with no error, and thus reduces the position un- 
certainties to 3a values of 1.91, 2.52, and 2.40 km just before 
the first midcourse correction. The augmented state vector run, 
even though it is based on a "solve for" navigation algorithm, 
acknowledges the existence of uncertainties in the augmented 
parameters. Consequently, the reduction in the navigation un- 
certainties is inhibited by these uncertainties and the 30 posi- 
tion errors after processing 15 range and range rate measurements 
are higher. At the time of the first midcourse correction these 
higher navigation position uncertainties are given by 2.71, 2.81 
and 3.75 km. 

Comparing tables 35 and 38, one can see the total effect, over 
the entire example trajectory, of acknowledging the specified un- 
certainties in the augmented parameters. After processing the last 
range rate observation taken after the vehicle has passed Mars 
periapsis, the 3a position errors for the nonaugmented run are 
found to be 186, 135, and 168 km. For the augmented run made 
under exactly the same conditions, these final 30 position un- 
certainties are 256, 190, and 236 km, roughly 30 to 40 percent 
higher, 
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TABLE 36.- TARGET CONDITION UNCERTAINTIES FOR AUXILIARY ERROR 
ANALYSIS RUN , AUGMENTED VS NONAUGMENTED 

Data 

30 maximum 
e igenvalue ,  
km 

30 minimum 
e igenvalue  , 
km 

E l l i p s e  
o r i e n t  a t  i o n  
i n  B-plane, 
deg 

a Non augmen t e d 

A f t e r  
i n  j e c t  i o n  

1 6 3  463 

778 0 7 8  

793 710 

46 3 6 1  

+78.6 

A f t e r  1st 
mid course 

1920 

3880 

3880 

1 9  19  

+87.5 

S f t e r  2nd 
nidcourse 

75 1 

928 

943 

7 3 1  

+73.3 

A f t e r  
in j e c t i  on 

1 6 3  463 

778 0 7 8  

793 710 

46 3 6 1  

+78.6 

Augment e d a 

Af t e r  1st 
mid course 

1920 

3 881 

3881 

1920 

+89.2 

a This run uses d i f f e r e n t  execut ion  e r r o r  model from base  run. 

A f t e r  2nd 
midcourse 

75 7 

9 30 

947 

736 

+72.7 
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Recall t h a t  e x e r c i s i n g  the e r r o r  a n a l y s i s  mode w i t h  an aug- 
mented s t a t e  v e c t o r  assumes t h a t  the underlying nav iga t ion  
algori thm i s  ope ra t ing  i n  a "solve f o r "  mode. 
the u n c e r t a i n t i e s  i n  t h e  va r ious  augmented parameters as they are 
changed during the example t r a j e c t o r y .  The i n i t i a l  u n c e r t a i n t i e s  
f o r  t hese  parameters a r e  q u i t e  small and only two of them, b i a s e s  
i n  p f o r  both the  Sun and the  t a r g e t  p l a n e t  Mars, a r e  s i g n i f i c a n t l y  
a l t e r e d  over t he  course of t h e  t r a j e c t o r y .  The u n c e r t a i n t y  i n  the  
range b i a s ,  f o r  example, i s  never changed except i n  t h e  e i g h t h  
s i g n i f i c a n t  f i g u r e .  I t s  o r i g i n a l  30 unce r t a in ty  i s  only 1.5 m 
and, e f f e c t i v e l y ,  t he  navigat ion process never becomes accu ra t e  
enough t o  pick up the  s i n g l e  c o n t r i b u t i o n  of the ranging b i a s .  
The 30 i n i t i a l  u n c e r t a i n t y  f o r  the geocen t r i c  s t a t i o n  l o c a t i o n  
b i a s  i s  only 6 m ,  Again, p o s i t i o n  u n c e r t a i n t i e s  of t h i s  magni- 
tude a r e  dwarfed by the  ki lometer  magnitude e r r o r s  i n  the  e s t i -  
mated nonaugmented s ta te  vec to r  and no s i g n i f i c a n t  r educ t ion  r e -  
s u l t s  a f t e r  processing the  d a t a ,  

Table 39 gives  

I n  o t h e r  words, t he  numbers i n  t a b l e  39 i n d i c a t e  t h a t ,  f o r  
t hese  s p e c i f i e d  unce r t a in ty  l e v e l s  and the  given condi t ions f o r  
t he  example run, t he  only two u n c e r t a i n t i e s  whose in f luence  can 
be d e f i n i t e l y  s ing led  out  are the g r a v i t a t i o n a l  cons t an t  b i a ses  
f o r  the Sun and the t a r g e t  p l ane t .  A t  t he  end of t he  run, t he  
u n c e r t a i n t y  i n  the  Sun's g r a v i t a t i o n a l  cons t an t  has been reduced - 

2 t o  a 30 l e v e l  of 22.5 x lo3  km3/sec from an i n i t i a l  value of 

90.0 x lo3  km3/sec2, a r educ t ion  by a f a c t o r  of four .  
t he  unce r t a in ty  i n  the  Mars g r a v i t a t i o n a l  cons t an t  has come down 

from 

S imi l a r ly ,  

(3a) 9 km3/sec2 t o  3.63 krn3/sec2, about a f a c t o r  of t h ree .  

Resu l t s  similar t o  those given i n  t a b l e  39 g e n e r a l l y  play a 
key r o l e  i n  s e t t i n g  up an a c t u a l  o r b i t  determinat ion process f o r  
a given mission. The J P L  DPODP system, f o r  example, has both a 

consider"  mode, which r e f l e c t s  u n c e r t a i n t i e s  i n  va r ious  param-  
e t e r s  back i n t o  the s t a t e  v e c t o r  without  a c t u a l l y  e s t ima t ing  
t h e i r  va lues ,  and a ' 'solve f o r "  mode. It would be v i r t u a l l y  i m -  
poss ib l e  t o  run  a r ea l - t ime  navigat ion process wi th  every s i n g l e  
parameter imaginable included i n  the  augmented s t a t e  vec to r .  
One can, however, perform a p r i o r i  s t u d i e s  similar t o  the  one 
j u s t  given and determine, f o r  reasonable  u n c e r t a i n t i e s  i n  a l l  the  
parameters based on physical  knowledge, which parameters should 
be included i n  the  "solve f o r "  mode and which should j u s t  be 

s i g n i f i c a n t l y  during the  t r a j e c t o r y  and b r i n g  about reduct ions 
i n  p o s i t i o n  and v e l o c i t y  e r r o r s  due t o  t h e i r  being estimated 
should be included i n  the  "solve fo r "  s t a t e  vec to r .  

11 

considered." The parameters whose u n c e r t a i n t i e s  decrease I f  
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3 .  Mars i n - o r b i t  run.- It i s  well-known t h a t  one of t he  most -_____- 
d i f f i c u l t  c u r r e n t  o r b i t  determinat ion problems i s  t h e  p r e c i s e  
computation of v e h i c l e  t r a j e c t o r i e s  around another  g r a v i t a t i o n a l  
body us ing  only Earth-based t racking.  Some of t he  o r b i t  determi- 
n a t i o n  problems a s soc ia t ed  wi th  t h e  l u n a r  f l i g h t s  emphasize t h i s  
d i f f i c u l t y  and i t  should only be  expected, given t h e  mathematics 
of t he  process ,  t h a t  t h e  problems, w i l l  be accentuated f o r  a 
Mars O r b i t e r .  
i n  t h e  most advantageous way t o  handle o r b i t s  around a p lane ta ry  
governing body, an e r r o r  a n a l y s i s  run f o r  a v e h i c l e  i n  o r b i t  
around Mars w a s  made t o  see i f  anything could be learned.  

Thus, even though STEAP i s  not  c u r r e n t l y  set  up 

The condi t ions f o r  t h e  test run are given i n  t a b l e  40.  The 
nominal o r b i t  i s  near Mars-synchronous w i t h  an i n c l i n a t i o n  of 40' 
and pe r i aps i s - apoaps i s  parameters of 4800 and 35 300 kni, respec- 
t i v e l y .  
similar o r b i t ,  such a problem i s  realistic. F i f t y  measurements 
a day f o r  about two o r b i t s  w e r e  taken from Earth-based t r ack ing  
s t a t i o n s  and the  30 range rate u n c e r t a i n t i e s  w e r e  assumed t o  
be 3 m m / s e c .  The i n i t i a l  p o s i t i o n  and v e l o c i t y  e r r o r s ,  l a r g e  
because they would r e s u l t  from an o r b i t  i n j e c t i o n  maneuver of 
roughly 1300 m/sec on a rea l  f l i g h t ,  are given by (30) 150 km 
and 18 m/sec. 

Since i t  i s  intended t o  p l a c e  t h e  Viking O r b i t e r  i n  a 

Table 4 1  p resen t s  t h e  r e s u l t i n g  diagonal  elements of t h e  pro- 
cessed covariance matrix f o r  t h i s  example as w e l l  as t h e  d i s t a n c e  
from the  c e n t e r  of Mars and v e l o c i t y  magnitude i n  a r e o c e n t r i c  
coordinates  f o r  s e l e c t e d  o r b i t  epochs. Figure 16 i s  a graph of 
t h e  same d a t a .  The gene ra l  t r end  i s  obvious. S t a r t i n g  a t  o r  
near  p e r i a p s i s  f o r  t h e  o r b i t ,  t h e  p o s i t i o n  u n c e r t a i n t i e s  i nc rease  
s l i g h t l y  during the  f i r s t  f o u r t h  of t h e  o r b i t  while t h e  v e l o c i t y  
u n c e r t a i n t i e s  are being reduced by t h e  f i l t e r i n g  algorithm. A t  
apoapsis t h e  p o s i t i o n  e r r o r s  are s t i l l  l a r g e r  than they  were 
i n i t i a l l y ,  while  t h e  v e l o c i t y  e r r o r s  have been reduced roughly 
an o rde r  of magnitude. A s  t h e  s p a c e c r a f t  heads toward p e r i a p s i s ,  
t h e  p o s i t i o n  u n c e r t a i n t i e s  r a p i d l y  decrease u n t i l  a f t e r  one Mars 
o r b i t  t h e i r  30 va lues  are 4.26, 3.24, and 3.90 km, a reduct ion 
by a f a c t o r  of 35 t o  45 f o r  one o r b i t .  The 30 v e l o c i t y  e r r o r s  
a f t e r  one o r b i t  are down t o  1.56, 1.14, and 0.59 m/sec, a l s o  a 
s i g n i f i c a n t  reduct ion.  
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On t h e  second o r b i t  t h e  process  e s s e n t i a l l y  r e p e a t s  t h e  gen- 
eral t rend.  The p o s i t i o n  e r r o r s  increase while t h e  v e h i c l e  moves 
away from Mars and ihe  e s t ima t ion  algori thm continues t o  f i l t e r  
e f f e c t i v e l y  t o  reduce the  v e l o c i t y  u n c e r t a i n t i e s .  A f t e r  approxi- 
mately two o r b i t s  t h e  3a p o s i t i o n  e r r o r s  are down t o  0.63, 0.45,  
and 0.63 km, an a d d i t i o n a l  reduct ion by a f a c t o r  of 5 t o  8 f o r  
the second o r b i t .  The 30 v e l o c i t y  u n c e r t a i n t i e s  a f t e r  two or- 
b i t s  have been reduced t o  0.345, 0 ,251,  and 0.168 m/sec. Thus i t  
appears,  on t h e  su r face ,  t h a t  a Mars o r b i t e r  can be very success- 
f u l l y  t racked from Earth-based r ada r  s t a t i o n s .  

Table 42 adequately demonstrates why p r e c i s e  o r b i t  computa- 
t i o n  f o r  a problem such as the  one pos tu l a t ed  i s  very d i f f i c u l t .  
Recall t h a t  a dynamic system's nonobservabi l i ty ,  f o r  a r ecu r s ive  
navigat ion process,  mainfests  i t s e l f  i n  terms of c o r r e l a t i o n  co- 
e f f i c i e n t s  n e a r  u n i t  magnitude. The c o r r e l a t e d  u n c e r t a i n t i e s  of 
the s ta te  vec to r  elements throw some doubt on t h e  u s u a l  i n t e r p r e -  
t a t i o n  of t a b l e  4 2 .  Erro r s  i n  every s i n g l e  component of t h e  
s ta te  v e c t o r  are h igh ly  c o r r e l a t e d  with e r r o r s  i n  every o the r  com- 
ponent. I f  t h e  system i s  observable a t  a l l  ( t h a t  i s ,  has  a unique 
s o l u t i o n ) ,  i t  is highly i l l - cond i t ioned .  

The meaning of a l l  t he  n ines  i n  t h e  c o r r e l a t i o n  c o e f f i c i e n t  
t a b l e  is  t h a t  t h e  i n d i v i d u a l  e r r o r  components are j u s t  ba re ly  
separable  under t h e  set of assumed observat ions and d a t a  process- 
ing schemes. More important ly ,  and he re in  l i e s  t h e  primary prob- 
l e m  i n  determining a s p a c e c r a f t ' s  o r b i t  around another  governing 
body from Earth-based t r ack ing ,  t h i s  i l l - c o n d i t i o n i n g  means t h a t  
t h e  o r b i t  estimate i s  extremely s e n s i t i v e  t o  s l i g h t  changes i n  
the measurements. Since these  s l i g h t  changes i n  the  measurements 
could be caused by dynamic fo rces  not modelled in t h e  equat ions,  
one is  l e d  t o  the  n a t u r a l  conclusion t h a t  t h e  o r b i t  estimate i s  
h igh ly  uns t ab le  and t h a t ,  even i f  t h e r e  i s  t h e o r e t i c a l l y  a unique 
s o l u t i o n  f o r  t h e  o r b i t ,  imprecise knowledge of a l l  t h e  governing 
in f luences  make i t s  r e a l i z a t i o n  un l ike ly .  I n  a sense,  then, the 
var iances  given i n  t a b l e  41 a r e  wor th l e s s .  Only i f  everything 
about the s p a c e c r a f t ' s  o r b i t  and the  observat ions i s  known per- 
f e c t l y  do these posit io 'n and v e l o c i t y  u n c e r t a i n t i e s  have any mean- 
ing .  

The only way t o  test t h e  r e a c t i o n  of  an o r b i t  determinat ion 
process  w i t h  c ros s -co r re l a t ions  i n  e r r o r s  l ike  those i n  t a b l e  42 
i s  t o  run many s imulat ion mode s t u d i e s .  Preliminary inves t iga -  
t i o n s  have been made t h a t  confirm the  inhe ren t  i n s t a b i l i t y  of 
t he  e s t ima t ion  algorithm. Addit ional  b u t t r e s s i n g  of STEAP t o  
handle i n - o r b i t  problems w i l l  be required before  these  r e s u l t s  
can be published and any conclusions s u b s t a n t i a t e d .  
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4 .  Venus run.- 
a sequence of Venus 
launch window. The 

Table 43  presen t s  t h e  program inpu t  used f o r  
runs from the  proposed Planetary Explorer 
i n j e c t i o n  d a t e  i s  March 9,  1972, and t h e  d a t e  

of c l o s e s t  approach t o  Venus is  September 6 ,  1972.  
mode of STEM w a s  again used t o  y i e l d  i n j e c t i o n  condi t ions con- 
s i s ten t  with a Cape Kennedy launch, a nominal c i r c u l a r  parking 
o r b i t ,  and Venus sphere of i n f luence  cond i t ions  B * T  = 1 3  295 
km with B * R  = 8484 km. Guidance c o r r e c t i o n s  were made a t  vari- 
a b l e  t i m e s  u s ing  t h e  fuel-saving two-variable B-plane po l i cy .  
The measurement schedule and accu rac i e s  are given i n  t h e  t a b l e  
as w e l l  as t h e  assumed execut ion accuracy f o r  a l l  runs.  The in -  
j e c t i o n  covariance matrix w a s  computed from V ,  z, y ,  e r r o r s  
f o r  t h e  assumed P lane ta ry  Explorer launch v e h i c l e .  

The t a r g e t i n g  

S i x  Venus runs were made with the  e r r o r  a n a l y s i s  mode of 
STEAP, a l l  e x a c t l y  t h e  same i n  every r e spec t  except f o r  t h e  t i m e s  
of t h e  guidance c o r r e c t i o n s .  The purpose of t he  s tudy w a s  t o  
analyze t h e  e f f e c t  of va r ious  midcourse c o r r e c t i o n  t i m e s  on t h e  
key mission a n a l y s i s  parameters computed by t h e  e r r o r  a n a l y s i s  
mode. 

Table 44 p r e s e n t s  a summary of t he  AV information f o r  t h e  
s ix  d i f f e r e n t  runs.  The f i r s t  row on t h e  t a b l e  te l ls  t h e  t i m e s  
of t h e  assumed guidance maneuvers f o r  each of t h e  runs.  The 
most s t r i k i n g  q u a l i t y  of t a b l e  44 i s  t h a t  t h e  magnitudes of t h e  
expected A V  maneuvers are nor s i g n i f i c a n c l y  inf luenced by vary- 
i n g  t h e  c o r r e c t i o n  t i m e s .  This r e s u l t  has been no t i ced  i n  almost 
a l l  test runs f o r  s i n g l e  l e g  missions.  The las t  row on t h e  t a b l e  
gives  a t o t a l  sum of most l i k e l y  magnitudes p l u s  30 va iues  and 
i s  probably a good i n d i c a t i o n  of t h e  f u e l  loading requirements.  
The savings r e s u l t i n g  from performing fou r  c o r r e c t i o n s  probably 
does no t  j u s t i f y  t h e  a d d i t i o n a l  sequencing and manpower required 
a t  each c o r r e c t i o n  t i m e .  

Another f a c t  t h a t  s t a n d s  ou t  from the  d a t a  presented i n  t a b l e  
44 i s  t h a t  i t  i s  the  f i r s t  c o r r e c t i o n  t h a t  r equ i r e s  t h e  bulk of 
t h e  f u e l  a v a i l a b l e  f o r  t h e  midcourse maneuvers. I n  a sense,  s i n c e  
subsequent c o r r e c t i o n s  are r e l a t i v e l y  s m a l l ,  one could say t h a t  
f o r  t h e  numbers used i n  these  example Venus runs, t h e  midcourse 
execut ion process i s  much more accu ra t e  than the launch veh ic l e  
being employed. An a p r i o r i  opt imizat ion,  i n  terms of f u e l  ex- 
pendi ture ,  would probably show t h a t  only a p a r t i a l  c o r r e c t i o n  
( t h a t  is, only p a r t i a l l y  n u l l i n g  p red ic t ed  t a r g e t  cond i t ion  de- 
v i a t i o n s  wi th  the  midcourse maneuver) a t  t h e  f i r s t  maneuver 
would l e s s e n  t h e  fuel-loading requirements.  However, t h e  c u r r e n t  
e r r o r  a n a l y s i s  mode of STEAP does no t  allow f o r  such p a r t i a l  cor- 
rect ions.  
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TABLE 43.- CONDITIONS FOR VENUS ERROR ANALYSIS RUN 

I n j e c t i o n  da te :  Mar. 9 ,  22 h r ,  36 min, 46.782 see, 1972 

Closest  approach date:  Sept. 6 ,  8 hr, 59 min,  29.518 sec, 1972 

I n j e c t i o n  condi t ions:  (geocen t r i c  e c l i p t i c  coordinates)  

X = 4814.86 km X = 7.482996 kmlsec 

Y = -3369.75 km Y = 8.603163 kmlsec 

Z = -2931.37 km 2 = 1.520052 kmlsec 

VE = 11.503052 kmlsec rE = 6567.42 km 

Venus sphere of i n f luence  condi t ions : 

B = 15 856 krn B * R = -8 484 km 

B * T -13 395 km tSI = Sept. 4, 23 h r ,  59 min, 53.967 sec, 1972 

Ephemeris included Ear th ,  Venus, Sun, J u p i t e r ,  Moon 

Accuracy l e v e l :  5 x lom6 True anomaly: 7.696 mrad 

No dynamic n o i s e  

S t a t e  t r a n s i t i o n  matr ices  from patched conic  

Guidance co r rec t ions  a t  v a r i a b l e  t i m e s ,  2-variable B-plane po l i cy  

Execution e r r o r s :  u2 = 1 x loW4 u2 = 100 cm2/sec2 res Pro 

Measurement schedule  - Goldstone measured range and range rate 5 t i m e s  at  0.2, 1.2,  2.2, 3.2, 4.2, 
Madrid measured range and range rate 5 times a t  0.6, 1.6, 2.6, 3.6, 4.6 
Canberra measured range'and range rate 5 times at 0.9, 1.9, 2.9, 3.9, 4.9 
Goldstone measured range rate 22 times a t  5.3, 7.3, 9.3, 11.3, 13.3, 15.3, 

60.4, 75.4, 90.4, 105.4, 120.4, 135.4, 150.4, 165.2, 167.2, 171.2, 173.2, 
175.2, 177.2, 179.2,f181.2 

Madrid measured range rate 1 3  times at  6.6, 8.6, 10.6, 12.6, 14.6, 16.6, 65.7, 
80.7, 95.7, 110.7, 125.7, 140.7, 155.7 

Canberra measured range r a t e  24 times a t  17.9, 22.9, 27.9, 32.9, 37.9, 42.9, 
47.9, 52.9, 57.9, 70.8, 85.8, 100.8, 115.8, 130.8, 145.8, 160.8, 166.9, 
168.9, 170.9, 172.9, 174.9, 176.9, 178.9, 180.9 

To ta l  of 74 measurement t i m e s  

Measurement accuracies:  ug = 225 m2 f o r  a l l  ranges 

ut = 9 mm2Isec2 f o r  a11 range rates 
D 

I n j e c t i o n  covariance computed from V,  y, I u n c e r t a i n t i e s  

9.000 

SYMMETRIC 

*~~~ :.Oo0 0 9 .000 '  0 1.4762 x 

0 0 -1.3219 x 2.4753 x 

0 0 -1.769 x -1.6308 x 2.8009 X 

Units are km and km2/sec2 
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Table 45 and 46-compare t a r g e t  condi t ion  u n c e r t a i n t i e s  a f t e r  
every sequence of one o r  two co r rec t ions  considered by the  exam- 
p l e  runs. From the  r e s u l t s ,  i t  i s  apparent  t h a t  whether t h e  f i r s t  
c o r r e c t i o n  i s  made a t  3, 5 ,  o r  7.5 days is not  important  from the  
po in t  of view of t a r g e t  condi t ion  u n c e r t a i n t i e s .  Table 46 demon- 
strates, as would be expected f o r  this example, t h a t  the later 
the  second c o r r e c t i o n  i s  made, t h e  less t h e  l i k e l y  e r r o r s  on en- 
counter ing  t h e  impact parameter plane.  
s i n c e  the  terms of t h e  v a r i a t i o n  matr ix  17 are going down through- 
out  t he  f l i g h t .  

This  i s  only n a t u r a l  

Table 47 p resen t s  t h e  f i n a l  t a r g e t  condi t ion  u n c e r t a i n t i e s  
( l i k e l y  dev ia t ions  from nominal t a r g e t  condi t ions)  as a r e s u l t  of 
us ing  each of t h e  s i x  guidance co r rec t ion  schedules .  The fou r  
schedules t h a t  have t h e  last maneuver 155 days a f t e r  i n j e c t i o n  
show markedly similar r e s u l t s .  However, one of t h e  schedules  
t h a t  assumes co r rec t ions  a t  5 ,  40 ,  and 155 days has  an unce r t a in ty  
e l l i p s e  semiminor axis t h a t  i s  no t i ceab ly  smaller. The most in -  
t e r e s t i n g  f e a t u r e s  of t a b l e  47 are t h e  o r i e n t a t i o n  of the  uncer- 
t a i n t y  e l l i p s e s  i n  t h e  B-plane. Depending on t h e  loca t ion  of the  
t a r g e t  a i m  po in t ,  e r r o r s  i n  B O T  and B-R may be t r a n s l a t e d  in- 
t o  e r r o r s  i n  hyperbol ic  i n c l i n a t i o n  and r a d i u s  of c l o s e s t  approach. 
The schedules  s tud ied  show a s h i f t  of up t o  7" i n  t h e  o r i e n t a t i o n  
of t h e  impac t  parameter plane unce r t a in ty  e l l i p s e .  I f ,  for, t h e  
given mission, u n c e r t a i n t i e s  i n  i n c l i n a t i o n  could be t o l e r a t e d  
more r e a d i l y  than e r r o r s  i n  p e r i a p s i s  d i s t ance  (worry about i m -  
pac t ing  'I'enus, f o r  example), then  t h e  c o r r e c t i o n  schedules could 
be chosen t o  produce a B-plane unce r t a in ty  e l l i p s e  alignment t h a t  
reduced l i k e l y  p e r i a p s i s  d i s t a n c e  e r r o r s .  

Table 48 compares t h e  d iagonal  elements of t h e  naviga t ion  un- 
c e r t a i n t y  covariance mat r ix  a t  t h e  t i m e  of c l o s e s t  approach t o  
Venus. The r e s u l t s  might have been a n t i c i p a t e d .  The schedule 
employing fou r  c o r r e c t i o n s  h a s  t h e  least naviga t ion  unce r t a in ty  
because i t s  f i n a l  co r rec t ion ,  and hence i t s  execut ion  e r r o r ,  were 
s m a l l  i n  magnitude. The schedules t h a t  made t h e  las t  co r rec t ion  
a t  170 days have l a r g e r  naviga t ion  u n c e r t a i n t i e s  because t h e i r  
f i n a l  execut ion e r r o r s  have n o t  been completely f i l t e r e d .  Table 
48 a l s o  j n d i c a t e s  t h a t  making t h e  co r rec t ions  at 5 ,  40, and 155 
days r e s u l t s  i n  lower t r ack ing  e r r o r s  at t h e  p l a n e t  than  t h e  o ther  
two schedules  w i t h  t h r e e  c o r r e c t i o n s  t h a t  m a k e  t h e  t h i r d  maneuver 
at  155 days. A d e t a i l e d  i n v e s t i g a t i o n  of t h e  a v a i l a b l e  output  
turned up one of t h e  reasons why midcourse guidance opt imiza t ion  
can be important.  Between 40 and 80 days, the  l i k e l y  d i r e c t i o n  
of t h e  second c o r r e c t i o n  s h i f t s  from a d i r e c t i o n  of high naviga- 
t i o n  accuracy t o  a d i r e c t i o n  of low naviga t ion  accuracy. Thus, 
a co r rec t ion  at 40 days is  most l i k e l y  t o  be made i n  a d i r e c t i o n  
w i t h  s m a l l  nav iga t ion  u n c e r t a i n t i e s .  As a r e s u l t ,  a t  t h e  t i m e  
of t h e  last co r rec t ion ,  e r r o r s  i n  t h e  Z component of p o s i t i o n  were 
s i g n i f i c a n t l y  less i f  t h e  second co r rec t ion  w a s  made at 40 days. 
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Midcourse guidance opt imizat ion i s  a sub jec t  t h a t  has no t  
been pursued s u f f i c i e n t l y .  For mul t ip lane t  missions,  its appl i -  
c a t i o n  i s  essential. And as t h e  above r e s u l t s  demonstrate,  even 
f o r  s ing le- leg  missions much can be learned by tak ing  a prel imi-  
nary look a t  several candidate  co r rec t ion  schedules.  

TABLE 45.  - COMeARISON OF TARGET CONDITION UNCERTAINTIES 
'FOR DIFFERENT 1ST MIDCOURSE TIMES 

3crmax 
eigenvalue,  
km 

3crmin 
eigenvalue,  
km 

a Or ien ta t ion  
of e l l i p s e  
i n  B-plane , 
deg 

A f t e r  
i n  j e c t ion  

1.1046 x l o7  

4.3624 x l o6  

1.1948 x l o 7  

3.0797 x l o 5  

338.1 

I f  1st 
nidcourse 
st 3 days 

90 014 

35 454 

96 570 

5 795 

338.1 

I f  1st 
midcours e 
a t  5 days 

90 144 

35 965 

96 877 

5 883 

338.5 

I f  1st 
mid co u rs e 
at 7.5 days 

90 091 

35 816 

96 766 

5 959 

338.6 

a 

clockwise). 
Angle measured is  t o  major a x i s  from T a x i s  ( p o s i t i v e  i s  counter- 
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TABLE 46.- COMPARISON OF TARGET CONDITION UNCERTAINTIES 
AFTER TWO CORRECTIONS 

Correc t ions  

\ 
\ 
Data 

a O r i e n t a t i o n  
of e l l i p s e  i n  
B-plane, deg 

1st at  3 
2nd a t  8 

13 393 

5 220 

14  371 

2 79 

33%. 7 

1st a t  3 
2nd a t  120 

718 

247 

7 19 

246 

357.6 

1st a t  5 
2nd a t  40 

10 037 

2 978 

10 459 

471 

343.7 

1st a t  5 
2nd a t  80 

6345 

1602 

6543 

15 2 

345.9 

1st a t  7% 
2nd a t  80 

6307 

1609 

6507 

15 3 

345.7 

Angle measured i s  t o  major axis from T a x i s  ( p o s i t i v e  i s  counterclockwise).  a 
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D .  Simulation Mode 

Resul t s  from seve ra l  runs made wi th  t h e  s imula t ion  mode of 
STEAP w i l l  be presented i n  t h i s  s ec t ion .  It i s  hoped t h a t  t hese  
few examples w i l l  i n d i c a t e  some of t h e  many uses  f o r  t h e  simula- 
t i o n  mode. 

The s imula t ion  mode d i f f e r s  cons iderably  from t h e  e r r o r  analy-  
s is  mode. Within t h e  s imulat ion mode of STEAP, one por t ion  of t h e  
program computes a n  "actual"  t r a j e c t o r y  and genera tes  observa t iona l  
d a t a .  These da t a  are  then fed  i n t o  t h e  es t imat ion  a lgor i thm t h a t  
a t t empt s  t o  reproduce t h e  l lac tua l l l  t r a j e c t o r y .  
t h i s  process  have been d iscussed  i n  a n  ear l ier  sec t ion .  

The d e t a i l s  of 

Table 49 presents  t h e  input  values  used f o r  example run 1 of 
t h e  s imula t ion  mode. The bas i c  t r a j e c t o r y ,  which w a s  t h e  same 
throughout a l l  t h e  s imula t ion  mode e x a m p l e  runs ,  i s  a Mars t r ans -  
f e r  from t h e  Viking launch window. Again t h e  i n j e c t i o n  cond i t ions ,  
generated by t h e  t a r g e t i n g  mode of STEAP, were chosen t o  s a t i s f y  
t h e  Mars sphere of i n f luence  condi t ions  B-T = 4452 km, B - R  = 
8548 km, tSI = 204.417 days a f t e r  i n j e c t i o n .  Guidance co r rec t ions ,  

us ing  a th ree -va r i ab le  B-plane po l i cy ,  were simulated a t  5 ,  30, 
and 180 days a f t e r  i n j e c t i o n .  The i n j e c t i o n  covariance ma t r ix  
w a s  d iagonal  w i th  the  i n i t i a l  30 p o s i t i o n  e r r o r s  given by 3 km 
and t h e  i n i t i a l  30 v e l o c i t y  u n c e r t a i n t i e s  s p e c i f i e d  as 9 m/sec. 
A l l  of t he  above da ta  remained cons tan t  throughout t h e  example 
s imula t ion  mode runs .  

The f i r s t  run  w a s  designed t o  show a case of s t rong  o r b i t  de- 
te rmina t ion  convergence. The only input  used t h a t  impedes con- 
vergence i s  t h e  c a l c u l a t i o n  of t h e  s t a t e  t r a n s i t i o n  mat r ices  from 
t h e  a n a l y t i c  patched conic .  This w a s  done t o  conserve computer 
t i m e  so a nonzero process noise  mat r ix  Q ,  wi th  a l l  t h e  unmodelled 

a c c e l e r a t i o n  cons tan ts  k equal  t o  kmysec  , w a s  added t o  
o f f s e t  t h e  inaccuracy of t he  s t a t e  t r a n s i t i o n  ma t r i ces .  The nom- 
i n a l  t r a j e c t o r y  w a s  updated by quas i - l i nea r  f i l t e r i n g  events  a t  
2 . 5 ,  5 ,  30, 100,  and 180 days; t h e  updating w a s  done a f t e r  t h e  
guidance maneuvers when t h e  two occurred s imultaneously.  Table 
49 shows t h e  measurement schedule f o r  t h e  7 1  measurements used 
by t h e  example. The a c t u a l  measurement accuracy w a s  an order  of 
magnitude higher  than t h e  measurement accuracy assumed by t h e  
es t imat ion  algori thm; t h a t  i s ,  i n  genera t ing  t h e  a c t u a l  measure- 
ments, white  no i se  samples cor rupt ing  t h e  measurement were chosen 
from d i s t r i b u t i o n s  whose s tandard  dev ia t ions  were an  order  of 
magnitude less than  those t h a t  were assumed by the  naviga tor .  

4 
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TABLE 49.- CONDITIONS FOR SIMULATION MODE RUN 1 

I n j e c t i o n  date:  Ju ly  2 4 ,  9 h r ,  25 min, 47.637 see, 1973 

Closest approach date:  Feb. 1 6 ,  0 h r ,  15 min, 42.8 s e e ,  1974 

I n j e c t i o n  condi t ions:  (geocentr ic  e c l i p t i c  coordinates)  

X = -1131.91 km 

Y = -6575.61 km 

Z = 75.601 k m  Z = 6.21518 kmlsec 

VE = 11.59883 km/sec 

x = 9.35948 Wsec 

Y = -2.88174 kmlsec 

rE = 6672.75 km 

Mars sphere of i n f luence  condi t ions:  

B = 9637.64 km B * R = 8547.70 km 

B T = 4452.06 km tSI = 204.41694 days a f t e r  i n j e c t i o n  

Ephemeris included Ear th ,  Sun, Mars, J u p i t e r ,  Moon 

Accuracy l e v e l :  5.COO x True anomaly: 7.696 mrad 

Guidance co r rec t ions  a t  5 ,  30 ,  1 8 0 ,  3-variable  B-plane pol icy 

Quasi-linear f i l t e r i n g  events  a t  2.5,  5 ,  3 0 ,  LOO, and 180 

S t a t e  t r a n s i t i o n  ma t r i ces  from patched conic  

I n j e c t i o n  covariance diagonal: A l l  p o s i t i o n  u n c e r t a i n t i e s ,  a2 = 1 km2 

A l l  v e l o c i t y  u n c e r t a i n t i e s ,  a: = 9 m2/secZ 

P 

Dynamic no i se  constant :  k = km2/sec’ 

Measurement schedule  - Goldstone measured range and range rate 5 t i m e s  a t  0.2 1.3 2 . 2 ,  3.3, 4.2 
, 2 , 3.7, 4.6 Madrid measured range i d  range Gate 5 times at 0.6, 1 

Canberra measured range and range r a t e  5 t i m e s  a t  0 .9 ,  . O ,  2 . 9 ,  3 .0 ,  4.9 
Goldstone measured range rate 25 times at 5 . 3 ,  8.3, 11 .3 ,  14 .3 ,  17.3,  20.3,  

23.3,  26.3,  29.3, 30.3, 53.3, 76.3, 99.3,  122.3,  145.3,  168.3,  191.3, 200.3,  
201.3, 202.3, 204.3,  205.3,  206.3, 207.3 

24.6,  27.6,  37.6, 60 .6 ,  83 .6 ,  106.6,  129.6, 152.6,  175.6, 198.6 

25.9,  28 .9 ,  44 .9 ,  67.9,  90 .9 ,  113.9,  136.9,  159.9,  182.9 

Madrid measured range r a t e  16 t i m e s  a t  6 . 6 ,  9 . 6 ,  12.6, 15.6,  18 .6 ,  21.6, 

Canberra measured range r a t e  15 t i m e s  a t  7.9 ,  10 .9 ,  13 .9 ,  16 .9 ,  19.9, 22.9,  

Tota l  of 7 1  measurement t i m e s  

Assumed measurement accuracy: a i  = 25 x 

a l  = 9 x 10-l‘ km2/sec2 f o r  a l l  range rates 

km2 f o r  a l l  ranges 

D 

Actual t r a j e c t o r y  ephemeris and accuracy level same as nominal 

No a c t u a l  s t a t i o n  l o c a t i o n  b i a s e s ,  measurement b i a s e s ,  dynamic b i a s e s ,  o r  unmodeled acce le ra t ions  

Actual measurement accuracy: 0: = 25 x 

U: = 9 x 10-l~ km2/sec2 f o r  a l l  range rates 

km2 f o r  a l l  ranges 

D 

Assumed execut ion accuracy: Actual  execut ion e r r o r s :  

3 - 2 - 1 Correct ion - a2 = 25 X 
P r0 

res 

6a ‘ 6 6  

a’ = 9 x 10-l’ km2/sec2 k -0.0025 0.004 0.002 

S 1.5 x lom5 -1.8 X lom5 1.1 X km/sec 
az = = 5 x 10-5 rad2 

&a -0.0054 0.002 0.007 

66  0.006 -0.004 0.002 
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For example, i n  run  1 t h e  a c t u a l  and assumed t r a j e c t o r i e s  
were computed from n-body r o u t i n e s  us ing  t h e  same ephemeris and 
s t e p  s i z e .  I n  a d d i t i o n ,  t h e  a c t u a l  dynamic and measurement b i a s e s  
used i n  t h e  computation of t h e  a c t u a l  t r a j e c t o r y  and observa t ions  
were a l l  zero .  The assumed and a c t u a l  execut ion  e r r o r s  are a l s o  
given i n  t a b l e  49 .  To summarize, every th ing  about t h e  problem ex- 
cept  t h e  computation of t h e  s ta te  t r a n s i t i o n  matrices w a s  chosen 
t o  produce convergence. 

Table 50 conta ins  a c h a r t  of t h e  d i f f e r e n c e  between the  e s t i -  
mated and a c t u a l  t r a j e c t o r i e s  throughout t h e  example run.  The 
i n i t i a l  dev ia t ions  were chosen t o  be 20.5, based on t h e  i n j e c t i o n  
covariance mat r ix .  Thus, t h e  i n i t i a l  e r r o r s  i n  t h e  naviga t ion  
process  w e r e  ha l f  a ki lometer  f o r  each p o s i t i o n  component and 1 .5  
m/sec f o r  each v e l o c i t y  component. The c h a r t  shows t h a t  a f t e r  
one day of t ak ing  measurements t h e  p o s i t i o n  e r r o r s  are about 1 km, 
whi le  t h e  v e l o c i t y  e r r o r s ,  as predic ted  ear l ier  i n  a n  e r r o r  ana ly-  
s i s  mode run ,  are  down t o  less than 10 mm/sec. 

Recall t h a t  i n  t h e  s imula t ion  mode a n  a c t u a l  t r a j e c t o r y  i s  
being flown and concurren t ly  es t imated .  The numbers i n  t a b l e  50 
are  t h e  d i f f e r e n c e s  between the  a c t u a l  t r a j e c t o r y  and t h e  e s t i -  
mated t r a j e c t o r y .  The est imated t r a j e c t o r y  r e s u l t s  from a Kalman 
r ecu r s ive  f i l t e r i n g  a lgor i thm t h a t  ope ra t e s  on s imulated measure- 
ments generated wi th in  t h e  program. Thus, t h e  example r ep resen t s  
a "test" of t he  underlying o r b i t  de te rmina t ion  process .  

Between 1 . 7  days a f t e r  i n j e c t i o n  and t h e  f i r s t  guidance cor-  
r e c t i o n  a t  i n j e c t i o n  plus  f i v e  days,  t h e  o r b i t  determinat ion in -  
accu rac i e s  inc rease  measurably. The cause of t he  inc rease  i s  the  
e r r o r  i n  the  s t a t e  t r a n s i t i o n  ma t r i ces .  During t h i s  period t h e  
hypo the t i ca l  spacec ra f t  i s  i n  t h e  t r a n s i t i o n  reg ion  from t h e  
E a r t h ' s  sphere of i n f luence  t o  t h e  Sun ' s .  Since t h e  s t a t e  t r a n s i -  
t i o n  mat r ices  are computed i n  terms of a two-body conic  around 
t h e  governing body, they  a re  determined from e i t h e r  a Sun-based 
e l l i p s e  o r  a n  Earth-based hyperbola,  thereby  neg lec t ing  t h e  i n -  
f l uence  of  t h e  o the r  body. A t  t h e  t i m e  of t h e  guidance cor rec-  
t i o n ,  when t h e  veh ic l e  has  e s s e n t i a l l y  en tered  i t s  h e l i o c e n t r i c  
phase,  t h e  p o s i t i o n  inaccurac ies  are between 3 and 8 km, whi.le 
t h e  v e l o c i t y  e r r o r s  are between 9 and 24 mm/sec. 
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TABLE 50.- ORBIT DETERMINATION INACCURACIES FOR SIMULATION MODE RUN 1 

Tra jec to ry  
t ime,  d a y s  

0 

0.2 

0.6 

0.9 

1 .0  

1 .3  

1 . 7  

2.2 

2.5 

2.6 

2.9 

3.0 

3.3 

3.7 

4.2 

4.6 

4.9 

5.0' 

5.3 

6.6 

7.9 

8.3 

9.6 

10.9 

- 

Meas 
no. 

0 

1 

2 

3 

4 

5 

6 

7 

QLi 

8 

9 

10 

11 

12 

13 

14 

15 

Gi 

16 

17  

18 

19 

20 

2 1  

- 

- 

h 

x -6x, km 

0.5000 

0.0446 

2.3158 

-0.5071 

0.9244 

0.0652 

-1.3646 

-3.5066 

-4.6322 

-1.7428 

-4.3901 

-2.0215 

-2.6637 

-2.4639 

-2.8979 

-4.1589 

-2.9074 

3.0173 

-2.9031 

-2.3546 

-0.8910 

0.4993 

1.4059 

3.7276 

h 

IY -6Y, km 

-0.5000 

1.7859 

-2.6568 

0.7014 

-0.4659 

-0.3745 

1.7986 

2.7680 

3.6631 

5.3820 

8.8408 

7.1929 

8.2996 

7.0009 

7.8795 

8.5228 

7.5045 

7.7149 

8.4711 

11.7046 

11.3442 

10.7296 

11.9215 

9.8189 

h 

z -62, km 

0.5000 

-1.4518 

-1.1971 

-0.1333 

-1.4281 

0.0167 

-0.3311 

2.1457 

2.8696 

-4.0696 

-3.6306 

-5.8888 

-6.0889 

-4.8979 

-5.2467 

-3.9148 

-4.8185 

-4.8991 

-6.0869 

-11.3272 

-13.9538 

-15.5525 

-18.8473 

-20.507 1 

h 

ii -&, 
m/sec 

-1.5000 

-.0154 

.03 93 

-. 0188 

-. 0028 

-. 0147 

-. 0292 

-.0431 

-. 0438 

-.0158 

-. 0278 

-. 0151 

-. 0163 

-.0158 

-. 0146 

-. 0181 

-. 0126 

.0020 

.0044 

.0047 

.0079 

.0187 

.0108 

.0128 

,. 
1; -6i, 
mlsec 

tl .5000 

. lo83 

-.0324 

.0178 

.0035 

.0079 

.0272 

.0339 

.0351 

.0386 

.0497 

.0383 

.0389 

.0298 

.0291 

.0282 

.0238 

.0273 

.0294 

.0289 

.0146 

.0107 

.0107 

.0041 

h . .  
dZ -62, 
mlsec 

-1.5000 

-SO893 

-.0235 

.0141 

-. 0002 

.0117 

.0086 

.0278 

* 0281 

-. 0126 

-.0075 

-.0212 

-. 0186 

-. 0126 

-. 0117 

-. 0066 

-. 0088 

-. 0475 

-. 0461 

-. 0464 

-.0362 

-.0373 

-SO349 

-.0305 
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TABLE 50.-  ORBIT DETERMINATION INACCURACIES FOR SIMULATION MODE RUN 1 - Concluded 

Tra jec tory  
time, days 

12.6 

14.3 

16.9 

18.6 

20.3 

23.3 

26.3 

29.3 

30.0 

44.9 

67.9 

83.6 

99.3 

100.0 

122.3 

145.3 

159.9 

175.6 

180.0 

198.6 

202.3 

203.3 

a204.3 

b205.3 

‘206.3 

d207 .3 

- 
Meas 
no. 

23 

25 

27 

29 

3 1  

34 

37 

40  
-I- 

G2 

43 

46 

48 

50 

QL4 

53 

56 

58 

60  
+ 

G3 

63 

66 

67 

68 

69 

7 0  

7 1  

- 

- 

h 

ix -6X, km 

4.2156 

6.4860 

7.7134 

6.1877 

5.7858 

6.9922 

8 .5614 

7.7296 

8 .0324 

15.4453 

11.5008 

8.0972 

7.5384 

7.4760 

6.2417 

3.0569 

2.9504 

1.2047 

0.8296 

-0.7183 

2.4228 

2.2982 

1.9931 

-0.9607 

1.4728 

-17.2326 

n 

LY -6Y, km 

8.7838 

6.3862 

4.6561 

4.1707 

3.2096 

2.6459 

-1.4578 

-2.0557 

-2.3590 

-2.3768 

3.7427 

4.1296 

-.0171 

-. 0207 

-2.2319 

2.5000 

0.9619 

2.0301 

2.2388 

2.9729 

-. 0841 

.0099 

.2608 

.1399 

-1.3397 

12.4809 

aDistance from Mars a t  204.3 = 595 000 km. 

bDistance from Mars a t  205.3 = 343 000 km. 

‘Distance from Mars a t  206.3 = 89 000 km. 

dDistance from Mars a t  207.3 = 182 000 km. 

h 

iZ -62, km 

-19.8 098 

-20.8794 

-20.6205 

-17.0553 

-15.1631 

-16.8691 

-14.2703 

-12.0429 

-12.2252 

-28.4754 

-3 1.8385 

-29.0395 

-28.2674 

-28.41 11 

-31.2533 

-33.0843 

-33.1943 

-32.4100 

-32.0671 

-29.2142 

-29.2197 

-29.0708 

-28.8914 

7.1488 

0.3714 

-10.0277 

h 

ii -&, 
mlsec 

.0108 

.0115 

.0103 

.0078 

.0064 

.0060 

.0061 

.0050 

.0013 

.0044 

.0008 

-. 0006 

-.0103 

-. 0103 

-.0105 

-. 0009 

-. 0009 

-.0010 

-.0086 

-.0015 

-. 0005 

-. 0005 

-. 0005 

-. 0006 

-. 0010 

- .2894 

h 

. a  

dY -6Y, 
mlsec 

.0018 

-.0016 

-.0029 

-.0029 

-.0035 

-.0035 

-. 0053 

-. 0050 

.0065 

.0006 

.0009 

.0007 

-. 0001 

-. 0001 

-. 0002 

.0009 

.0003 

.0005 

-. 0069 

.0007 

.0002 

.0002 

.0003 

-. 0003 

.0011 

.2109 

n . .  
dZ -62, 

mlsec 

-. 0223 

-. 0196 

-.0148 

-. 0099 

-. 0074 

-. 0072 

- .0047 

-.0030 

- .0161 

-.0108 

-. 0063 

-.0039 

-. 0240 

-.0236 

-.0125 

-. 0002 

.0003 

.0008 

.0041 

.0014 

.0b15 

.0017 

.0021 

.0039 

.0032 

-.1669 
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I n  a similar e r r o r  a n a l y s i s  run ,  propagated covariance matrices 
between 5 and 30 days a f t e r  i n j e c t i o n  ind ica t ed  t h a t  t h e  Z com- 
ponent of p o s i t i o n  w a s  no t  a s  observable  as t h e  o t h e r  two. For 
t h e  f i r s t  example run ,  t h e  Z component of t h e  est imated t ra jec-  
t o r y ' s  dev ia t ion  from t h e  a c t u a l  i s  indeed t h e  most i naccura t e .  
A l s o ,  as was predic ted  by t h e  e r r o r  a n a l y s i s  mode, t h e  p o s i t i o n  
inaccurac ies  decrease  s i g n i f i c a n t l y  a s  t h e  Mart ian p e r i a p s i s  i s  
approached. J u s t  a f t e r  p e r i a p s i s ,  however, both t h e  pos i t i on  and 
v e l o c i t y  e r r o r s  i nc rease  s i g n i f i c a n t l y .  

Table 51 compares t h e  a c t u a l  measurement r e s i d u a l s  w i th  t h e i r  
a p r i o r i  s t a t i s t i c s .  A s  w a s  pointed out  i n  a n  ear l ie r  d i scuss ion  
of t h e  problem of divergence,  i t  i s  when t h e r e  i s  a n  obvious i n -  
cons is tency  between these  r e s i d u a l s  and t h e i r  s ta t i s t ics  t h a t  
divergence i s  occurr ing .  Two f a c t o r s  should be remembered wi th  
r e spec t  t o  t a b l e  51. F i r s t ,  a l though dynamic no i se  i s  added 
throughout t h e  f l i g h t ,  t h e  only i n t e r v a l s  where dynamic modeling 
in su f f i c i ency  i s  a c t u a l l y  present  i s  i n  t h e  two t r a n s i t i o n  reg ions  
from Ear th  t o  Sun domination and l a t e r  from Sun t o  Mars domination. 
The e r r o r  i n  these  t r a n s i t i o n  r eg ions ,  as previously noted ,  i s  
caused by improper s t a t e  t r a n s i t i o n  mat r ices .  Secondly, t h e  ac- 
t u a l  measurement whi te  no ise  i s  a n  order  of magnitude less  than 
t h e  assumed n o i s e ,  so i f  no dynamic no i se  o r  n o n l i n e a r i t i e s  of 
any kind inf luenced t h e  t r a j e c t o r y ,  t h e  measurement r e s i d u a l s  
should look as i f  they  come from a d i s t r i b u t i o n  wi th  a n  even 
smaller s tandard  dev ia t ion  than t h e  one given by t h e  a p r i o r i  
s t a t i s t i c s .  

Table 51 presents  t h r e e  columns of d a t a .  The f i r s t  column 
is  t h e  a c t u a l  range rate r e s i d u a l ;  t h a t  i s ,  t h e  d i f f e r e n c e  be- 
tween t h e  pred ic ted  observa t ion  and t h e  s imulated observa t ion .  
The second column i s  t h e  a p r i o r i  s t a t i s t i c a l  var iance  of t h e  

r e s i d u a l  computed, as descr ibed  i n  an  earlier s e c t i o n ,  from HPH f 
R .  The t h i r d  column r e s u l t s  from d iv id ing  t h e  square roo t  of a 
p r i o r i  range rate va r i ance  i n t o  t h e  a c t u a l  measurement r e s idua l .  
To check f o r  s t a t i s t i c a l  cons is tency ,  one can compare the va lues  
k with l i k e l y  random samples taken from a Gaussian d i s t r i b u t i o n  
wi th  mean zero  and u n i t  var iance .  

T 
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From t a b l e  51 one can conclude that the  o r b i t  determinat ion 
process  f o r  t h e  f i r s t  e x a m p l e  run i s  indeed converging. The only  
r e s i d u a l s  ou t s ide  t h e  l a  a p r i o r i  va lues  are i n  t h e  t r a n s i t i o n  
reg ion  between t h e  Ea r th  and Sun sphere of in f luence .  I n  f a c t ,  
by looking a t  the  ka numbers from 5 days a f t e r  i n j e c t i o n  t o  
Mart ian p e r i a p s i s  passage, i t  appears  t h a t  t h e  r e s i d u a l  values  
are  smaller than  t h e i r  a p r i o r i  s t a t i s t i c s  would sugges t .  The 
input  €or run 1 expla ins  why. Not only i s  t h e  assumed dynamic 
no i se  l e v e l  higher  than  t h e  a c t u a l  dynamic modeling e r r o r ,  but 
a l s o  t h e  a c t u a l  measurements are t e n  times as accu ra t e  as t h e  
measurement accuracy assumed by t h e  es t imat ion  algori thm. 

Table 52 g ives  t h e  guidance co r rec t ion  information f o r  t h e  
f i r s t  example run .  The t a b l e  presents  t h e  magnitude of each com- 
manded midcourse maneuver, t h e  components of t h e  commanded maneu- 
v e r s ,  t h e  components of a pe r fec t  co r rec t ion  t h a t  would be made 
i n  t h e  absence of naviga t ion  e r r o r s ,  t h e  a c t u a l  execut ion e r r o r  
6AV f o r  each c o r r e c t i o n ,  a c t u a l  e r r o r s  i n  t a r g e t  condi t ions  re- 
s u l t i n g  from naviga t ion  and execut ion e r r o r s ,  and t h e  a p r i o r i  
t a r g e t  condi t ion  var iances  coming from t h e  concurrent  e r r o r  analy-  
s i s .  The las t  two columns are t h e  square roo t  o f  t h e  a p r i o r i  
d i spe r s ions  d iv ided  i n t o  t h e  a c t u a l  e r r o r s .  

Reca l l  t h a t  t h e  e r r o r  a n a l y s i s  mode run of a s i m i l a r  problem 
r e s u l t e d  i n  a n  expected va lue  o f  t h e  f i r s t  midcourse of 8.638 
m/sec. The commanded f i r s t  co r rec t ion  magnitude f o r  t h e  example 
run wi th  +1/20 dev ia t ions  i n  a l l  i n j e c t i o n  components i s  given 
by 7.0398 z / s e c .  The subsequent maneuvers are smaller than t h e  
e r r o r  a n a l y s i s  mode predic ted ,  p r imar i ly  because the  a c t u a l  ex- 
ecut ion  e r r o r s  used f o r  example run  1 were small when compared 
wi th  t h e i r  a p r i o r i  s t a t i s t i c s .  

The success  of t h e  guidance a lgor i thm w i t h i n  t h e  s imula t ion  
mode of STEAP i s  measured by t h e  f i n a l  a c t u a l  t r a j e c t o r y ' s  devia-  
t i o n s ,  i n  terms of t h e  t a r g e t  cond i t ions ,  from t h e  nominal. The 
s p e c i f i e d  i n j e c t i o n  e r r o r s  lead  t o  a B-T e r r o r  of 26 522 km 
and a B ' R  e r r o r  of 166 170 km. Actual t a r g e t  condi t ion  e r r o r s  
a f t e r  t h e  f i r s t  midcourse co r rec t ion  are 235.692 and 26.137 l m ,  
r e s p e c t i v e l y .  Second c o r r e c t i o n  dev ia t ions  propagated t o  t h e  
t a r g e t  r e s u l t e d  i n  B * T  and B - R  e r r o r s  of 48.899 and 14.488 
km. A f t e r  t h e  f i n a l  co r rec t ion ,  t h e  a c t u a l  t r a j e c t o r y  d i f f e r s  
from t h e  o r i g i n a l  by 1.018 km i n  B - T  and 30.373 km i n  B.R.  
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TABLE 52.- GUIDANCE CORRECTION INFORMATION FOR SIMULATION MODE RUN 1 

Correction 11 I n j e c t i o n  

-26 522 

166 17C 

2.2526 x 10' 

6 .9218 x 10" 

- .55l 

+.63: 

A t  5 days 
1st m i d c o u r s e  

7.0398 

2 = 6.2373 
= 0.3993 

Z = 3.2398 

% = 6.2512 
y = 0.3756 
Z = 3.2468 

X = 0.0147 
Y = 0.0035 
Z = -0.0387 

-285.411 

283.158 

49.718 

-212.021 

-235.692 

26.137 

263 442 

1 525 522 

-0.458 

tQ ,021 

A t  30 days 
2 n d  m i d c o u r s e  

0.0493 

0.0099 
-0.0310 
0.03690 

0.0034 
-0.02634 
0.0381 

-0.0037 
0.0152 

-0.0131 

67.053 

-54.765 

-115.952 

40.317 

-48.899 

-14.488 

59 653 

2 7  781  

-0.201 

-0.0868 

A t  180 days 
3 r d  m i d c o u r s e  

0.0975 

-0.0620 
-0.0693 
0.0292 

-0.0619 
-0.0712 
0.0422 

-0.0077 
-0.0075 
0.0032 

-3.680 

24.799 

2.662 

5.574 

-1.018 

30.373 

15 262 

30 007 

-0.008 

+. 175 
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The Eirst example run of t h e  s imulat ion mode w a s  designed t o  
show that  the  program w a s  working and t h a t  t h e  underlying naviga- 
t i o n  and guidance process would ope ra t e  s a t i s f a c t o r i l y  under highly 
advantageous cond i t ions .  A s  can be seen ,  t h e  problem w a s  set  up 
s p e c i f i c a l l y  t o  show o r b i t  determinat ion convergence and t o  demon- 
s t ra te  t h a t  t he  governing guidance pol icy would 6 r i n g  the  a c t u a l  
t r a j e c t o r y  c l o s e  t o  t h e  nominal a t  t h e  t a r g e t .  

The input changes f o r  t h e  second example  run of t he  STEAP s i m -  
u l a t i o n  mode are presented i n  t a b l e  53. The nominal t r a j e c t o r y  
i s  only updated a t  t h r e e  q u a s i - l i n e a r  f i l t e r i n g  events  i n s t ead  of 
f i v e .  The a c t u a l  measurement no i se  i s  now t h e  same magnitude as 
t h e  n o i s e  assumed by t h e  e s t ima t ion  algori thm. Most important ly ,  
an a c t u a l  unmodelled a c c e l e r a t i o n  vector  i s  s p e c i f i e d  t o  change 
t h e  a c t u a l  t r a j e c t o r y  between 5.003 and 7.000 days a f t e r  i n j e c -  
t i o n .  F i n a l l y ,  t h e  dynamic no i se  l e v e l  has  been r a i s e d  s l i g h t l y .  

The purpose of t h i s  second s imulat ion mode run w a s  t o  t e s t  
t h e  o r b i t  determinat ion procedure when a completely unmodeled 
a c c e l e r a t i o n  occurs a f t e r  t h e  f i r s t  midcourse c o r r e c t i o n .  This 
might correspond t o  some kind of shutoff  f a i l u r e  i n  t h e  midcourse 
execution engines .  The dynamic no i se  l e v e l  w a s  increased t o  give 
t h e  a lgo r i thm a chance t o  converge. Without any process n o i s e  
modeled, t h e  a lgo r i thm completely f a i l s  t o  pick up the  unmodeled 
a c c e l e r a t i o n .  

Table 54 i s  a c h a r t  of t he  o r b i t  determinat ion inaccuracies  
throughout t h e  run .  Before t h e  f i r s t  midcourse co rzec t ion  and 
t h e  subsequent a c c e l e r a t i o n s  of t h e  a c t u a l  t r a j e c t o r y ,  t h e  o r b i t  
determinat ion inaccurac i e s  are s l i g h t l y  higher than those f o r  t he  
f i r s t  run because t h e  a c t u a l  measurements are  an order  of magni- 
t ude  less a c c u r a t e .  A s  would be a n t i c i p a t e d ,  t h e  o r b i t  determina- 
t i o n  inaccurac i e s  grow very l a r g e  during and a f t e r  t he  unmodeled 
a c c e l e r a t i o n  -- t h e  a lgo r i thm i t s e l f  has no knowledge of t h i s  
a c c e l e r a t i o n  and can only use i t s  process n o i s e  m a t r i x  Q t o  
downgrade t h e  a p r i o r i  information. Between t h e  second and t h i r d  
midcourse maneuvers t h e  a lgo r i thm s i g n i f i c a n t l y  reduces th, Q ve- 
l o c i t y  e r r o r s  and keeps the  p o s i t i o n  e r r o r s  a t  a more o r  less 
cons t an t  l e v e l .  F i n a l l y ,  du r ing  t h e  approach t o  Mars, t h e  f a m i l -  
iar p a t t e r n  develops; t h e  pos i t i on  e r r o r s  drop on t h e  incoming 
hyperbola while  t h e  v e l o c i t y  e r r o r s  i nc rease .  J u s t  a f t e r  c l o s e s t  
approach both p o s i t i o n  and v e l o c i t y  d e v i a t i o n s  of t h e  est imated 
t r a j e c t o r y  from t h e  a c t u a l  are  very l a r g e .  
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TABLE 53.- CHANGES I N  CONDITIONS FOR SIMIJLATION MODE RUN 2 

Quasi-l inear f i l t e r i n g  events  only a t  5 ,  3 3 ,  and 180 days ( a f t e r  
cor rec t ions)  

Dynamic n o i s e  constants  a l l  10-20 km2/sec4 

Actual unmodeled a c c e l e r a t i o n  from 5.003 days t o  7.000 days 

6X = 1 x ka/sec2 

6Y = -1 x km/sec2 

6Z  = 1 x km/sec2 

Actual measurement accuracy same as assumed 

TABLE 54.-  ORBIT DETERMINATION INACCURACIES FOR SIMULATION MODE RUN 2 

Trajec tory  
t ime,  days 

0 

0.2 

2.2 

3.7 

5.3 

6 .6  

7.9 

8.3 

9.6 

10.9 

12.6 

14.3 

16.9 

18.6 

20.3 

23.3 

29.3 

44.9 

99.3 

175.6 

198.6 

202.3 

204.3 

206.3 

207.3 

Meas 
no. 

0 

1 

7 

12  

16  

17 

18 

1 9  

20  

21  

23 

25 

27 

2 9  

31 

3 4  

4 0  

43 

5 0  

6 0  

63 

66  

68 

7 0  

7 1  - 

A 

dX -a, km 

0.5000 

-0.2351 

-0.7359 

0.4409 

7.0934 

131.9825 

256.5837 

213.5021 

323.1389 

430.7667 

366.5367 

265.2398 

388.6511 

275.5549 

177.3887 

129.7523 

24.8503 

9.2582 

33.1909 

385.9092 

491.0497 

514.5429 

224.5274 

265.1279 

-2975.9984 

h 

iY -BY, km 

-0.5000 

1.7567 

1.6100 

-6.4503 

-1 6.4382 

-159.3331 

-410.7727 

-378.7 605 

-623.0336 

-834.2454 

-851.6230 

-790.9998 

-1022.2649 

-953.0326 

-884.9866 

-880.1365 

-802.4613 

-1338.1043 

-2162.3936 

-785.6891 

-608.0012 

-58 9.48 43 

-313.8351 

-285.0069 

2120.1338 

n 

dZ -62, km 

0.5000 

-1.0012 

-1.3421 

6.8286 

2.3069 

42.5387 

174.7988 

214.9622 

347.2422 

438.3642 

585.4333 

688.7424 

773.2507 

840.6043 

972.4145 

1047.1783 

1118.9614 

1760.0321 

2483.7966 

1655.8567 

117 1.6425 

11 17.8244 

1032.0901 

78.9861 

-4919.5444 

r 
dk -6X, 

mlsec 

-1.5000 

-0.0286 

-0.0128 

-0.0102 

0.1812 

i. 0307 

1.2679 

0.9591 

0.9601 

1.0356 

0.6475 

0.4175 

0.4966 

0.2582 

0.1715 

0.1039 

-0.0011 

0.0103 

0.1378 

0.0543 

0.0566 

0.0520 

-0.0617 

-0.3611 

49.2897 

c. 
d? -6Y, 
m/sec 

1.5000 

0.1059 

0.0207 

-0.0305 

-0.3799 

-1.9658 

-2.4923 

-2.1706 

-2.1781 

-2.0611 

-1.6886 

-1.2738 

-1.1904 

-1.0162 

-0.8031 

-0.6387 

-0.3894 

-0.3878 

-0.0540 

0.1038 

0.0825 

0.0751 

0.1130 

0.3272 

37.7035 

9 
d i  -62 

mlsec 

-1.5000 

-0.0696 

-0.0064 

0.0271 

0.1699 

0.9045 

1.2722 

1.2034 

1.1921 

1.1473 

1.0615 

0.9957 

0.8728 

0.8159 

0.7937 

0.6951 

0.5222 

0.4437 

0.0451 

-0.2068 

-0.2491 

-0.2528 

-0.2367 

-0.3638 

77.7929 
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Table 55 presents  t h e  a c t u a l  measurement r e s i d u a l s  and t h e  
a p r i o r i  r e s i d u a l  s ta t i s t ics  f o r  example run  2.  Recall t h a t  t h e  
r e l a t i v e l y  high dynamic o r  process no i se  used f o r  t h i s  example 
i s  r e f l e c t e d  i n  t h e  comparatively h igh  a p r i o r i  r e s i d u a l  v a r i -  
ances. The -4 .90  r e s i d u a l  a t  3 . 7  days a f t e r  i n j e c t i o n  may be 
t r a c e d  t o  t h e  poor s ta te  t r a n s i t i o n  mat r ices  i n  t h e  Earth-Sun 
t r a n s i t i o n  reg ion  and t o  t h e  f a c t  t h a t  f o r  t h i s  second run  t h e  
a c t u a l  measurement no i se  i s  of t h e  same magnitude as t h e  assumed 
measurement no i se .  The measurement made during t h e  unmodeled 
a c c e l e r a t i o n  i n t e r v a l  has a 540 r e s i d u a l ,  a very unl2kely event .  
However, subsequent measurement r e s i d u a l s ,  a l though they  a re  f a r  
from c o n s i s t e n t  w i t h  t h e i r  s t a t i s t i c s ,  do not  e x h i b i t  t h e  proper- 
t i e s  a s soc ia t ed  wi th  a bad case of divergence.  
gence occurs ,  i t  i s  usua l  f o r  each success ive  r e s i d u a l  t o  have a 
higher  magnitude va lue  f o r  krj than t h e  previous one. 

When bad d i v e r -  

I n  a sense ,  looking a t  t h e  r e s i d u a l s ,  t h e  estimate has mod- 
e r a t e l y  diverged from t h e  a c t u a l  t r a j e c t o r y  between t h e  f i r s t  and 
second midcourse maneuvers. S ince ,  a t  t h e  t i m e  of  t h e  second 
co r rec t ion  t h e  a c t u a l  t r a j e c t o r y  d i f f e r s  from t h e  o r i g i n a l  nom- 
i n a l  by around 10 000 km i n  each component, o r b i t  de te rmina t ion  
inaccurac ies  of  roughly 500 t o  1000 km do not  c o n s t i t u t e  a bad 
case  of divergence.  Af t e r  t h e  second c o r r e c t i o n ,  due t o  t h e  in -  
f l uence  of t h e  process  no i se  ma t r ix  Q on t h e  a p r i o r i  r e s i d u a l  
s t a t i s t i c s ,  t h e  r e s i d u a l s  become more c o n s i s t e n t  w i th  t h e i r  s ta-  
t i s t i c s .  They do no t  become smaller, they j u s t  a r e  of a s i z e  
t h a t  i s  more cons i s t en t  w i th  t h e  a p r i o r i  s t a t i s t i c s  whose addi -  
t i o n a l  process  no i se  i s  based on a n  unmodeled a c c e l e r a t i o n  oc-  
cu r r ing  throughout t h e  f l i g h t .  This point  i s  important .  Although 
bad incons is tency  between r e s i d u a l s  and t h e i r  a p r i o r i  s t a t i s t i c s  
i s  almost always a n  i n d i c a t i o n  t h a t  t h e  o r b i t  de te rmina t ion  process 
i s  d iverg ing ,  a l ack  of s t a t i s t i c a l  incons is tency  only i n d i c a t e s  
t h a t  t h e  pos i t i on  and v e l o c i t y  u n c e r t a i n t i e s  are i n  more or  less  
accord wi th  t h e i r  a p r i o r i  covariance matrices.  I f  t h e  covariance 
numbers themselves are l a r g e ,  as they  are f o r  example run 2 w i th  
high process  n o i s e  being added throughout,  then t h e  naviga t ion  
procedure i s  probably no t  converging very w e l l .  However, when 
both t h e  measurement r e s i d u a l s  are becoming smaller pcJ t h e  re- 
s i d u a l s  remain c o n s i s t e n t  w i th  t h e i r  s t a t i s t i c s ,  then t h e  under- 
l y ing  e s t ima t ion  a lgor i thm i s  almost c e r t a i n l y  converging. 
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Table 56 con ta ins  t h e  guidance c o r r e c t i o n  information f o r  
s imulat ion mode run 2 .  
t h e  second and t h i r d  midcourse maneuver magnitudes are consider-  
a b l y  l a r g e r .  
l o c i t y  change and t h e  t h i r d  midcourse uses  2.537 m/sec. 
t h e  t h i r d  midcourse c o r r e c t i o n ,  t h e  a c t u a l  t r a j e c t o r y  s t i l l  
misses t h e  nominal t a r g e t  condi t ions by 783 km i n  B - T  and 933 

'B.T and 0 B . R  km i n  B R .  The a p r i o r i  e r r o r  var iances  f o r  

given a t  t h e  bottom of t a b l e  56 r e f l e c t  t he  cont inual  a d d i t i o n  
of t h e  dynamic n o i s e  ma t r ix  Q throughout t h e  t r a j e c t o r y .  

Because of t h e  unmodeled a c c e l e r a t i o n ,  

The second midcourse r e q u i r e s  3.349 m/sec of ve- 
After  

2 2 

The t h i r d  example run ( t a b l e  57) of t h e  s imulat ion mode w a s  
intended t o  study the  e f f e c t  of bad a p r i o r i  s t a t i s t i c s  on t h e  
underlying nav iga t ion  and guidance process .  No dynamic n o i s e  
w a s  included i n  t h e  e s t ima t ion  algori thm and a l l  t h e  a c t u a l  e r r o r s  
were l a r g e  when compared t o  t h e i r  assumed covariance matr ices .  
The a c t u a l  measurement white  no i se  was a l s o  sampled from d i s t r i -  
but ions having s tandard dev ia t ions  f i v e  times as  g r e a t  as those 
assumed wi th in  t h e  est imat ion algori thm. The r e s u l t s  i n d i c a t e  
t h a t  e i t h e r  t h i s  one p a r t i c u l a r  run w a s  lucky o r  t h e  nominal dy- 
namics being used have a s t a b i l i z i n g  in f luence  on t h e  navigat ion 
process.  

The i n i t i a l  d e v i a t i o n s ,  as shown i n  t a b l e  58, were 3 km i n  
a l l  t h e  pos i t i on  components and 9 m/sec i n  a l l  t he  v e l o c i t y  com- 
ponents. These i n j e c t i o n  e r r o r s  correspond t o  a 530 e r r o r  i n  
each component based on t h e  i n j e c t i o n  covariance matr ix .  A s  can 
be seen from t h e  t a b l e ,  t h e  bad i n i t i a l  dev ia t ions  plus t h e  rela- 
t i v e l y  bad measurements, t h e  poor s ta te  t r a n s i t i o n  matrices, and 
t h e  poss ib l e  v i o l a t i o n  of t h e  l i n e a r i t y  assumptions l ed  t o  a s i g -  
n i f i c a n t  o r b i t  determinat ion inaccuracy a t  t h e  t i m e  of t h e  f i r s t  
c o r r e c t i o n .  However, during t h e  long h e l i o c e n t r i c  phase of t h e  
t r a j e c t o r y  between t h e  second and f i n a l  midcourse maneuvers, even 
w i t h  t h e  bad a p r i o r i  s t a t i s t i c s ,  t h e  algori thm e f f e c t i v e l y  
t racked t h e  hypo the t i ca l  v e h i c l e .  The l a r g e  o r b i t  determinat ion 
e r r o r s  a f t e r  Mars p e r i a p s i s  has been passed always occur and do 
no t  r ep resen t  a sudden divergence. 

From the s t a t i s t i c a l  consis tency cha r t  ( t a b l e  59) i t  i s  ob- 
vious t h a t  t h e  measurement r e s i d u a l s  were never even moderately 
c o n s i s t e n t  w i t h  t h e i r  a p r i o r i  s ta t is t ics .  The measurement taken 
3 . 7  days a f t e r  i n j e c t i o n ,  f o r  example ,  when a l l  t h e  poor modeling 
focuses  toge the r ,  r ep resen t s  an 860 dev ia t ion !  However, t h e  

values  do no t  i nc rease  throughout as expected, i n d i c a t i n g  

that some enforced s t a b i l i t y  e x i s t s  f o r  t h i s  problem because of 
t h e  combined navigat ion and guidance process .  

kLG 
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TABLE 56.- GUIDANCE - -  

m/sec OVp e r f e c t 9 

S n V ,  m/sec 

AB * Tnav a km 

AB * Rnav km 

exec' AB.T 

AB * Rexec 3 

AB.Ttotal '  km 

AB.Rtotal 7 km 

km 

km 

o2 Be T ' km2 

km2 2 ' B-R '  

k3.,T 

; u w C ; ' K L u N  LNE'UKMATIUN FOR SIMULATION MODE RUN 2 

A t  5 days A t  30 days 

i = 6.2656 
? = 0.3480 
i = 3.2676 

5 = 6.2512 
4 = 0.3756 
2 = 3.2468 

f = 0.0152 
? = 0.0027 

= -0.0388 

436.750 

-2.9343 
1.4041 

-0.7961 

-2.9549 
1.7516 

-1.1598 

0.0040 
-0.0034 
-0.0141 

3195.533 

-182.691 490.629 

67.835 

-211.189 

43.287 

-124.331 

504.585 3238.816 

-393.881 366.298 

299 299 234 538 

1 517 718 388 790 

.922 6.692 

-. 320 0.588 

A t  180 days 
3rd midcourse 

2.5372 

1.0838 
2.2137 

-0.6022 

0.8888 
2.4681 

-1.0745 

0.0233 
-0.0030 
-0.0087 

745.091 

933.354 

37.575 

58.133 

782.666 

932.772 

427 435 

531 951 

.655 

- .586 
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TABLE 57.- CHANGES I N  CONDITIONS FOR SIMULATION MODE RUN 3 

Quasi-l inear f i l t e r i n g  events  only a t  5,  30, and 180 days ( a f t e r  
co r re  e t  ions)  

No dynamic n o i s e  

Actual measurement n o i s e  l a r g e r  than assumed measurement n o i s e  

u2 = 625 x km2 f o r  a l l  ranges R 

a? = 225 x km2/sec2 f o r  a l l  range rates 
R 

Actual i n i t i a l  dev ia t ions  l a r g e r  (230 i n  a l l  components) 

Actual execut ion  e r r o r s  l a r g e r  

Is t co r rec t ion  2nd co r rec t ion  3rd co r rec t ion  

k -  -0.02 +O .005 -0.008 

S -  6.0 cm/sec -3.7 cm/sec 15.8 cm/sec 

6a = 4 x lo-' rad  -8 x rad  2 x rad  

6[3 = -1.5 x rad 9 x rad 1.6 x 'LOm2 rad 
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TABLE 58.- ORBIT DETERMINATION INACCURACIES FOR SIMULATION MODE RUN 3 

Trajectory 
time, days 

0 

0.2 

0.9 

1.3 

2.2 

2.9 

3.7 

4.9 

5.3 

6.6 

7.9 

9.6 

12.6 

16.9 

20.3 

26.3 

44.9 

99.3 

145.3 

175.6 

198.6 

202.3 

204.3 

205.3 

206.3 

207.3 

- 
Meas 
no. 

0 

1 

3 

5 

7 

9 

12  

15 

16 

17 

18 

20  

23 

27 

31 

37 

43 

5 0  

56 

60  

63 

66 

68 

6 9  

7 0  

7 1  

- 

- 

A 

dX -a, km 

-3. oooc 
1.556C 

-0.6955 

-2.6839 

9.2361 

21.9232 

502.1509 

400.8532 

481.5899 

271.7178 

69.6799 

165.0694 

-53.5210 

-175.007 0 

-262.5282 

-176.8813 

-58.0959 

-28.6816 

-75.0179 

-63.5350 

26.4306 

48.8867 

24.5802 

26.6120 

104.0924 

-1884.8883 

h 

dY -6Y, km 

3.0000 

-11.1056 

-13.9163 

-13.1341 

-31.0652 

-50.1809 

-504.8696 

-509.7124 

-594.3624 

-519.6791 

-62.2531 

113.4651 

297.1287 

439.8286 

420.3587 

403.45 15 

711.1331 

-40.6836 

84.8091 

2.1806 

-61.2669 

-73.8026 

-52.5713 

-55.3606 

-93.0535 

1382.6643 

h 

dZ -62, km 

-3.0000 

5.1791 

10.5464 

9.1740 

1.8003 

-3.9517 

-276.5530 

-59.6389 

-91.8521 

189.4962 

-53,5376 

-470.0522 

-317 -8238 

-288.6674 

-96.5663 

-237.1333 

-794.7269 

138.3024 

226.4378 

352.6720 

370.9051 

370.2857 

368.6812 

372.1360 

21.7904 

-1202.1760 

c 
d i  -a, 
mfsec 

9.0000 

0.1564 

0.1189 

0.0975 

0.1586 

0.1785 

2.3994 

2.7121 

2.2072 

-1.1028 

-1.4158 

-0.6535 

-0.7313 

-0.5904 

-0.5285 

-0.3353 

-0.0042 

0.0033 

0.0035 

0.0053 

0.0531 

0.0542 

0.0329 

0.0160 

-0.0318 

-31.5342 

c 
d? -6Y, 

m f  sec 

-9.0000 

-0.6946 

-0.2199 

-0.1820 

-0.2405 

-0.2814 

-1.8294 

-2.1139 

-2.5639 

0.0580 

1.8593 

1.6147 

1.2599 

0.9472 

0.7247 

0.5096 

0.2399 

-0.0610 

-0.0208 

-0.0231 

-0.0340 

-0.0366 

-0.0283 

-0.0393 

0.0540 

23.0819 

c 
di -62, 
mfsec 

0.0000 

0.3740 

-0.0797 

-0.0707 

-0.0878 

-0.0987 

-1.4127 

-1.2482 

-0.8261 

1.8802 

0.0681 

-1.0003 

-0.3722 

-0.2061 

-0.0155 

-0.0822 

-0.2803 

0.0654 

0.0490 

0.0398 

-0.0003 

-0.0020 

-0.0047 

-0.0089 

-0.1069 

.19.9108 
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Table 60 p resen t s  t h e  guidance c o r r e c t i o n  information f o r  t h e  
t h i r d  s imulat ion mode run.  The nav iga t ion  inaccurac i e s  a t  t h e  
t i m e  of t h e  f i r s t  midcourse c o r r e c t i o n  cause t h e  commanded AV 
of 40 m/sec t o  be more than 5 m/sec away from t h e  r equ i r ed  
The a c t u a l  impact parameter plane e r r o r s  a f t e r  t h e  f i r s t  midcourse 
c o r r e c t i o n  are 35 000 and 49 000 km i n  B*T and B.R.  Both t h e  
subsequent commanded c o r r e c t i o n s  of 5.39 and 2.62 m/sec are some- 
what i n  e r r o r ,  but  d e s p i t e  a l l  t h e  modeling e r r o r s ,  t h e  a c t u a l  
c o r r e c t e d  t r a j e c t o r y  p i e r c e s  t h e  B-plane w i t h  e r r o r s  of only 18 
km i n  B - T  and 289 km i n  B.R. I n  s e t t i n g  up t h e  problem i t  w a s  
thought t h a t ,  even i f  t h e  co r rec t ed  t r a j e c t o r y  d i d  reach the  
Martian sphere of i n f l u e n c e ,  which w a s  considered u n l i k e l y ,  t h e  
a c t u a l  d e v i a t i o n s  from t h e  nominal t a r g e t  condi t ions would be two 
o r d e r s  of magnitude higher  than those t h a t  r e s u l t e d .  One poss ib l e  
ccmclusion, t h e r e f o r e ,  discount ing extreme good luck f o r  t h i s  ex- 
ample run ,  i s  t h a t  f o r  t h i s  p a r t i c u l a r  problem t h e  nav iga t ion  and 
guidance process i s  r e l a t i v e l y  i n s e n s i t i v e  t o  bad a p r i o r i  s t a t i s -  
t i c s .  

AV. 

Simulation mode runs  4 and 5 were made with a 15 dimensional 
augmented s ta te  including a l l  nine s t a t i o n  l o c a t i o n  coordinate  
b i a s e s .  The d e t a i l s  f o r  t h e  runs are presented i n  t a b l e  61. The 
only d i f f e r e n c e  between t h e  two w a s  that: t h e  s t a t e  t r a n s i t i o n  
ma t r i ces  were computed from a n a l y t i c a l  patched conic  methods f o r  
run 4 and by numerical d i f f e r e n c i n g  f o r  run 5 .  Since t h e r e  w a s  
no s i g n i f i c a n t  a l t e r a t i o n  i n  t h e  guidance c o r r e c t i o n  information 
f o r  t h e s e  augmented s t a t e  r u n s ,  t h e  two runs w i l l  be compared i n  
depth up t o  t h e  t i m e  of t h e  f i r s t  midcourse c o r r e c t i o n .  

Tables 62 and 64 g ive  t h e  o r b i t  determinat ion inaccurac i e s  
f o r  t h e  two runs over t h e  f i r s t  f i v e  days of t he  t r a j e c t o r y .  For 
about t h e  f i r s t  day and a ha l f  of t h e  hypo the t i ca l  f l i g h t ,  t h e  
assumption t h a t  t h e  t r a j e c t o r y  i s  a n  Earth-based hyperbola i s  a 
f a i r l y  a c c u r a t e  one. At 1 . 3  days a f t e r  i n j e c t i o n ,  t he  runs ex- 
h i b i t  similar o r b i t  determinat ion inaccurac i e s .  Then, as t h e  
Sun begins t o  e x e r t  a non-negl igible  p u l l  on t h e  s p a c e c r a f t ,  t h e  
conic  s t a t e  t r a n s i t i o n  ma t r i ces  no longer r ep resen t  good approxi-  
mafions.  A f t e r  f i v e  days of t r a c k i n g ,  t h e  o r b i t  determinat ion 
a c c u r a c i e s  f o r  run 5 ,  which used s t a t e  t r a n s i t i o n  ma t r i ces  com- 
puted by numerical d i f f e r e n c i n g ,  a re  a n  o rde r  of magnitude h ighe r .  
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TABLE 60.- GU’LpANCE CORRECTION INFORMATION FOR SIMULATION MODE RUN 3 

Correction x 
Avperfect’ m/sec 

W V ,  m/sec 

At 5 days 
1st midcourse 

40.4853 

X -32.5252 
Y -4.1989 
Z -i -20.7245 

X = -37.3665 
Y = -2.0863 
Z = -19.5097 

X = -0.2087 
Y = -0.0550 
Z = N . 5 6 5 8  

35 847.544 

-51 877.041 

-809.939 

2850.638 

35 037.605 

-49 026.404 

8 507 319 

31 778 078 

1.202 

-0.871 

A t  30 days 
2nd midcourse 

5.3887 

-4.6855 
2.6470 
0.2782 

-4.3559 
2.2332 
0.3125 

0.0003 
-0.0023 
-0.0483 

-4 878.663 

1 870.005 

27.342 

325.837 

-4 851.321 

2 195.842 

159 831 

597 355 

-12.140 

2.844 

A t  180 days 
3rd midcourse 

2.6231 

2.4977 
-0.6717 
0.4368 

2.5241 
-0.6404 
0.2379 

0.0086 
0 .OO 76 

-0.0387 

19.156 

-353.954 

-1.581 

64.744 

17.575 

-289.210 

$619.62 

i346.24 

0.250 

-4.398 
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TABLE 61.- CHANGES I N  CONDITIONS FOR SIMULA'llION MODE RUNS 4 AND 5 

Quasi- l inear  f i l t e r i n g  events  only a t  5,  30, 180 days (after cor- 
r ec t ion )  

Dynamic no i se  cons tan ts  k = h2/sec4  

Assumed and a c t u a l  measurement n o i s e s  u2 = 25 x Jan2 D 

S a m e  assumed and a c t u a l  execut ion e r r o r s  as i n  Run 1 

Same measurement schedule  as i n  Run 1 

Augmented state f o r  bo th  runs LAUG = 6 ,  dimension of state vec to r  
i s  15 inc luding  9 s t a t i o n  l o c a t i o n  b i a s e s  

Actual  s t a t i o n  l o c a t i o n  b i a s e s  

AR1 = -10 m A01 = -1 x rad  A01 = 1 x rad 

AR2 = 10 m A02 = 1 x lom6 rad A 0 2  = -1. x loe6 r a d  

AR3 = -10 m A03 = -1 x rad A03 - - 1 x rad 

I n j e c t i o n  covariance i s  diagonal 

u2 f o r  a l l  p o s i t i o n s  = 1 km2 P 

u2 fo r  a l l  v e l o c i t i e s  = 9 m2/sec2 v 

cr2 f o r  a l l  rad ius  b i a s e s  = 400 m2 R 

uz for  a l l  l a t i t u d e  b i a s e s  = 4 x rad2 0 

u2 f o r  a l l  longi tude  b i a s e s  = 4 x rad2 0 
For Run 4 :  state t r a n s i t i o n  matrices from patched conic  

For Run 5: s ta te  t r a n s i t i o n  matrices from numerical d i f f e renc ing  

225 



- 
0 
0 
0 
m 

. . . . . . . . . . . . . . . .  
d I I 
f 

. . . . . . . . . . . . . . . .  
d l  I 1 1 1 1 1 l 1 1 1  
I 

. . . . . . . . . . . . . . . .  
I I 

I 

N u 3 c n O m b N Q c n O m b N a c n  
0 0 0 0 d d 4 N N N m m m d Q 4 .  

. . . . . . . . . . . . . . .  

2 26 



Tables  63 and 65 compare t h e  est imated va lues  f o r  t h e  n ine  
augmented parameters from t h e  two runs.  It should be mentioned 
t h a t  f o r  both runs t h e  processed covariance ma t r ix  f o r  t h e  aug- 
mented parameters d i d  no t  undergo any s i g n i f i c a n t  change. I n  
n e i t h e r  run  d i d  t h e  es t imat ion  a lgor i thm "think" it  had substan- 
t i a l l y  reduced t h e  parameter e r r o r s  a f t e r  f i v e  days of t racking .  
Reca l l  t h a t  t h e  augmented s ta te  vec tor  run  of t h e  e r r o r  a n a l y s i s  
mode a l s o  showed l i t t l e  o r  no change dur ing  t h e  f l i g h t  i n  t h e  
u n c e r t a i n t i e s  a s s o c i a t e d  wi th  t h e  s t a t i o n  loca t ion  b i a s e s .  

The est imated parameter va lues  of t a b l e  6 3  demonstrate a n  i n -  
t e r e s t i n g  phenomenon of augmented o r b i t  de te rmina t ion  a lgor i thms.  
Because of t h e  inco r rec t  s ta te  t r a n s i t i o n  ma t r i ces ,  t h e  a lgor i thm 
encounters  very l a r g e  measurement r e s i d u a l s  t h a t  i t  must account 
f o r  by e s t ima t ing  t h e  s t a t e  v e c t o r .  It e f f e c t i v e l y  pa rce l s  out  
t h e  e r r o r  t o  all a v a i l a b l e  components of t h e  s ta te  based on the  
assumed u n c e r t a i n t i e s .  Since t h e  process  n o i s e  used f o r  t h i s  ex- 
ample i s  s m a l l  compared t o  t h e  dynamic modeling e r r o r  induced by 
t h e  improper s t a t e  t r a n s i t i o n  matrices, t h e  es t imat ion  process ,  
i n  i t s  a t tempt  t o  lower t h e  r e s i d u a l s ,  estimates inordinately 
l a r g e  va lues  f o r  t h e  s t a t i o n  loca t ion  b i a ses .  Notice from t a b l e  
63 t h a t  during t h e  f i r s t  1 . 3  days,  dur ing  which t i m e  t h e  conic  
s t a t e  t r a n s i t i o n  mat r ices  are s t i l l  good approximations,  t h e  e s t i -  
mated parameter va lues  a re  s t i l l  much less than t h e i r  a c t u a l  va lues .  
During t h e  Earth-Sun Trans i t i on  reg ion ,  however, t h e  measurement 
r e s i d u a l s  become l a r g e r  than a n t i c i p a t e d  and t h e  parameter e s t i -  
mates vary wi ld ly .  I n  e f f e c t ,  t h e  o r b i t  de te rmina t ion  a lgor i thm 
i s  t r y i n g  t o  exp la in  t h e  r e s i d u a l s  by a l l o c a t i n g  t h e  d i f f e r e n c e  
t o  a l l  components of i t s  s ta te  v e c t o r .  Thus, a f t e r  f i v e  days t h e  
process  has  a r i d i c u l o u s l y  h igh  estimate of a l l  t h e  s t a t i o n  loca-  
t ion  b i a ses .  

By c o n t r a s t ,  cons ider ing  t a b l e  6 5 ,  t h e  s imula t ion  mode run  
wi th  accu ra t e  s t a t e  t r a n s i t i o n  matrices from numerical d i f f e r -  
encing estimates t h e  augmented parameters more reasonably.  A t  t h e  
end of 4 . 6  days of t r ack ing  a l l  parameter es t imates  are  less  i n  
magnitude than t h e  a c t u a l  biases and s i x  of t h e  estimates even 
have t h e  c o r r e c t  s i g n .  

An important conclusion should be drawn from t h i s  demonstra- 
t i o n .  When augmenting a s ta te  vec tor  t o  inc lude  parameters whose 
u n c e r t a i n t i e s  are  r e l a t i v e l y  s m a l l  and do no t  s i g n i f i c a n t l y  i n f l u -  
ence t h e  e n t i r e  process ,  on ly  i f  t h e  dynamic model and computa- 
t i o n a l  scheme are  nea r ly  pe r fec t  can any v a l i d i t y  be given t o  t h e  
r e s u l t i n g  parameter estimates. The smallest amount of dynamic 
modeling in su f f i c i ency ,  i f  unaccounted f o r  i n  t h e  es t imat ion  a lgo-  
r i thm,  can lead  t o  t o t a l l y  erroneous va lues  f o r  t h e  est imated 
augmented parameters.  
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Table 66 p resen t s  numerous elements,  a t  s e l ec t ed  t r a j e c t o r y  
epochs, of t h e  s ta te  t r a n s i t i o n  ma t r i ces  used f o r  runs 4 and 5. 
The l a r g e r  terms are i n  s i g n i f i c a n t  agreement throughout,  al though 
two of t he  smaller components, (P15 and 024,  d i sag ree  consid- 

e r a b l y  i n  the  t r a n s i t i o n  region.  The r e l a t i v e l y  s m a l l  d i f f e r e n c e s  
displayed i n  t h e  t a b l e s  is  a l l  t h a t  i s  necessary f o r  t h e  improper 
parameter e s t ima t ion  of run 4 .  
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